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1. Introduction
Let A denote the class of functions of the form

[ee)

f@)=z+ ) az", (ar =0) €Y

which are analytic and univalent in the open unite disc U = {z : z € C and|z| < 1}.

Given two functions disc f, g € A, where f is given by (1) and g is given by

9D =7+ bk, (B2 0,
k=2

The Hadamard product (or convolution) f * g is defined by
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(Fe@ =2+ ) abs* =g N@), zeU.
k=2

Salagean [14] introduced the following operator which is popularly known as the
Salagean derivative operator :

D°f(2) = f(2)
D'f(2) = Df(2) = zf (2)
and in general,
D"f(z) = D(D™1f(2))(n € Ny = N U {0}).
We easily find from (1) that
D"f(2) =z + Lip k" arz" (f € A;n € Np). )

We now introduce a new class A, (n, a, B) of function belonging to the class A which
consist of functions f(z) of the form (1) satisfying the following inequality:

Re {(1 — BD™(f * g)(2) + BD"A(f * g)(z)}
(1= PB)D™(f * g)(2) + BD"1(f * g)(2)
<a (05ﬁ$1,1<a£§,n€N0) 3)

Remarkl. If we put g(z) = 1ZTZ and n =0, =0 we get the class V(a) studied by
Uralegaaddi etc [19], if we putg(z) = é and n=0,8 =1 we get the class U(a)
studied by Uralegaaddi etc [19].

Remark2. If we put g(2) = 1ZTZ and 8 = 0 we get the class studied by Dixit and Chandra
[8].

Note that in [6] Dixit, Porwal and A. Dixit have also studied the univalent function with
positive coefficient by the use of Salagean operator.

Several authors such as ([1-5,7,9],[11],[12],[15-18]) studied the classes of star like and
convex functions with negative coefficients only. In the present paper analogues to these
results an attempt has been made to study above mentioned classes of functions with
positive coefficients associated with the convolution structure defined by Salagean
operator. It is worthy to note that, a family of analytic univalent functions related to
uniformly star like and uniformly convex functions with positive coefficient in the open
unit disc U have been extensively studied by Porwal and Dixit [13].

In fact by taking Salagean operator and convolution structure, we have to made a unified
study for the classes introduced by Uralegaddi etc.[19] several properties like coefficient
bounds, distortion theorem, theorem involving extreme points and integral means
inequalities for this generalized class of functions have been studied.
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2. Main Result

The following theorem lays the foundation of our systematic study of the class
Ag(n, a, B) difined in the preceding section.
Theorem 2.1 A function f(z) given by (1.2) is in Ag(n,a,p) ifffor 0 < <1,1<
a< %,n EN
D 1t — @1 =+ BRI ab, < (a— 1. )
k=2
Proof. Assume that f € Ay (n, a, B) then in view of (1.2) to (1.3), we have
Re {(1 —B)D™I(f * g)(2) + BD" A (f = g)(Z)}
(1= B)D"(f * g)(2) + BD™1(f * g)(2)
2 { (1—-B)z+ Tr=,(1 — Pk " aybrz® + Bz + Xi=p k"2 ay by z*) }
= Re
(1 =Bz + 7,1 — Bk aybyz* + B(z + Yh=2p+1 k"+la, by zk)
_ e l? +3¥7.,(1— B+ kB)k™ a, b, z*
Tz 20,1 — B + kB)kragbezF

If we choose z to bereal and letr —» 1~

14 2(1 _ B+ kB agh, < a+ aZ(l — B+ kB)k by
k=2 k=2

Z(k @)1 =B+ kB)k"agh, < a—1
k=2

Conversely assume that (2.1) holds for f(z) € A, let us define the function F(z) by

_(@=B)D™(f xg)(2) + BD" A (f * 9)(2)

F@ = A pDn(F =)@ + BD™(F * ()

It suffices to show that
F(z)—1
F(z) — (2a—-1)

<1. (zel)

We note that

(=)D (F+g)D+BD™ 2 (Frg)(2)
‘ F(z) -1 (1—F)D" (f+9)(D)+BD™*1(f+g)(2)

F@) - @a-1D|  |TOPTCO@HD 2G5y 1y
(1=FID" (f+g)@+BD"L(f+g)(2)
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_ (1= B)D™1(f * g)(2) + BD"**(f = g)(2) —{(1 = B)D"(f = g)(2) + BD"*'(f * 9)(2)}
(2a = D{(1 = PD"(f * g)(2) + BD™*1(f * 9)(2)} — {(1 — YD+ (f * g)(2) + BD"*2(f * g)(2)}

Yi—2(1-B + kﬂ)kn+1akbkzk —Yk—2(1— B+ kﬁ)knakbkzk
Qa—-2)z+ Ra—1D)Y7,(1—B+kBk abzk — ¥5_,(1 — B + kB)k"*1a, by z*
Yi=a(1 = B+ kB)(k — Dk a by z"*
Qa—-2)z+ Y7 ,(1—B+kB)2a —1—k)k™ay b, zk

The last expression is bounded above by 1 if

Z(l — B+ kB)(k —Dk™arb, < 2a—2)+ Z(l —B+kB)2a—1—-k)k™a,b,
k=2 k=2

Which is equivalent to the condition (4).This completes the proof of the theorem.

Finally, we note that the assertion (4) of Theorem 2.1 is sharp, the external function being
(a-1) i

[(k—a)(A =B +kP)k™ by~

Corollary 2.2 Let the function f(z)defined by (2) belong to the class A (n, a, ) then
(a—1)

[(k—a)(1 =B + kP)]k"by’

Theorem22Let 1 < a; < g S%, n€Nand0 < S <1then

Ag(n, a1, B) 2 Az (n, az, B).

Proof : Let the function f(z)defined by (3) in the class A;(n, ay, f). Then by the
Theorem 2.1, we have

[ee]

D [t =) = B+ kB aghe <p" (@ — 1)

f(z)=z+

ak<

(k= 2).

k=2
consequently
D 10— @) = B+ kD" ab < Y [( = @)1 = B+ kB ayb
k=2 k=2
<p"(a;—1)

This completes the proof of the Theorem 2.2 with the aid of the Theorem 2.1.
Theorem23For0<pf<1,1<a, <y S%, n €N,

Agn+1,a,B) € Ay(n,a,p).
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Proof : Let the function f(z) defined by (3) be in the class A (n + 1, «, B). Then by the
Theorem 2.1, we have

D1t == B+ kDK b, < (@ 1)
k=2
consequently,

[ee] [ee)

D lk— (1 =B+ kDK aby < ) [(k = @)1=+ kB ayby < (a— 1.

k=2 k=2

This completes the proof of Theorem 2.3 with the aid of Theorem 2.1.

3. Distortion Inequalities

In this section, we shall prove distortion theorem for the functions belonging to the class

Theorem 3.1 Let the function f(z) of the form (2) be in the class Ay (n, a, B) then
|z| = r < 1, we have
(a — Dr?

F@OI<T+ e —gas pizs

()
and
(a — Dr?
[(2—a)(1 +p)]2"b,
Proof. Since (z) € Ay (n, a, f) , we apply Theorem 2.1.

If@Dlz7r - (6)

2-a)(1+p)2"b a, < ) [(k—a)(A—-B+kB)]k™ arb, <a-—1.
ZkZZ k kZZ K Dic

Thus we have

i 0 < (a—1) @
Lt T I@ -+ B2,
From (1.2) and (3.3) we obtain

F@I<lzl+ 122 ) g
k=2
(a — Dr?

="t 2—oa+ iz,

and
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(a — Dr?
[(2-a)(1 +P)]2"b,
This completes the proof of the Theorem 3.1.

Theorem 3.2 Let the function f(z) of the form (2) be in the class A (n, a,B) then
|z| = r < 1, we have

lf@lzr -

‘ <1 (a—Dr g
O ey ar e, ©
and
If (@)
sqo (e br ©
T [@-ao@+p]2r by
The equalities in (8) and (9) are attained for the function f(z) given by

F@l <2+ DL
T [@-a)+p)]2mby
Proof. We have
If @ <14 ) kaglzl**<1+7r ) ka,
Since f(z) € Ay(n, a,B), we have
2-a)(1+p)2" b ka, < ) [(k—a)(1 =B +kB)]k™ayrb, <a-—1

Thus we have

i ka, < (@-1)
L T2 -0+ plznih

hence
(a —Dr

N (I I P
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4. Extreme Points
Theorem 4.1 Let f(z) = z and

(CZ - 1) Zk
[((k—a)(1 =B + kB)]k"™by

4
(ka0,0SﬁS1,1Sa<§,nEN),

fr(@) =z +

Then f(2) € Ay (n, a, B) if and only if it can be expressed in the following form :

F@) =) afi@,
k=1

whered, = 0and };;°_; A, = 1.

Proof. Suppose that

_ N _ S (a—1)
f(z) = kzzllkfk(Z) —Z+k§=;lk [(k—a)(1—-P +kﬁ)]knbkzk.

Then from Theorem 2.1, we have

(e 0]

D [t — )1 = B + kB b

k=2

(a—-1)
[(k —a)(1 = B + kB)]k" by

by,

(e o)

- Z(a ~ DA =1-2)@-1) < (a-1).

k=2
Thus, in view of Theorem 2.1, we find that f(z) € Ay (n, a, B).

Conversely, suppose that f(z) € A (n, a, B).Then, since
(e —1)

a, < )
[(k —a)(1 =B + kB)]Ik"by
we may set
G- - g+ kB D
k= (@-1) k
and
/1 = 1 - /1k.

Thus, clearly, we have
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F&) =) A fu@.
k=1

This completes the proof of theorem.
Corollary 4.2 The extreme points of the class A (n, a, §) are given by

filz) =z

and

(@—-1)
(k=0 —F + kBT (k=2). (10

Theorem 4.3 The class Ay (n,a, B) is a convex set.

fi@=z+

Proof : Suppose that each of the functions f;(z), (i = 1,2)given by

£ =2+ Z ap 2", (@ = 0)
k=2

is in the class Ay (n, a, B). It is sufficient to show that the function g(z) defined by

9(2) =nfi(2) + 1 —n)f2(2), 0=<n<1
is also in the class A (n, a, B). Since

g(z)=n (z + Z ak,lzk) +(1-n) <z + Z ak,zzk>

k=2 k=2
=2+ ) [nas + (1 = nag)z*
k=2

with the aid of Theorem 2.1, we have

D te= @ = B+ KB gy + (1 = n)aglbe
k=2

[ee)

=0 ) k=) -+ kBIK"ay 1y + (1
k=2p+1

[ee]

—m) Y (U= @)1=+ DI @ b
k=2p+1

<nla-1D+A-n(a—1) =(a—1).
Which completes the proof of the theorem.
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5. Integral Means Inequalities
In 1925, Littelewood prove the following subordination theorem.

Theorem 5.1 (Littlewood [10]) If £ and g are analytic in U with f < g, then for u > 0
and

z=re¥(0<r<1)

21T 2T
f F@IFdo < f 19@)I* de.
0 0

We will make use of Theorem 5.1 to prove

Theorem 5.2 Let f(z) € Ay(n,a,B) and fi () is defined by (10). If there exist an
analytic function w(z) given by

_ [k =)0 = B+ kB)Ik" by
[w(z)]<? @D Z
then for z = re® (0 < r < 1)
2n 2n
f |f(re®®)|" do SJ lg(re®)|" do. (u>0).
0 0
Proof . We must show that
2m ® H 2T u
k—1 (-1 k—1
jo 1+Zakz d6 sfo R ErIcE Fy e

k=2
By applying Littlewood’s subordition theorem, it would suffice to show that

N k— ((X—l) k—
1+Zakz 1<1+[(k—a)(1—,8+k[3)]knbkz L

k=2
By setting
N -1 _ (a—1) )
1+ kz=2 aka =1+ [(k—a)(1 =B + kB)]k™by [W(z)]k 1
we find that
[(k —a)(1 =B+ kB)]k™by o
[w(z)]* . Z

which readily yields w(0) = 0.
Furthermore, using (4) we obtain
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k—a)(1— B + kB)k"b;, ~
[( a)((af;r) £)] kzakzk_l

w(z)|*" <

k=2
s

k—a)(1— B +kB)]k"b
LU a)((af;r) ) kzaklzlk_l

k=2
<|zl¥1<1

This completes the proof of the theorem.
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