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1. Introduction 

Let 𝒜 denote the class of functions of the form 

𝑓 𝑧 = 𝑧 +  𝑎𝑘𝑧𝑘

∞

𝑘=2

,  𝑎𝑘 ≥ 0                                                                                    (1) 

which are analytic and univalent in the open unite disc 𝑈 = { 𝑧 ∶ 𝑧 ∈ 𝐶 and 𝑧 < 1}. 

Given two functions disc 𝑓, 𝑔 ∈ 𝒜, where 𝑓 is given by (1) and 𝑔 is given by 

𝑔 𝑧 = 𝑧 +  𝑏𝑘𝑧𝑘

∞

𝑘=2

,                𝑏𝑘 ≥ 0 , 

The Hadamard product (or convolution) 𝑓 ∗ 𝑔 is defined by  
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 𝑓 ∗ 𝑔  𝑧 =  𝑧 +  𝑎𝑘𝑏𝑘𝑧𝑘

∞

𝑘=2

=  𝑔 ∗ 𝑓  𝑧 ,               𝑧 ∈ 𝑈. 

Salagean [14] introduced the following operator which is popularly known as the 

Salagean derivative operator : 

𝐷0𝑓 𝑧 = 𝑓(𝑧) 

𝐷1𝑓 𝑧 = 𝐷𝑓 𝑧 = 𝑧𝑓 ′(𝑧) 

and in general, 

𝐷𝑛𝑓 𝑧 = 𝐷 𝐷𝑛−1𝑓 𝑧   𝑛 ∈ 𝑁0 = 𝑁 ∪  0  . 

We easily find from (1) that 

𝐷𝑛𝑓 𝑧 = 𝑧 +  𝑘𝑛𝑎𝑘𝑧𝑘∞
𝑘=2  𝑓 ∈ 𝒜; 𝑛 ∈ 𝑁0 . (2) 

We now introduce a new class 𝒜𝑔
∗(𝑛, 𝛼, 𝛽) of function belonging to the class 𝒜 which 

consist of functions 𝑓(𝑧) of the form (1) satisfying the following inequality: 

ℛ𝑒  
 1 − 𝛽 𝐷𝑛+1(𝑓 ∗ 𝑔) 𝑧 + 𝛽𝐷𝑛+2(𝑓 ∗ 𝑔)(𝑧)

 1 − 𝛽 𝐷𝑛(𝑓 ∗ 𝑔) 𝑧 + 𝛽𝐷𝑛+1(𝑓 ∗ 𝑔)(𝑧)
 

< 𝛼          0 ≤ 𝛽 ≤ 1, 1 < 𝛼 ≤
4

3
, 𝑛 ∈ 𝑁0                                                 (3) 

Remark1. If we put 𝑔 𝑧 =
𝑧

1−𝑧
 and 𝑛 = 0, 𝛽 = 0 we get the class 𝑉(𝛼) studied by 

Uralegaaddi etc [19], if we put𝑔 𝑧 =
𝑧

1−𝑧
 and 𝑛 = 0, 𝛽 = 1 we get the class 𝑈(𝛼) 

studied by Uralegaaddi etc [19]. 

Remark2. If we put 𝑔 𝑧 =
𝑧

1−𝑧
 and 𝛽 = 0 we get the class studied by Dixit and Chandra 

[8]. 

Note that in [6] Dixit, Porwal and A. Dixit have also studied the univalent function with 

positive coefficient by the use of Salagean operator. 

Several authors such as ([1-5,7,9],[11],[12],[15-18]) studied the classes of star like and 

convex functions with negative coefficients only. In the present paper analogues to these 

results an attempt has been made to study above mentioned classes of functions with 

positive coefficients associated with the convolution structure defined by Salagean 

operator. It is worthy to note that, a family of analytic univalent functions related to 

uniformly star like and uniformly convex functions with positive coefficient in the open 

unit disc  𝑈 have been extensively studied by Porwal and Dixit [13]. 

In fact by taking Salagean operator and convolution structure, we have to made a unified 

study for the classes introduced by Uralegaddi etc.[19] several properties like coefficient 

bounds, distortion theorem, theorem involving extreme points and integral means 

inequalities for this generalized class of functions have been studied. 
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2. Main Result 

The following theorem lays the foundation of our systematic study of the class 

𝒜𝑔
∗(𝑛, 𝛼, 𝛽) difined in the preceding section. 

Theorem 2.1 A function 𝑓 𝑧  given by (1.2) is in 𝒜𝑔
∗ 𝑛, 𝛼, 𝛽  iff for 0 ≤ 𝛽 ≤ 1, 1 <

𝛼 ≤
4

3
, 𝑛 ∈ 𝑁 

 [ 𝑘 − 𝛼  1 − 𝛽 + 𝛽𝑘 ]𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

 ≤  𝛼 − 1 .                                                                      (4) 

Proof. Assume that 𝑓 ∈ 𝒜𝑔
∗  𝑛, 𝛼, 𝛽  then in view of (1.2) to (1.3), we have  

ℛ𝑒  
 1 − 𝛽 𝐷𝑛+1(𝑓 ∗ 𝑔) 𝑧 + 𝛽𝐷𝑛+2(𝑓 ∗ 𝑔)(𝑧)

 1 − 𝛽 𝐷𝑛(𝑓 ∗ 𝑔) 𝑧 + 𝛽𝐷𝑛+1(𝑓 ∗ 𝑔)(𝑧)
 

= ℛ𝑒  
 1 − 𝛽 𝑧 +  (1 − 𝛽)𝑘𝑛+1𝑎𝑘𝑏𝑘𝑧𝑘∞

𝑘=2 + 𝛽 𝑧 +  𝑘𝑛+2𝑎𝑘𝑏𝑘𝑧𝑘∞
𝑘=2  

 1 − 𝛽 𝑧 +  (1 − 𝛽)𝑘𝑛𝑎𝑘𝑏𝑘𝑧𝑘∞
𝑘=2 + 𝛽 𝑧 +  𝑘𝑛+1𝑎𝑘𝑏𝑘𝑧𝑘∞

𝑘=2𝑝+1  
  

= ℛ𝑒  
𝑧 +  (1 − 𝛽 + 𝑘𝛽)𝑘𝑛+1𝑎𝑘𝑏𝑘𝑧𝑘∞

𝑘=2

𝑧 +  (1 − 𝛽 + 𝑘𝛽)𝑘𝑛𝑎𝑘𝑏𝑘𝑧𝑘∞
𝑘=2

 < 𝛼                     

If we choose 𝑧 to be real and let 𝑟 → 1− 

1 +  (1 − 𝛽 + 𝑘𝛽)𝑘𝑛+1𝑎𝑘𝑏𝑘

∞

𝑘=2

≤  𝛼 + 𝛼  (1 − 𝛽 + 𝑘𝛽)𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

 

 (𝑘 − 𝛼)(1 − 𝛽 + 𝑘𝛽)𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

≤  𝛼 − 1 

Conversely assume that (2.1) holds for 𝑓 𝑧 ∈ 𝒜, let us define the function 𝐹(𝑧) by 

𝐹 𝑧 =
 1 − 𝛽 𝐷𝑛+1(𝑓 ∗ 𝑔) 𝑧 + 𝛽𝐷𝑛+2(𝑓 ∗ 𝑔)(𝑧)

 1 − 𝛽 𝐷𝑛(𝑓 ∗ 𝑔) 𝑧 + 𝛽𝐷𝑛+1(𝑓 ∗ 𝑔)(𝑧)
. 

It suffices to show that 

 
𝐹 𝑧 − 1

𝐹 𝑧 − (2𝛼 − 1)
 < 1 .                    𝑧 ∈ 𝑈  

We note that 

 
𝐹 𝑧 − 1

𝐹 𝑧 − (2𝛼 − 1)
 =  

 1−𝛽 𝐷𝑛+1(𝑓∗𝑔) 𝑧 +𝛽𝐷𝑛+2(𝑓∗𝑔)(𝑧)

 1−𝛽 𝐷𝑛 (𝑓∗𝑔) 𝑧 +𝛽𝐷𝑛+1(𝑓∗𝑔)(𝑧)
− 1

 1−𝛽 𝐷𝑛+1(𝑓∗𝑔) 𝑧 +𝛽𝐷𝑛+2(𝑓∗𝑔)(𝑧)

 1−𝛽 𝐷𝑛 (𝑓∗𝑔) 𝑧 +𝛽𝐷𝑛+1(𝑓∗𝑔)(𝑧)
− (2𝛼 − 1)
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=  
 1 − 𝛽 𝐷𝑛+1 𝑓 ∗ 𝑔  𝑧 + 𝛽𝐷𝑛+2 𝑓 ∗ 𝑔  𝑧 −   1 − 𝛽 𝐷𝑛 𝑓 ∗ 𝑔  𝑧 + 𝛽𝐷𝑛+1 𝑓 ∗ 𝑔  𝑧  

 2𝛼 − 1 { 1 − 𝛽 𝐷𝑛 𝑓 ∗ 𝑔  𝑧 + 𝛽𝐷𝑛+1 𝑓 ∗ 𝑔  𝑧 } − { 1 − 𝛽 𝐷𝑛+1 𝑓 ∗ 𝑔  𝑧 + 𝛽𝐷𝑛+2 𝑓 ∗ 𝑔  𝑧 }
  

=  
 (1 − 𝛽 + 𝑘𝛽)𝑘𝑛+1𝑎𝑘𝑏𝑘𝑧𝑘∞

𝑘=2 −  (1 − 𝛽 + 𝑘𝛽)𝑘𝑛𝑎𝑘𝑏𝑘𝑧𝑘∞
𝑘=2

 2𝛼 − 2 𝑧 + (2𝛼 − 1)  (1 − 𝛽 + 𝑘𝛽)𝑘𝑛𝑎𝑘𝑏𝑘𝑧𝑘∞
𝑘=2 −  (1 − 𝛽 + 𝑘𝛽)𝑘𝑛+1𝑎𝑘𝑏𝑘𝑧𝑘∞

𝑘=2

  

=  
  1 − 𝛽 + 𝑘𝛽 (𝑘 − 1)𝑘𝑛𝑎𝑘𝑏𝑘𝑧𝑘∞

𝑘=2

 2𝛼 − 2 𝑧 +  (1 − 𝛽 + 𝑘𝛽)(2𝛼 − 1 − 𝑘)𝑘𝑛𝑎𝑘𝑏𝑘𝑧𝑘∞
𝑘=2

  

The last expression is bounded above by 1 if 

  1 − 𝛽 + 𝑘𝛽 (𝑘 − 1)𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

≤  2𝛼 − 2 +  (1 − 𝛽 + 𝑘𝛽)(2𝛼 − 1 − 𝑘)𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

 

Which is equivalent to the condition (4).This completes the proof of the theorem. 

Finally, we note that the assertion (4) of Theorem 2.1 is sharp, the external function being 

𝑓 𝑧 = 𝑧 +
(𝛼 − 1)

[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘
𝑧𝑘 . 

Corollary 2.2  Let the function 𝑓 𝑧 defined by (2) belong to the class 𝒜𝑔
∗ (𝑛, 𝛼, 𝛽) then  

𝑎𝑘 ≤
(𝛼 − 1)

[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘
,                     𝑘 ≥ 2 . 

Theorem 2.2 Let  1 < 𝛼2 ≤ 𝛼1 ≤
4

3
, 𝑛 ∈ 𝑁 and 0 ≤ 𝛽 ≤ 1 then  

𝒜𝑔
∗(𝑛, 𝛼1 , 𝛽) ⊇ 𝒜𝑔

∗(𝑛, 𝛼2 , 𝛽). 

Proof : Let the function 𝑓(𝑧)defined by (3) in the class 𝒜𝑔
∗(𝑛, 𝛼2 , 𝛽). Then by the 

Theorem 2.1, we have 

 [ 𝑘 − 𝛼2  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

 ≤ 𝑝𝑛 𝛼2 − 1  

consequently 

 [ 𝑘 − 𝛼1  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

≤  [ 𝑘 − 𝛼2  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

 

≤ 𝑝𝑛 𝛼2 − 1  

This completes the proof of the Theorem 2.2 with the aid of the Theorem 2.1. 

Theorem 2.3 For 0 ≤ 𝛽 ≤ 1, 1 < 𝛼2 ≤ 𝛼1 ≤
4

3
, 𝑛 ∈ 𝑁, 

𝒜𝑔
∗(𝑛 + 1, 𝛼, 𝛽) ⊆ 𝒜𝑔

∗(𝑛, 𝛼, 𝛽). 
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Proof : Let the function 𝑓(𝑧) defined by (3) be in the class 𝒜𝑔
∗ (𝑛 + 1, 𝛼, 𝛽). Then by the 

Theorem 2.1, we have  

 [ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛+1𝑎𝑘𝑏𝑘

∞

𝑘=2

 ≤  𝛼 − 1  

consequently, 

 [ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

≤  [ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛+1𝑎𝑘𝑏𝑘

∞

𝑘=2

 ≤  𝛼 − 1 . 

This completes the proof of Theorem 2.3 with the aid of Theorem 2.1. 

3. Distortion Inequalities 

In this section, we shall prove distortion theorem for the functions belonging to the class 

Theorem 3.1 Let the function 𝑓 𝑧  of the form (2) be in the class 𝒜𝑔
∗(𝑛, 𝛼, 𝛽) then 

 𝑧 = 𝑟 < 1, we have 

 𝑓 𝑧  ≤ 𝑟 +
(𝛼 − 1)𝑟2

[ 2 − 𝛼  1 + 𝛽 ]2𝑛𝑏2
                                                                                      (5) 

and 

 𝑓 𝑧  ≥ 𝑟 −
(𝛼 − 1)𝑟2

[ 2 − 𝛼  1 + 𝛽 ]2𝑛𝑏2
.                                                                                     (6) 

Proof. Since  𝑧 ∈ 𝒜𝑔
∗(𝑛, 𝛼, 𝛽) , we apply Theorem 2.1. 

 2 − 𝛼  1 + 𝛽 2𝑛𝑏2  𝑎𝑘

∞

𝑘=2

≤    𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽  𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

 ≤ 𝛼 − 1. 

Thus we have  

 𝑎𝑘

∞

𝑘=2

≤
(𝛼 − 1)

[ 2 − 𝛼  1 + 𝛽 ]2𝑛𝑏2
                                                                                            (7) 

From (1.2) and (3.3) we obtain 

 𝑓(𝑧) ≤  𝑧 +  𝑧 2  𝑎𝑘

∞

𝑘=2

 

≤ 𝑟 +
(𝛼 − 1)𝑟2

[ 2 − 𝛼  1 + 𝛽 ]2𝑛𝑏2
 

and 
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 𝑓 𝑧  ≥ 𝑟 −
(𝛼 − 1)𝑟2

[ 2 − 𝛼  1 + 𝛽 ]2𝑛𝑏2
.             

This completes the proof of the Theorem 3.1. 

Theorem 3.2 Let the function 𝑓 𝑧  of the form (2) be in the class 𝒜𝑔
∗(𝑛, 𝛼, 𝛽) then 

 𝑧 = 𝑟 < 1, we have 

 𝑓 ′ 𝑧  ≤ 1 +
(𝛼 − 1)𝑟

[ 2 − 𝛼  1 + 𝛽 ]2𝑛−1𝑏2
                                                                                (8) 

and 

 𝑓 ′ 𝑧  

≥ 1 −
(𝛼 − 1)𝑟

[ 2 − 𝛼  1 + 𝛽 ]2𝑛−1𝑏2
.                                                                                             (9) 

The equalities in (8) and (9) are attained for the function 𝑓(𝑧) given by  

 𝑓(𝑧) ≤ 𝑧 +
(𝛼 − 1)𝑧2

[ 2 − 𝛼  1 + 𝛽 ]2𝑛𝑏2
. 

Proof. We have 

 𝑓 ′ 𝑧  ≤ 1 +  𝑘𝑎𝑘

∞

𝑘=2

 𝑧 𝑘−1 ≤ 1 + 𝑟  𝑘𝑎𝑘

∞

𝑘=2

 

Since 𝑓 𝑧 ∈ 𝒜𝑔
∗ 𝑛, 𝛼, 𝛽 , we have  

 2 − 𝛼  1 + 𝛽 2𝑛−1𝑏2  𝑘𝑎𝑘

∞

𝑘=2

≤    𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽  𝑘𝑛𝑎𝑘𝑏𝑘

∞

𝑘=2

 ≤ 𝛼 − 1 

Thus we have  

 𝑘𝑎𝑘

∞

𝑘=2

≤
(𝛼 − 1)

[ 2 − 𝛼  1 + 𝛽 ]2𝑛−1𝑏2
 

hence 

 𝑓 ′ 𝑧  ≤ 1 +
(𝛼 − 1)𝑟

[ 2 − 𝛼  1 + 𝛽 ]2𝑛−1𝑏2
. 
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4. Extreme Points 

Theorem 4.1 Let 𝑓 𝑧 = 𝑧 and  

𝑓𝑘 𝑧 = 𝑧 +
(𝛼 − 1)

[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘
𝑧𝑘  

 𝑏𝑘 ≥ 0,0 ≤ 𝛽 ≤ 1, 1 ≤ 𝛼 <
4

3
, 𝑛 ∈ 𝑁 , 

Then 𝑓(𝑧) ∈ 𝒜𝑔
∗  𝑛, 𝛼, 𝛽  if and only if it can be expressed in the following form : 

𝑓 𝑧 =  𝜆𝑘

∞

𝑘=1

𝑓𝑘 𝑧 , 

where𝜆𝑘 ≥ 0 and  𝜆𝑘
∞
𝑘=1 = 1. 

Proof. Suppose that  

𝑓 𝑧 =  𝜆𝑘

∞

𝑘=1

𝑓𝑘 𝑧 = 𝑧 +  𝜆𝑘

∞

𝑘=2

(𝛼 − 1)

[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘
𝑧𝑘 . 

Then from Theorem 2.1, we have  

   𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽  𝑘𝑛𝑏𝑘𝜆𝑘

∞

𝑘=2

(𝛼 − 1)

[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘
𝑏𝑘  

=  (𝛼 − 1)𝜆𝑘

∞

𝑘=2

=  1 − 𝜆1  𝛼 − 1 ≤   𝛼 − 1 . 

Thus, in view of Theorem 2.1, we find that 𝑓 𝑧 ∈ 𝒜𝑔
∗ 𝑛, 𝛼, 𝛽 . 

Conversely, suppose that 𝑓 𝑧 ∈ 𝒜𝑔
∗ 𝑛, 𝛼, 𝛽 .Then, since 

𝑎𝑘 ≤
(𝛼 − 1)

[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘
, 

we may set 

𝜆𝑘 =
[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘

(𝛼 − 1)
𝑎𝑘  

and 

𝜆1 = 1 −  𝜆𝑘

∞

𝑘=2

. 

Thus, clearly, we have 
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𝑓 𝑧 =  𝜆𝑘

∞

𝑘=1

𝑓𝑘 𝑧 . 

This completes the proof of theorem. 

Corollary 4.2 The extreme points of the class 𝒜𝑔
∗ 𝑛, 𝛼, 𝛽  are given by  

𝑓1 𝑧 = 𝑧 

and 

𝑓𝑘 𝑧 = 𝑧 +
 𝛼 − 1 

  𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽  𝑘𝑛𝑏𝑘
𝑧𝑘 ,                             𝑘 ≥ 2 .                          (10) 

Theorem 4.3 The class  𝒜𝑔
∗ 𝑛, 𝛼, 𝛽  is a convex set. 

Proof : Suppose that each of the functions 𝑓𝑖 𝑧 ,  𝑖 = 1,2 given by  

𝑓𝑖 𝑧 = 𝑧 +  𝑎𝑘,𝑖𝑧
𝑘

∞

𝑘=2

,              (𝑎𝑘,𝑖 ≥ 0) 

is in the class 𝒜𝑔
∗ 𝑛, 𝛼, 𝛽 . It is sufficient to show that the function 𝑔(𝑧) defined by  

𝑔 𝑧 = 𝜂𝑓1(𝑧) +  1 − 𝜂 𝑓2 𝑧 ,                   (0 ≤ 𝜂 < 1) 

is also in the class 𝒜𝑔
∗ 𝑛, 𝛼, 𝛽 . Since  

𝑔 𝑧 = 𝜂  𝑧 +  𝑎𝑘,1𝑧𝑘

∞

𝑘=2

 +  1 − 𝜂  𝑧 +  𝑎𝑘,2𝑧𝑘

∞

𝑘=2

  

= 𝑧 +  [𝜂𝑎𝑘,1 + (1 − 𝜂)𝑎𝑘,2]𝑧𝑘

∞

𝑘=2

 

with the aid of Theorem 2.1, we have 

  𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 𝑘𝑛

∞

𝑘=2

[𝜂𝑎𝑘,1 + (1 − 𝜂)𝑎𝑘,2]𝑏𝑘  

= 𝜂    𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽  𝑘𝑛𝑎𝑘 ,1𝑏𝑘

∞

𝑘=2𝑝+1

+ (1

− 𝜂)    𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽  𝑘𝑛𝑎𝑘,2𝑏𝑘

∞

𝑘=2𝑝+1

 

≤ 𝜂 𝛼 − 1 +  1 − 𝜂  𝛼 − 1 =  𝛼 − 1 .                                                                                

Which completes the proof of the theorem. 
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5. Integral Means Inequalities 

In 1925, Littelewood prove the following subordination theorem. 

Theorem 5.1 (Littlewood [10]) If 𝑓 and 𝑔 are analytic in 𝑈 with 𝑓 ≺ 𝑔, then for 𝜇 > 0 

and 

𝑧 = 𝑟𝑒𝑖𝜃 (0 < 𝑟 < 1) 

  𝑓(𝑧) 𝜇
2𝜋

0

𝑑𝜃 ≤   𝑔(𝑧) 𝜇
2𝜋

0

𝑑𝜃. 

We will make use of Theorem 5.1 to prove 

Theorem 5.2 Let 𝑓(𝑧) ∈ 𝒜𝑔
∗ 𝑛, 𝛼, 𝛽  and 𝑓𝑘(𝑧) is defined by (10). If there exist an 

analytic function 𝑤(𝑧) given by 

[𝑤(𝑧)]𝑘−𝑝 =
[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘

(𝛼 − 1)
 𝑎𝑘𝑧𝑘−1

∞

𝑘=2

, 

then for 𝑧 = 𝑟𝑒𝑖𝜃 (0 < 𝑟 < 1) 

  𝑓(𝑟𝑒𝑖𝜃 ) 
𝜇

2𝜋

0

𝑑𝜃 ≤   𝑔(𝑟𝑒𝑖𝜃 ) 
𝜇

2𝜋

0

𝑑𝜃.                    𝜇 > 0 . 

Proof . We must show that  

  1 +  𝑎𝑘𝑧𝑘−1

∞

𝑘=2

 

𝜇
2𝜋

0

𝑑𝜃 ≤   1 +
(𝛼 − 1)

[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘
𝑧𝑘−1 

𝜇2𝜋

0

𝑑𝜃. 

By applying Littlewood’s subordition theorem, it would suffice to show  that 

1 +  𝑎𝑘𝑧𝑘−1

∞

𝑘=2

≺ 1 +
(𝛼 − 1)

[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘
𝑧𝑘−1 . 

By setting  

1 +  𝑎𝑘𝑧𝑘−1

∞

𝑘=2

= 1 +
 𝛼 − 1 

  𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽  𝑘𝑛𝑏𝑘

 𝑤 𝑧  𝑘−1 , 

we find that  

[𝑤(𝑧)]𝑘−1 =
[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘

(𝛼 − 1)
 𝑎𝑘𝑧𝑘−1

∞

𝑘=2

 

which readily yields 𝑤 0 = 0. 

Furthermore, using (4) we obtain  
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 𝑤(𝑧) 𝑘−1 ≤  
[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘

(𝛼 − 1)
 𝑎𝑘𝑧𝑘−1

∞

𝑘=2

  

≤
[ 𝑘 − 𝛼  1 − 𝛽 + 𝑘𝛽 ]𝑘𝑛𝑏𝑘

(𝛼 − 1)
 𝑎𝑘  𝑧 𝑘−1

∞

𝑘=2

 

≤  𝑧 𝑘−1 < 1                                                                                

This completes the proof of the theorem. 
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