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Abstract:In the year 1979, Matsumoto and Shiba [7] have discussed
non-Riemannian Finsler spaces with vanishing T-tensor. In the paper, Matsumoto

has shown that if a Finsler space (M " L) satisfy the T-condition i.e. T,;, =0,

then for such a Finsler space L°C? of M" is a function of position only (i.e.),
L°C? = f(x) where L is the fundamental function and C? is square of length of
torsion tensor C,. In the light of above observation F.lkeda in the year 1984,

studied Finsler spaces, with L>C? as a function of x in detail. In the continuity of

above studied Ikeda in the year 1991, considered Finsler spaces with L*C? as a
nonzero constant, which is a stronger condition as compared to above (i.e.,

L°C? = f(X). Pandey et a. [8] studied Finsler spaces taking L?C? as a sum of
function of x and y i.e. LC? = f(x) + g(y).

In the present paper, we shall consider combination of L and C differently and
taking L°C =5, where 5= (aj(X)y'y' y*y)™is a well known quartic metric.
Keywords: Finsler spaces, satisfying L°C = &*

1. Introduction

Matsumoto in the paper, [7] studied non-Riemannian Finsler spaces with the vanishing
T-tensor, which are said to satisfy the T-condition(by T-condition we mean a Finsler space
whose T-tensor vanishes),then the function L2C? over M" is reduced to a function of
the position only (i.e. L°C* = (X)), where L is the fundamental function and C is the
length of torsion vector C; . He has also quoted that if the metric tensor g;; has a special

formas g; = gLl then the function L°C? becomes zero (i.e. L°C* =0). Because in

]
this case the T-condition satisfies automatically and C, =0
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In the light of above observation Ikeda[3] in the year 1984, studied Finsler spaces, L*C?
as a function of x in detail and come out with some interesting result specially for a two and
three dimensional Finsler spaces. Actually Ikeda was examining the equivalence of T

condition with L2C? = f(x). In continuity of above in the year 1991 Ikeda[4] considered

Finsler spaces satisfying the condition L°C® equals to nonzero constant, which is a
stronger condition t L°C? = f (X). An example of such a Finsler space with the constant

function L°C?is a two-dimensional Berwald space. Pandey et al.[8] studied Finsler spaces
taking LC equal to some known function of x and y i.e. LC = f(y) + g(x).

In the present paper, we shall consider combination of L and C differently. Actually, we are

taking, L°C = 5*, where & is a well known quartic metric. For such a Finsler space, if it
is C-reducible then it has been worked out under what condition T-tensor vanishes.[2,10]
In the last section it has been worked out under what condition such a Finsler space

(L°C = &*) will be Landesberg or Berwald space.[1]

Throughout the paper we shall confine ourselves to Cartan’s connection, and the notations
and terminology of the monograph [5] will be used without comment. In the paper
monograph of Matsumoto[5] will be quoted by (#).

2. T - tensor of a Finsler space with L°C = &*

=

Let I;, hy and C; denote the unit vector (i.e. L ), be angular metric tensor and

the (h)hv-torsion tensor respectively.
The well known, T-tensor T, ([5],#eq"(28.20)) has been defined by :

T'jkh = LCijk Iy +Cijk|h +Cjkh|i +Ckhi|j +Chij|k (1)

and the torsion tensor C, is given by C, = gjkCijk, where the symbol |, denote

v-covariant differentiation and g’ is the reciprocal tensor of g,.

We are considering a Finsler space F" whose torsion tensor is such that

L°C =¢"* (2)
where &% =a,,,(X)y'y’y*y' isaquartic metric.
Differentiation of equation (2) by yh yields

L*C,, +5LCl, = 4a, 3)

where the notation ;" denote the differentiation by yh of C and
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5°5, = 53% = ahi,-kyiyjyk = L3ahijk|i|j|k =La,

Also a, isdefinedas L’a, =a,;y'y'y".
Contracting equation (1) by gj" and multiplying with C' , we obtain

C'T,, =LC'C, |, +I,C? (4)
Now, differentiate the equation C* = g"C,C; with respectto y", which yields

_C'Cil,
C
Substituting above value in equation (3), we get

C,

LC'C, |, :c(“-ﬁh-suhj (5)
In the virtue of equation (4) and equation (2.5), we obtain
CT, = 4C(a—|_h—c:|h] (6)

Conversely, let CiTih=4C(a—L“—Clhj

— LC'C | +C, = 4C[a—Lh—Clhj

— LC,+5Cl, = %%

(-C'C;[,=CC,)
= (’C,+5LCl, =4a,)L°
= (LC),=4l%, [(LC),= %(E’C) ]

Multiplying both side by yh and using Euler’s theorem, we get
L°C = s5*

Thus, we have
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Theorem 2.1 For a Finsler space (M",L) of dimension n, if torsion scalar C is such as
L>C = 8" , then following relation

T,C' = 4C(a—L“—CIh)

holds good.
Next, for a two dimensional Finsler space the T-tensor [5,11] can be written as:

Thig = 1.m,mm;m, (7)

ol n
where, |, = Lﬁmi LGy = Imm;m,  ([5],#eq"(28.3)and LC =1

Writing, LC =1 inequation (2) and differentiating with respectto y', we have
(L*1); = (54);i =4l%,

= A4l +Ll; =44 (L%:I;Zmi): 41l +1.,m; = 43,

Contracting both side by m', we get
l, =3am’
Substituting the value of 1., in equation (5), we get

T = 4a,m'm mm,m, (8)
Corollary 2.1 For a two dimensional Finsler space if L°C =&* and a, is parallel to I,
thenT,; =0 .
For a C-reducible Finsler space the T-tensor [7] can be written as,

LC

] n2 _1

*

€ i niNje  (#equation(30.28)) 9)

where, C" =g'C, |; and e, representssum of cyclic permutation in the indices h,i,j.

Contracting equation (9) by g, we get

*

LC h

T =—"
hi n—l i
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Using equation (4),
LC” 4C

CiTih =ECh :Tah—4C2|h (10)
o L[S g
4\ Cc(n-1)
= ac =SS
4 n-1

Corollary 2.2 For a C-reducible Finsler space (M",L) [6,9]with L°C =6* and a, is
parallel to I, then T ;, =0.

Remark 2.1 It is an open problem to examine L°C* = f(x) and L°C =¢&* for two
dimensional and C-reducible Finsler spaces with a; is along Yy, which one is the
stronger condition.

3. Landsberg and Berwald spaces satisfying the condition L°C =&
Let us consider a Finsler space M ", where C is such that :

L°C =¢5*

Differentiation of above equation with respect to yi gives

L°C, +5L'Cl, =45°5,

where, we put C; = % and ¢, :@

oy’ oy’

Again, differentiating above equation with respect to y! and using well-known relation,

hy = g; —1;1;, we have
0 = ¢ |_13(: [a52(ss, +35,5,)-{°C, , +5L(,C, +1,C, )+15L°%CIL}] ()
Ci = 1Oi3C {45( 25ijk +358, 0,0 +65i5j5k)_ LSC;i;j;k} (12)
1

2
_E(L eijkC;i;jIk + LeijkhijCIk +4LeijkC|inIk
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+3Cehyl, +12C11 1)

Rearranging the terms , above equation can also be rewritten as :

1
Ci = 15170 fL(a, +3LC aa, +6aa,3, )-L°C, . |
-3 |_120 (L Cy I, + Leyh,Cy +4Le;, Cil I, +3Cey hyl, +12CL1 L, )

Taking h-derivative with respect to yh of above equation, we get

2 L2
Cin = E[Lzaijkm +3Ley, (ai|hajk + aiajklh) + 6eijkai|hajak] T10C Cijikin
1
Y (Lzeijklkci:jlh +Leyh,Cy, +4Le; Coplily

+2C, L1, +3C ey hyl, +CCCy)
Contracting above equation by yh, we get

_ _ 2 o
Pijk - Cijk|0 - %[L aijk|0 +3Leijk (ai|0ajk + aiajklo)

L2

+6€;,3,08,;8] ~10C

Ci;j:k|0

1
BETET (Lzeijklkci;j|0 +Le 0;C, +4Le; Coplil,

LZ

+2Ch1 1, +3Cye,0, Iy +CC,Cy)

(13)

(14)

(15)

where, By, is the (v)hv-torsion tensorand the index *0’ means the contraction by yie.

Cijk|h y'= Cijk|h :

If, we put Cyy,=0and B

K = 0 respectively, then we obtain

2
E{Lzaijkm +3Ley, (ailhajk +a;a, )"‘ 6e ana;at
L2 1

== Cijn _—z(LzeijkaCi;ﬂh +LeyhCy, +4Le; Cpljl,
10C 2L°C

(16)
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+2C, L1l +3C eyl +CC,Cyo) g

5L°C L a0 +3Ley (ailoajk + 88 )+ 6e;,a08;8, 47
L* 1 2
_Rci;j;klo —E(L eijkaCi;jIO + Leijkoij Ck|0 =0
So, we have

Theorem 3.1 The necessary and sufficient condition for a Finsler space with torsion scalar
C such thatL®C = 3*(3* = ajy'y'y*y")Berwald space, equation (16) holds good.

Theorem 3.2 The necessary and sufficient condition for a Finsler space with torsion
scalar C such that L°C = 8*(8* = ayay'y'y*y') Landsberg space, equation (16) holds good.
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