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Abstract: Cyclic Codes are a subclass of linear codes and have important 

applications in data storage systems and communication systems because of their 

efficient encoding and decoding algorithms. In this paper, we construct several 

classes of cyclic codes over the finite field 𝐺𝐹(𝑞) and give their generator 

polynomials by employing two-prime Whiteman's generalized cyclotomic 

sequences of order 8. And we also calculate the minimum distance of some 

cyclic codes and give lower bounds of the minimum distance for some other 

cyclic codes. 
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1. Introduction 

Cyclic Codes are a small but highly structured subclass of linear codes. Because of their 

efficient encoding and decoding algorithms, cyclic codes have wide applications in data 

storage systems and communication systems. Cyclic codes have been studied for decades 

and a lot of progress has been made and many important results in the field of cyclic 

codes have been found (for example, see [1], [10-14]). Recently, several classes of cyclic 

codes using two-prime Whiteman's generalized cyclotomic sequences and cyclotomic 

sequences of order 4 have been presented by Ding in [5] and [4] respectively and lower 

bounds on the nonzero minimum hamming weight of some cyclic codes were developed 

at the same time. In [15], and [17], several classes of cyclic codes have been constructed 

by employing Whiteman's generalized cyclotomic sequences of order 4 and 6 

respectively.  In this paper, employing two-prime Whiteman's generalized cyclotomic 

sequences of order 8, we construct several cyclic codes over the finite field 𝐺𝐹(𝑞) and 

give their generator polynomials. And we also calculate the minimum distance of some 

cyclic codes and give lower bounds of the minimum distance for some other cyclic codes. 

Let 𝑞 be a power of any prime𝑝, 𝑛 a positive integer satisfyinggcd(𝑛, 𝑞) = 1. A linear 

[𝑛, 𝑘, 𝑑] code over 𝐺𝐹(𝑞) is a 𝑘-dimensional subspace of 𝐺𝐹(𝑞)𝑛with minimum 
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(Hamming) nonzero weight𝑑. A linear [𝑛, 𝑘] code 𝐶 over the finite field 𝐺𝐹(𝑞) is called 

a cyclic if (𝑐0 , 𝑐1 , ⋯ , 𝑐𝑛−1) ∈ 𝐶 implies  𝑐𝑛−1 , 𝑐0 , 𝑐1 , ⋯ , 𝑐𝑛−2 ∈ 𝐶[6]. For any vector 

 𝑐𝑛−1 , 𝑐0 , 𝑐1 , ⋯ , 𝑐𝑛−2 ∈ 𝐺𝐹 𝑞 𝑛 , we identify it with the polynomial 𝑐0 + 𝑐1𝑥 + 𝑐2𝑥
2 +

⋯ + 𝑐𝑛−1𝑥
𝑛−1 ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1 .  Then any code 𝐶 of length 𝑛 over 𝐺𝐹(𝑞) is 

equivalent to a subset of 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1 .  It is well known that 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   

is a principal ideal ring, i.e., any one of ideals of 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   is principle. Let 

𝐶 =  𝑔(𝑥)  be a cyclic code and ℎ 𝑥 =
𝑥𝑛−1

𝑔 𝑥 
. Then we call 𝑔(𝑥) the generator 

polynomial and ℎ(𝑥) the perity-check polynomial of 𝐶 [6]. 

Let 𝑠𝑛 = (𝑠𝑖)𝑖=0
𝑛−1 be a sequence of period 𝑛 over 𝐺𝐹(𝑞). We call 

𝑆𝑛 𝑥 =  𝑠𝑖

𝑛−1

𝑖=0

𝑥𝑖 ∈ GF q  x , (1) 

the generator polynomial of the sequence 𝑠𝑛 . It is well known that the minimal 

polynomial of 𝑠𝑛 is given by  𝑥𝑛 − 1 gcd 𝑥𝑛 − 1, 𝑆𝑛 𝑥   . Then the cyclic code 𝐶𝑠 

generated by the minimal polynomial of 𝑠𝑛  is given by 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑥𝑛 − 1, 𝑆𝑛 𝑥  
.                                                 (2) 

Correspondingly, the sequence 𝑠𝑛  is called the defining sequence of the cyclic code 𝐶𝑠 [6]. 

2. The Whiteman's Generalized Cyclotomic Sequences of order 8 and its Construction 

An integer 𝑎 is called a primitive root modulo 𝑛 if the multiplicative order of 𝑎 modulo 

𝑛, denoted by 𝑜𝑟𝑑𝑛(𝑎), is equal to 𝜙(𝑛) where 𝜙 is the Euler phi function 

andgcd(𝑎, 𝑛) = 1. 

Let 𝑛1 , 𝑛2be two distinct odd primes satisfying gcd(𝑛1 − 1, 𝑛2 − 1) = 8. Let 𝑒 =
 𝑛1−1  𝑛2−1 

8
, 𝑛 = 𝑛1𝑛2 and 𝑍𝑛

∗  denotes the multiplicative group of integers modulo 𝑛. 

Suppose that 𝑔 is a common primitive root of 𝑛1 and 𝑛2 and 𝑥 an integer satisfying𝑥 ≡
𝑔(mod𝑛1) and 𝑥 ≡ 1(mod𝑛2). 

Whiteman [16] has proved that 

𝑍𝑛
∗ =  𝑔𝑠𝑥𝑖 ∶ 𝑠 = 0,1, ⋯ , 𝑒 − 1, 𝑖 = 0,1, ⋯ ,7 , 

where 𝑍𝑛
∗  denotes the set of all invertible elements of the residue class ring 𝑍𝑛  and 𝑒 is 

the order of 𝑔 modulo 𝑛. The Whiteman's generalized cyclotomic classes 𝑊𝑖  of order 8 

are defined by 

𝑊𝑖 =  𝑔𝑠𝑥𝑖 ∶ 𝑠 = 0,1, ⋯ , 𝑒 − 1 , 𝑖 = 0,1, ⋯ ,7. 

The classes 𝑊𝑖 , 𝑖 = 0,1, ⋯ ,7 give a partition of 𝑍𝑛
∗ , i.e., 𝑍𝑛

∗ =  𝑊𝑖 , 𝑊𝑖 ∩ 𝑊𝑗 = ∅7
𝑖=0  for 

𝑖 ≠ 𝑗. 
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Let 𝑝, 𝑞, 𝑛, 𝑛1 , 𝑛2 , 𝑔, 𝑥 be defined as before. Without special notation, 𝑛1 , 𝑛2 always 

satisfy gcd(𝑛1 − 1, 𝑛2 − 1) = 8. Note that  gcd(𝑛, 𝑞) = 1. Assume that the order of 𝑞 

modulo 𝑛 is equal to 𝑚. Let 𝛼 be a primitive element of the finite field 𝐺𝐹(𝑞𝑚). Then 

𝛽 = 𝛼
𝑞𝑚 −1

𝑛  is a primitive 𝑛-th root of unity. 

Let 

𝑃1 = 𝑛1 , 2𝑛1, 3𝑛1 , ⋯ ,  𝑛2 − 1 𝑛1 ,   𝑃2 = 𝑛2 , 2𝑛2 , 3𝑛2, ⋯  𝑛1 − 1 𝑛2 , 

𝐷0 =  0 ∪ 𝑃2 ∪ 𝑊0 ∪ 𝑊1 ∪ 𝑊2 ∪ 𝑊3 ,   𝐷1 = 𝑃1 ∪ 𝑊4 ∪ 𝑊5 ∪ 𝑊6 ∪ 𝑊7 , 

𝐷0
∗ =  0 ∪ 𝑃2 ∪ 𝑊0 ∪ 𝑊2 ∪ 𝑊4 ∪ 𝑊6 ,    𝐷1

∗ = 𝑃1 ∪ 𝑊1 ∪ 𝑊3 ∪ 𝑊5 ∪ 𝑊7 . 

Then the sequence 𝑠𝑛 = (𝑠𝑖)𝑖=0
𝑛−1  defined by 

𝑠𝑖 =  
0,   if 𝑖 ∈ 𝐷0

1,   if 𝑖 ∈ 𝐷1

  

is called first class two-prime Whiteman's generalized cyclotomic sequences of order 8. 

And the sequence 𝑠𝑛
∗ = (𝑠𝑖

∗)𝑖=0
𝑛−1 defined by 

𝑠𝑖
∗ =  

0,   if 𝑖 ∈ 𝐷0
∗

1,   if 𝑖 ∈ 𝐷1
∗
  

is called second class two-prime Whiteman's generalized cyclotomic sequences of order 8. 

Define the polynomials 

                      𝑆 x 

=  𝑥𝑖

𝑖∈𝐷1

=   +

𝑖∈𝑃1

 +

𝑖∈𝑊4

 +

𝑖∈𝑊5

 +

𝑖∈𝑊6

 

𝑖∈𝑊7

 𝑥𝑖                                             (3) 

                                        𝑇 x 

=   +

𝑖∈𝑃1

 +

𝑖∈𝑊1

 +

𝑖∈𝑊2

 +

𝑖∈𝑊3

 

𝑖∈𝑊4

 𝑥𝑖                                            (4) 

                                        𝑈 x 

=   +

𝑖∈𝑃1

 +

𝑖∈𝑊2

 +

𝑖∈𝑊3

 +

𝑖∈𝑊4

 

𝑖∈𝑊5

 𝑥𝑖                                            (5) 



 

 

 

 

 

 

158 Pankaj and Manju Pruthi 

                                        𝑉 x 

=   +

𝑖∈𝑃1

 +

𝑖∈𝑊3

 +

𝑖∈𝑊4

 +

𝑖∈𝑊5

 

𝑖∈𝑊6

 𝑥𝑖                                            (6) 

where 𝑆 x , 𝑇 x , U x , 𝑉 x ∈ GF q  x . 

3. Generator Polynomials of Cyclic Codes 

Our main aim in this section is to find the generator polynomial 𝑔 𝑥 =
𝑥𝑛−1

gcd  𝑥𝑛−1,𝑆 𝑥  
 of 

the cyclic code 𝐶𝑠 defined by the sequence 𝑠𝑛 , where 𝑆 𝑥  is same as that in Equation 

(3). Hence we need only to find 𝑎′s such that 𝑆 𝛽𝑎 = 0 since 𝛽 is a primitive 𝑛-th root 

of unity, where 0 ≤ 𝑎 ≤ 𝑛 − 1. To this end, we need the following lemmas. 

Lemma 3.1: For any 𝑟 ∈ 𝑊𝑗 , we have 𝑟𝑊𝑗 = 𝑊𝑖+𝑗 (mod  8), where 𝑟𝑊𝑗 =  𝑟𝑡 | 𝑡 ∈ 𝑊𝑗  . 

Proof: We have 𝑟 ∈ 𝑊𝑖 =  𝑔𝑠𝑥𝑖 ∶ 𝑠 = 0,1, ⋯ , 𝑒 − 1 , 𝑖 = 0,1, ⋯ 7 and let 𝑟 = 𝑔𝑠𝑥𝑖 ∈ 𝑊𝑖 . 

Then 𝑟𝑊𝑗 = 𝑔𝑠1𝑥𝑖 𝑥𝑗 + 𝑔𝑥𝑗 + 𝑔2𝑥 𝑗 + ⋯ + 𝑔𝑒−1𝑥𝑗   

 =  𝑔𝑠1𝑥𝑖+𝑗 + 𝑔𝑠1+1𝑥𝑖+𝑗 + 𝑔𝑠1+2𝑥𝑖+𝑗 + ⋯ + 𝑔𝑠1+𝑒−1𝑥𝑖+𝑗  . 

Since 𝑥 ∈ 𝑍𝑛
∗ , there must exist an integer 𝑣 with 0 ≤ 𝑣 ≤ 𝑒 − 1 such that 𝑥8 = 𝑔𝑣 , 

therefore we must have 𝑟𝑊𝑗 = 𝑊𝑖+𝑗 (mod  8). 

Lemma 3.2: Let the symbols be defined as above. Then we have 

 I  𝛽𝑖

𝑖∈𝑃1

=  𝛽𝑖

𝑖∈𝑃2

= −1 

 II  𝛽𝑖

𝑖∈𝑍𝑛
∗

=  𝛽𝑖

𝑖∈ 𝑊𝑖
7
𝑖=0

= 1 

 III  𝑆 𝛽0 = 𝑆 1 =
 𝑛1 + 1  𝑛2 − 1 

2
 mod 𝑝 . 

Proof: It is easy to obtain the conclusions in (I) and (III). Now, we will explain the result 

in (II). Since 

𝛽𝑛 − 1 =  𝛽 − 1   𝛽𝑖

𝑛−1

𝑖=0

 = 0 

and 𝛽 − 1 ≠ 0. We know that 

 𝛽𝑖

𝑛−1

𝑖=0

= 1 +  𝛽𝑖

𝑖∈𝑃1

+  𝛽𝑖 +

𝑖∈𝑃2

 𝛽𝑖

𝑖∈𝑍𝑛
∗

. 
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By (I), we get 

 𝛽𝑖

𝑖∈𝑍𝑛
∗

=  𝛽𝑖

𝑖∈ 𝑊𝑖
7
𝑖=0

= 1 + 1 − 1 = 1. 

Lemma 3.3: For 0 ≤ 𝑗 ≤ 7, we have 

 𝛽𝑡𝑖

𝑖∈𝑊𝑗

=  
−

𝑛1 − 1

8
 mod 𝑝 ,      if  𝑡 ∈ 𝑃1 ,

−
𝑛2 − 1

8
 mod 𝑝 ,     if  𝑡 ∈ 𝑃2 .

  

Proof: Note that for 0 ≤ 𝑗 ≤ 7, we have 

𝑊𝑗  mod 𝑛1 =  𝑔𝑠𝑥𝑗 ∶ 𝑠 = 0,1, ⋯ ,
 𝑛1 − 1  𝑛2 − 1 

8
− 1  

=  𝑔𝑠+𝑗 ∶ 𝑠 = 0,1, ⋯ ,
 𝑛1 − 1  𝑛2 − 1 

8
− 1  

=
𝑛2 − 1

8
 1,2, ⋯ ,  𝑛1 − 1  , 

where 
𝑛2−1

8
 is the multiplicity of each element in the set  1,2, ⋯ ,  𝑛1 − 1  . Similarly, we 

have 

𝑊𝑗  mod 𝑛2 =
𝑛1 − 1

8
 1,2, ⋯ ,  𝑛2 − 1  . 

Suppose that 𝑡 ∈ 𝑃1 . From Lemma 3.2(I), we get 

 𝛽𝑡𝑖

𝑖∈𝑊𝑗

=  
𝑛1 − 1

8
  𝛽𝑖

𝑖∈𝑃1

= −
𝑛1 − 1

8
 mod 𝑝 . 

For 𝑡 ∈ 𝑃2 , we can get the result by similar argument. 

Lemma 3.4: For all 𝑡 ∈ 𝑍𝑛 , we have 

𝑆 𝛽𝑡 = 𝑇 𝛽𝑡 = 𝑈 𝛽𝑡 = 𝑉 𝛽𝑡 =  
−

𝑛1 + 1

2
 mod 𝑝 ,     if  𝑡 ∈ 𝑃1 ,

𝑛2 − 1

2
 mod 𝑝 ,        if  𝑡 ∈ 𝑃2 ,
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𝑆 𝛽𝑡 =

 
 
 
 
 

 
 
 
 

𝑆 𝛽 ,             if  𝑡 ∈ 𝑊0 ,

− 𝑇 𝛽 + 1 ,   if  𝑡 ∈ 𝑊1 ,

− 𝑈 𝛽 + 1 ,   if  𝑡 ∈ 𝑊2 ,

− 𝑉 𝛽 + 1 ,   if  𝑡 ∈ 𝑊3 ,

− 𝑆 𝛽 + 1 ,   if  𝑡 ∈ 𝑊4 ,

𝑇 𝛽 ,             if  𝑡 ∈ 𝑊5 ,

𝑈 𝛽 ,             if  𝑡 ∈ 𝑊6 ,

𝑉 𝛽 ,             if  𝑡 ∈ 𝑊7 .

 𝑇 𝛽𝑡 =

 
 
 
 
 

 
 
 
 

𝑇 𝛽 ,             if  𝑡 ∈ 𝑊0 ,

𝑈 𝛽 ,             if  𝑡 ∈ 𝑊1 ,

𝑉 𝛽 ,             if  𝑡 ∈ 𝑊2 ,

𝑆 𝛽 ,             if  𝑡 ∈ 𝑊3 ,

− 𝑇 𝛽 + 1 ,   if  𝑡 ∈ 𝑊4 ,

− 𝑈 𝛽 + 1 ,   if  𝑡 ∈ 𝑊5 ,

− 𝑉 𝛽 + 1 ,   if  𝑡 ∈ 𝑊6 ,

− 𝑆 𝛽 + 1 ,   if  𝑡 ∈ 𝑊7 .

  

 𝑈 𝛽𝑡 =

 
 
 
 
 

 
 
 
 

𝑈 𝛽 ,             if  𝑡 ∈ 𝑊0 ,

𝑉 𝛽 ,             if  𝑡 ∈ 𝑊1 ,

𝑆 𝛽 ,             if  𝑡 ∈ 𝑊2 ,

− 𝑇 𝛽 + 1 ,   if  𝑡 ∈ 𝑊3 ,

− 𝑈 𝛽 + 1 ,   if  𝑡 ∈ 𝑊4 ,

− 𝑉 𝛽 + 1 ,   if  𝑡 ∈ 𝑊5 ,

− 𝑆 𝛽 + 1 ,   if  𝑡 ∈ 𝑊6 ,

𝑇 𝛽 ,             if  𝑡 ∈ 𝑊7 .

 𝑉 𝛽𝑡 =

 
 
 
 
 

 
 
 
 

𝑉 𝛽 ,             if  𝑡 ∈ 𝑊0 ,

𝑆 𝛽 ,             if  𝑡 ∈ 𝑊1 ,

− 𝑇 𝛽 + 1 ,   if  𝑡 ∈ 𝑊2 ,

− 𝑈 𝛽 + 1 , if  𝑡 ∈ 𝑊3 ,

− 𝑉 𝛽 + 1 ,   if  𝑡 ∈ 𝑊4 ,

− 𝑆 𝛽 + 1 ,   if  𝑡 ∈ 𝑊5 ,

𝑇 𝛽 ,             if  𝑡 ∈ 𝑊6 ,

𝑈 𝛽 ,             if  𝑡 ∈ 𝑊7 .

  

Proof: Since gcd 𝑛1 , 𝑛2 = 1, if  𝑡 ∈ 𝑃1 , then 𝑡𝑃1 = 𝑃1 .Then by Lemma 3.2 and 3.3, we 

get 

𝑆 𝛽𝑡 =  𝛽𝑡𝑖 =   +

𝑖∈𝑃1

 +

𝑖∈𝑊4

 +

𝑖∈𝑊5

 +

𝑖∈𝑊6

 

𝑖∈𝑊7

 

𝑖∈𝐷1

𝛽𝑡𝑖  

           =  −1 mod 𝑝 −  
𝑛1 − 1

8
 mod 𝑝 −  

𝑛1 − 1

8
 mod 𝑝 −  

𝑛1 − 1

8
 mod 𝑝 

−  
𝑛1 − 1

8
 mod 𝑝  

= −
𝑛1 + 1

2
 mod 𝑝 . 

Similarly, 𝑇 𝛽𝑡 = 𝑈 𝛽𝑡 = 𝑉 𝛽𝑡 = −
𝑛1+1

2
 mod 𝑝 , when 𝑡 ∈ 𝑃1 . 

If  𝑡 ∈ 𝑃2 , then 𝑡𝑃1 = 0. Then by Lemma 3.2 and 3.3, we get 

𝑆 𝛽𝑡 =  𝛽𝑡𝑖 =   +

𝑖∈𝑃1

 +

𝑖∈𝑊4

 +

𝑖∈𝑊5

 +

𝑖∈𝑊6

 

𝑖∈𝑊7

 

𝑖∈𝐷1

𝛽𝑡𝑖  

           =  𝑛2 − 1 mod 𝑝 −  
𝑛2 − 1

8
 mod 𝑝 −  

𝑛2 − 1

8
 mod 𝑝 −  

𝑛2 − 1

8
 mod 𝑝 

−  
𝑛2 − 1

8
 mod 𝑝  
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=
𝑛2 − 1

2
 mod 𝑝 . 

Similarly, 𝑇 𝛽𝑡 = 𝑈 𝛽𝑡 = 𝑉 𝛽𝑡 =
𝑛2−1

2
 mod 𝑝 , when 𝑡 ∈ 𝑃2 . 

For the case 𝑡 ∈ 𝑊0 , we have 𝑡𝑊𝑗 = 𝑊𝑗 (mod  8) and 𝑡𝑃1 = 𝑃1 , since gcd 𝑡, 𝑛2 = 1. 

Hence 

𝑆 𝛽𝑡 =  𝛽𝑡𝑖 =   +

𝑖∈𝑃1

 +

𝑖∈𝑊4

 +

𝑖∈𝑊5

 +

𝑖∈𝑊6

 

𝑖∈𝑊7

 

𝑖∈𝐷1

𝛽𝑡𝑖  

=   +

𝑖∈𝑃1

 +

𝑖∈𝑊4

 +

𝑖∈𝑊5

 +

𝑖∈𝑊6

 

𝑖∈𝑊7

 𝛽𝑖  

= 𝑆 𝛽 . 

Similarly, we can obtain 𝑇 𝛽𝑡 = 𝑇 𝛽 , 𝑈 𝛽𝑡 = 𝑈 𝛽 , 𝑉 𝛽𝑡 = 𝑉 𝛽 , when 𝑡 ∈ 𝑊0 . 

For the case 𝑡 ∈ 𝑊1 , we have 𝑡𝑊𝑖 = 𝑊𝑖+1(mod  8) for 1 ≤ 𝑖 ≤ 7. And since gcd   𝑡, 𝑛2 =

1, if 𝑡 ∈ 𝑊1 , then 𝑡𝑃1 = 𝑃1 . We have 

𝛽𝑛 − 1 =  𝛽 − 1   𝛽𝑖

𝑛−1

𝑖=0

 = 0 

and 𝛽 − 1 ≠ 0, this gives  𝛽𝑖𝑛−1

𝑖=0
= 0.  Therefore 

 𝛽𝑖

𝑛−1

𝑖=0

= 1 +  𝛽𝑖

𝑖∈𝑃1

+  𝛽𝑖 +

𝑖∈𝑃2

 𝛽𝑖

𝑖∈ 𝑊𝑖
7
𝑖=0

= 0. 

From Lemma 3.2, we get 

 𝛽𝑖

𝑖∈ 𝑊𝑖
7
𝑖=0

= 1. 

Hence 

𝑆 𝛽𝑡 =  𝛽𝑡𝑖 =   +

𝑖∈𝑃1

 +

𝑖∈𝑊4

 +

𝑖∈𝑊5

 +

𝑖∈𝑊6

 

𝑖∈𝑊7

 

𝑖∈𝐷1

𝛽𝑡𝑖  

=   +

𝑖∈𝑃1

 +

𝑖∈𝑊5

 +

𝑖∈𝑊6

 +

𝑖∈𝑊7

 

𝑖∈𝑊0

 𝛽𝑖  
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=   −

𝑖∈𝑃1

 −

𝑖∈𝑊1

 −

𝑖∈𝑊2

 −

𝑖∈𝑊3

 

𝑖∈𝑊4

 𝛽𝑖 + 1 

=  −  −

𝑖∈𝑃1

 −

𝑖∈𝑊1

 −

𝑖∈𝑊2

 −

𝑖∈𝑊3

 

𝑖∈𝑊4

 𝛽𝑖

+  2  𝛽𝑖 +

𝑖∈𝑃1

1 

= − 𝑇 𝛽 + 1 . 

Similarly, we can get the results when 𝑡 ∈ 𝑊𝑗 , 2 ≤ 𝑗 ≤ 7. 

In a similar fashion, we can get the results for 𝑇 𝛽𝑡 , 𝑈 𝛽𝑡  and 𝑉 𝛽𝑡 .This completes 

the proof of the lemma. 

Corollary 3.5: Let the symbols be defined as before. We have the following conclusions. 

(I) If 𝑞 ∉ 𝑊0 , we have 𝑆 𝛽 ≠ 0, −1, 𝑇 𝛽 ≠ 0, −1, 𝑈 𝛽 ≠ 0, −1, 𝑉 𝛽 ≠ 0, −1. 
(II) If 𝑞 ∈ 𝑊0 , we have 𝑆𝑞 𝛽 = 𝑆 𝛽 , 𝑇𝑞 𝛽 = 𝑇 𝛽 , 𝑈𝑞 𝛽 = 𝑈 𝛽  and 𝑉𝑞 𝛽 =

𝑉 𝛽 . 

Proof: (I) Note that gcd 𝑛, 𝑞 = 1, i.e., 𝑞 ∈ 𝑍𝑛
∗ , then 𝑞 ∈  𝑊𝑖

7
𝑖=0 . If 𝑞 ∉ 𝑊0 , without 

loss of generality, assume that 𝑞 ∈ 𝑊1 . By Lemma 3.4, we have 

𝑆𝑞4
 𝛽 = 𝑆𝑞3

 𝛽𝑞 =  −𝑇 𝛽 − 1 𝑞
3
 

=  −𝑇 𝛽𝑞 − 1 𝑞
2
 

=  −𝑈 𝛽 − 1 𝑞
2
 

=  −𝑈 𝛽𝑞 − 1 𝑞  

=  −𝑉 𝛽 − 1 𝑞  

=  −𝑉 𝛽𝑞 − 1  

= −𝑆 𝛽 − 1, 

i.e., 

𝑆𝑞4
 𝛽 + 𝑆 𝛽 + 1 = 0.                                                                                                                (7) 

It is easy to chack that 0 and −1 is not a solution of Eq. (7). Similarly, we have 

𝑇𝑞4
 𝛽 + 𝑇 𝛽 + 1 = 0, 

𝑈𝑞4
 𝛽 + 𝑈 𝛽 + 1 = 0, 

and 
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𝑉𝑞4
 𝛽 + 𝑉 𝛽 + 1 = 0, 

i.e., 𝑇 𝛽 ≠ 0, −1, 𝑈 𝛽 ≠ 0, −1, 𝑉 𝛽 ≠ 0, −1. If 𝑞 ∈ 𝑊𝑖 , 2 ≤ 𝑖 ≤ 7, the results can 

be proved by similar argument. 

(II) If 𝑞 ∈ 𝑊0 , the conclusion is obvious.   

We need to discuss the factorization of 𝑥𝑛 − 1 over GF q . Let𝛽 be the same as before. 

Define for each 𝑖, 0 ≤ 𝑖 ≤ 7, 

𝑑𝑖 𝑥 =   𝑥 − 𝛽𝑗  ,

𝑗 ∈𝑊𝑖

 

where 𝑊𝑖  denote the Whiteman's cyclotomic classes of order 8. Among the 𝑛-th roots of 

unity 𝛽𝑖 , where 0 ≤ 𝑖 ≤ 𝑛 − 1, the 𝑛2 elements 𝛽𝑖 , 𝑖 ∈ 𝑃1 ∪  0 , are the 𝑛2-th roots of 

unity, the 𝑛1 elements 𝛽𝑖 , 𝑖 ∈ 𝑃2 ∪  0 , are the 𝑛1-th roots of unity. Hence 

𝑥𝑛2 − 1 =   𝑥 − 𝛽𝑖 

𝑖∈𝑃1∪ 0 

 

and 

𝑥𝑛1 − 1 =   𝑥 − 𝛽𝑖 

𝑖∈𝑃2∪ 0 

. 

Then we have 

                                        𝑥𝑛 − 1 =   𝑥 − 𝛽𝑖 =
 𝑥𝑛1 − 1  𝑥𝑛2 − 1 

𝑥 − 1

𝑛−1

𝑖=0

𝑑 𝑥                        8  

where 𝑑 𝑥 =  𝑑𝑖 𝑥 .7
𝑖=0  

It is straightforward to prove that if 𝑞 ∈ 𝑊0 , then 𝑑𝑖 𝑥 ∈ GF q  for all 𝑖. 

Let Ω1 =
𝑛1+1

2
 mod 𝑝 , Ω2 =

𝑛2−1

2
 mod 𝑝  and Ω =

 𝑛1+1  𝑛2−1 

2
 mod 𝑝 . 

Then from Corollary 3.5, we have the following theorems. 

Theorem 3.6: Let the symbols be defined as before and assume that 𝑞 ∉ 𝑊0 . Then 

𝑔 𝑥 =

 
 
 

 
 
𝑥𝑛 − 1,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,
𝑥𝑛 − 1

𝑥𝑛2 − 1
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

𝑥𝑛1 − 1
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 ,    Ω1 = Ω2 =  Ω = 0.

  

In this case, the cyclic code 𝐶𝑠 over 𝐺𝐹(𝑞) defined by Whiteman's generalized 

cyclotomic sequence 𝑠𝑛  of the order 8 has generator polynomial 𝑔(𝑥) as above. 
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Proof: Note that for 𝑖 = 1, 2,Ω𝑖 = 0 results in Ω = 0 and that both Ω1 = 0 and Ω2 =  0 

lead to Ω = 0. By Corollary 3.5, we know that if 𝑞 ∉ 𝑊0 , then 𝑆 𝛽 ∉  0, −1 . 

Case 1: Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 = 1, 

then by equation (2), 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
= 𝑥𝑛 − 1. 

Case 2: Ω1 = 0,Ω2 ≠ 0,Ω = 0. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 = 𝑥𝑛2 − 1, 

then by equation (2), 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

𝑥𝑛 − 1

𝑥𝑛2 − 1
. 

Case 3: Ω1 ≠ 0,Ω2 = 0,Ω = 0. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 = 𝑥𝑛1 − 1, 

then by equation (2), 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

𝑥𝑛 − 1

𝑥𝑛1 − 1
. 

Case 4: Ω1 = Ω2 =  Ω = 0. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 =
 𝑥𝑛1 − 1  𝑥𝑛2 − 1 

𝑥 − 1
, 

then by equation (2), 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

 𝑥𝑛 − 1  𝑥 − 1 

 𝑥𝑛1 − 1  𝑥𝑛2 − 1 
= 𝑑 𝑥 . 

This completes the proof of the theorem. 

Theorem 3.7: Let the symbols be defined as before and assume that 𝑞 ∈ 𝑊0 . 

(I) If one of 𝑆 𝛽 , 𝑇 𝛽 , 𝑈 𝛽 , 𝑉 𝛽  is in  0, −1 , then 
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𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑚  𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑚  𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑚  𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑚  𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑚 =  
0,     𝑆 𝛽 = 0,

   4,     𝑆 𝛽 = −1,
 𝑚 =  

5,     𝑇 𝛽 = 0,

   1,     𝑇 𝛽 = −1,
   

𝑚 =  
6,     𝑈 𝛽 = 0,

   2,     𝑈 𝛽 = −1,
 𝑚 =  

7,    𝑉 𝛽 = 0,

   3,     𝑉 𝛽 = −1.
   

(II) If two of 𝑆 𝛽 , 𝑇 𝛽 , 𝑈 𝛽 , 𝑉 𝛽  are in  0, −1 , then the specific generator 

polynomials are listed as follows. 

(i) If 𝑆 𝛽 , 𝑇 𝛽 ∈  0, −1 , then 

𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑠 𝑥 𝑑𝑡 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑠 𝑥 𝑑𝑡 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑠 𝑥 𝑑𝑡 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑠 𝑥 𝑑𝑡 𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑠 =  
0,     𝑆 𝛽 = 0,

   4,     𝑆 𝛽 = −1,
 𝑡 =  

5,     𝑇 𝛽 = 0,

   1,     𝑇 𝛽 = −1.
   

(ii) If 𝑆 𝛽 , 𝑈 𝛽 ∈  0, −1 , then 
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𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑠 𝑥 𝑑𝑢 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑠 𝑥 𝑑𝑢 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑠 𝑥 𝑑𝑢 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑠 𝑥 𝑑𝑢 𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑠 =  
0,     𝑆 𝛽 = 0,

   4,     𝑆 𝛽 = −1,
 𝑢 =  

6,     𝑈 𝛽 = 0,

   2,     𝑈 𝛽 = −1.
   

(iii) If 𝑆 𝛽 , 𝑉 𝛽 ∈  0, −1 , then 

𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑠 𝑥 𝑑𝑣 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑠 𝑥 𝑑𝑣 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑠 𝑥 𝑑𝑣 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑠 𝑥 𝑑𝑣 𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑠 =  
0,     𝑆 𝛽 = 0,

   4,     𝑆 𝛽 = −1,
 𝑣 =  

7,    𝑉 𝛽 = 0,

   3,     𝑉 𝛽 = −1.
   

(iv) If 𝑇 𝛽 , 𝑈 𝛽 ∈  0, −1 , then 

𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑡 𝑥 𝑑𝑢 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑡 𝑥 𝑑𝑢 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑡 𝑥 𝑑𝑢 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑡 𝑥 𝑑𝑢 𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑡 =  
5,     𝑇 𝛽 = 0,

   1,     𝑇 𝛽 = −1,
 𝑢 =  

6,     𝑈 𝛽 = 0,

   2,     𝑈 𝛽 = −1.
   



 

 

 

 

 

 

Cyclic Codes from Whiteman's ... 167 

(v) If 𝑇 𝛽 , 𝑉 𝛽 ∈  0, −1 , then 

𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑡 𝑥 𝑑𝑣 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑡 𝑥 𝑑𝑣 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑡 𝑥 𝑑𝑣 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑡 𝑥 𝑑𝑣 𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑡 =  
5,     𝑇 𝛽 = 0,

   1,     𝑇 𝛽 = −1,
 𝑣 =  

7,     𝑉 𝛽 = 0,

   3,     𝑉 𝛽 = −1.
   

(vi) If 𝑈 𝛽 , 𝑉 𝛽 ∈  0, −1 , then 

𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑢 =  
6,     𝑈 𝛽 = 0,

   2,     𝑈 𝛽 = −1,
 𝑣 =  

7,     𝑉 𝛽 = 0,

   3,     𝑉 𝛽 = −1.
   

(III) If three of 𝑆 𝛽 , 𝑇 𝛽 , 𝑈 𝛽 , 𝑉 𝛽  are in  0, −1 , then the specific generator 

polynomials are listed as follows 

(i) If 𝑆 𝛽 , 𝑇 𝛽 , 𝑈 𝛽 ∈  0, −1 , then 

𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑢 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑢 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑢 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑢 𝑥 
,    Ω1 = Ω2 =  Ω = 0,
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where 

𝑠 =  
0,     𝑆 𝛽 = 0,

   4,     𝑆 𝛽 = −1,
 𝑡 =  

5,     𝑇 𝛽 = 0,

   1,     𝑇 𝛽 = −1,
  𝑢 =  

6,     𝑈 𝛽 = 0,

   2,     𝑈 𝛽 = −1.
  

(ii) If 𝑆 𝛽 , 𝑇 𝛽 , 𝑉 𝛽 ∈  0, −1 , then 

𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑣 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑣 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑣 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑣 𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑠 =  
0,     𝑆 𝛽 = 0,

   4,     𝑆 𝛽 = −1,
 𝑡 =  

5,     𝑇 𝛽 = 0,

   1,     𝑇 𝛽 = −1,
  𝑣 =  

7,     𝑉 𝛽 = 0,

   3,     𝑉 𝛽 = −1.
  

(iii) If 𝑆 𝛽 , 𝑈 𝛽 , 𝑉 𝛽 ∈  0, −1 , then 

𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑠 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑠 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑠 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑠 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑠 =  
0,     𝑆 𝛽 = 0,

  4,     𝑆 𝛽 = −1,
 𝑢 =  

6,     𝑈 𝛽 = 0,

   2,     𝑈 𝛽 = −1,
 𝑣 =  

7,     𝑉 𝛽 = 0,

   3,     𝑉 𝛽 = −1.
   

(iv) If 𝑇 𝛽 , 𝑈 𝛽 , 𝑉 𝛽 ∈  0, −1 , then 
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𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑡 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑡 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑡 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑡 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑡 =  
5,     𝑇 𝛽 = 0,

   1,     𝑇 𝛽 = −1,
 𝑢 =  

6,     𝑈 𝛽 = 0,

   2,     𝑈 𝛽 = −1,
 𝑣 =  

7,     𝑉 𝛽 = 0,

   3,     𝑉 𝛽 = −1.
   

(IV) If 𝑆 𝛽 , 𝑇 𝛽 , 𝑈 𝛽 , 𝑉 𝛽 ∈  0, −1 , then 

𝑔 𝑥 =

 
 
 
 
 

 
 
 
 

𝑥𝑛 − 1

𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,         Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0,

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,      Ω1 = 0,Ω2 ≠ 0,Ω = 0,

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,      Ω1 ≠ 0,Ω2 = 0,Ω = 0,

𝑑 𝑥 

𝑑𝑠 𝑥 𝑑𝑡 𝑥 𝑑𝑢 𝑥 𝑑𝑣 𝑥 
,    Ω1 = Ω2 =  Ω = 0,

  

where 

𝑠 =  
0,     𝑆 𝛽 = 0,

   4,     𝑆 𝛽 = −1,
 𝑡 =  

5,     𝑇 𝛽 = 0,

   1,     𝑇 𝛽 = −1,
  

𝑢 =  
6,     𝑈 𝛽 = 0,

   2,     𝑈 𝛽 = −1,
𝑣 =  

7,     𝑉 𝛽 = 0,

   3,     𝑉 𝛽 = −1.
   

In the cases above, the cyclic code 𝐶𝑠 over 𝐺𝐹(𝑞) defined by Whiteman's generalized 

cyclotomic sequence 𝑠𝑛  of the order 8 has generator polynomial 𝑔(𝑥) as above 

correspondingly. 

Proof: Note that for 𝑖 = 1, 2, Ω𝑖 = 0 results in Ω = 0 and that both Ω1 = 0 and Ω2 =  0 

lead to Ω = 0. By Corollary 3.5, we know that if 𝑞 ∈ 𝑊0 , then it is possible that𝑆 𝛽 ∈
 0, −1 , 𝑇 𝛽 ∈  0, −1 , 𝑈 𝛽 ∈  0, −1  and 𝑉 𝛽 ∈  0, −1 . 

In the following we only give the proof of the case that 𝑆 𝛽 ∈  0, −1  and the other 

cases can be proved similarly. 

Case 1: Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0, 𝑆 𝛽 = 0. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 = 𝑑0 𝑥 , 
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then by equations (2) and (8), the corresponding generator polynomial is 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

𝑥𝑛 − 1

𝑑0 𝑥 
, 

which means that 𝑚 = 0. 

Case 2: Ω1 ≠ 0,Ω2 ≠ 0,Ω ≠ 0, 𝑆 𝛽 = −1. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 = 𝑑4 𝑥 , 

then by equations (2) and (8), the corresponding generator polynomial is 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

𝑥𝑛 − 1

𝑑4 𝑥 
, 

which means that 𝑚 = 4. 

Case 3: Ω1 = 0,Ω2 ≠ 0,Ω = 0, 𝑆 𝛽 = 0. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 =  𝑥𝑛2 − 1 𝑑0 𝑥 , 

then by equations (2) and (8), the corresponding generator polynomial is 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑0 𝑥 
, 

which means that 𝑚 = 0. 

Case 4: Ω1 = 0,Ω2 ≠ 0,Ω = 0, 𝑆 𝛽 = −1. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 =  𝑥𝑛2 − 1 𝑑4 𝑥 , 

then by equations (2) and (8), the corresponding generator polynomial is 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

𝑥𝑛 − 1

 𝑥𝑛2 − 1 𝑑4 𝑥 
, 

which means that 𝑚 = 4. 

Case 5: Ω1 ≠ 0,Ω2 = 0,Ω = 0, 𝑆 𝛽 = 0. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 =  𝑥𝑛1 − 1 𝑑0 𝑥 , 

then by equations (2) and (8), the corresponding generator polynomial is 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑0 𝑥 
, 

which means that 𝑚 = 0. 

Case 6: Ω1 ≠ 0,Ω2 = 0,Ω = 0, 𝑆 𝛽 = −1. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 =  𝑥𝑛1 − 1 𝑑4 𝑥 , 

then by equations (2) and (8), the corresponding generator polynomial is 
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𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

𝑥𝑛 − 1

 𝑥𝑛1 − 1 𝑑4 𝑥 
, 

which means that 𝑚 = 4. 

Case 7: Ω1 = Ω2 =  Ω = 0, 𝑆 𝛽 = 0. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 =
 𝑥𝑛1 − 1  𝑥𝑛2 − 1 

𝑥 − 1
𝑑0 𝑥 , 

then by equations (2) and (8), the corresponding generator polynomial is 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

 𝑥𝑛 − 1  𝑥 − 1 

 𝑥𝑛1 − 1  𝑥𝑛2 − 1 𝑑0 𝑥 
=

𝑑 𝑥 

𝑑0 𝑥 
, 

which means that 𝑚 = 0. 

Case 8: Ω1 = Ω2 =  Ω = 0, 𝑆 𝛽 = −1. By Lemma 3.4, we can obtain 

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 =
 𝑥𝑛1 − 1  𝑥𝑛2 − 1 

𝑥 − 1
𝑑4 𝑥 , 

then by equations (2) and (8), the corresponding generator polynomial is 

𝑔 𝑥 =
𝑥𝑛 − 1

gcd 𝑆 𝑥 , 𝑥𝑛 − 1 
=

 𝑥𝑛 − 1  𝑥 − 1 

 𝑥𝑛1 − 1  𝑥𝑛2 − 1 𝑑4 𝑥 
=

𝑑 𝑥 

𝑑4 𝑥 
, 

which means that 𝑚 = 4. 

The rest results of this theorem can be proved similarly. 

4. The Minimum Distance of the Cyclic Codes 

In this section, we determine the minimum distance of some cyclic codes and give lower 

bounds of the minimum distance of some other cyclic codes constructed in section 3. By 

the same argument as that in [5], we get the following two results immediately. 

Theorem 4.1: Let 𝐶𝑖  denote the cyclic code over 𝐺𝐹(𝑞) with the generator polynomial 

𝑔𝑖 𝑥 =
𝑥𝑛−1

𝑥𝑛𝑖−1
. The cyclic code 𝐶𝑖  has paramenters  𝑛, 𝑛𝑖 , 𝑑𝑖 , where 𝑑𝑖 = 𝑛𝑖−(−1)𝑖  and 

𝑖 = 1,2. 

Example 4.2: Let 𝑞 = 2, 𝑛1 = 17 and 𝑛2 = 73.Then the cyclic code 𝐶1 over 𝐺𝐹(𝑞) with 

thegenerator polynomial 𝑔1 𝑥 =
𝑥𝑛−1

𝑥𝑛1−1
 has parameters [1241,17,73] and the cyclic code 

𝐶2 over 𝐺𝐹(𝑞) with the generator polynomial 𝑔2 𝑥 =
𝑥𝑛−1

𝑥𝑛2−1
 has parameters 

[1241,73,17]. 

Theorem 4.3: Let 𝐶𝑛1 ,𝑛2
 denote the cyclic code over 𝐺𝐹(𝑞) with the generator 

polynomial 𝑔 𝑥 =
 𝑥𝑛−1  𝑥−1 

 𝑥𝑛1−1  𝑥𝑛2−1 
. The cyclic code 𝐶𝑛1 ,𝑛2

 has paramenters  𝑛, 𝑛1 + 𝑛2 −

1, 𝑑𝑛1 ,𝑛2
 , where 𝑑𝑛1 ,𝑛2

= min 𝑛1, 𝑛2 . 
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Example 4.4: Let 𝑞 = 2, 𝑛1 = 17 and 𝑛2 = 73. Then the cyclic code 𝐶1 over 𝐺𝐹(𝑞) 

with thegenerator polynomial 𝑔 𝑥 =
 𝑥𝑛−1  𝑥−1 

 𝑥𝑛1−1  𝑥𝑛2−1 
 has parameters  1241,89,17 . 

We also derive the following lower bounds of the minimum distances of other cyclic 

codes.  

Theorem 4.5: Suppose that 𝑞 ∈ 𝑊0 . Let 𝐶𝑖  and 𝑑𝑖be defined as in Theorem 4.1. Let 

𝐶𝑖,𝑗 denotethe cyclic code over 𝐺𝐹(𝑞) with the generator polynomial 𝑔𝑖,𝑗  𝑥 =
𝑥𝑛−1

 𝑥𝑛𝑖−1 𝑑𝑗  𝑥 
. Then the cyclic code 𝐶𝑖,𝑗  has parameters  𝑛, 𝑛𝑖 +

 𝑛1−1  𝑛2−1 

8
, 𝑑𝑖,𝑗  , where 

𝑑𝑖,𝑗 ≥   𝑛𝑖−(−1)𝑖 , 𝑖 = 1,2 and 0 ≤ 𝑗 ≤ 7. 

Proof: Note that for 0 ≤ 𝑗 ≤ 7 and for any 𝑟 ∈ 𝑊𝑗 , we have 𝑟−1 mod𝑛 ∈ 𝑊 8−𝑗 mod  8 . 

Let 𝑖 = 1 and 𝑗 = 0 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming weight 

𝜔 in 𝐶1,0. Take  𝑟 ∈ 𝑊1 , we have 𝑟−1 mod𝑛 ∈ 𝑊7 and 𝑐(𝑥𝑟) is a codeword of 

Hamming weight 𝜔 in 𝐶1,7 which implies that 𝑑1,0 = 𝑑1,7. By taking 𝑟 ∈ 𝑊𝑗 , we can get 

𝑑1,0 = 𝑑1,8−𝑗 , where 2 ≤ 𝑗 ≤ 7. Further, for any 𝑗 ∈  1,2,3,4,5,6,7 , 𝑟 ∈ 𝑊𝑗 , we have that 

𝑐(𝑥)𝑐(𝑥𝑟) is a codeword of 𝐶1 . Hence from Theorem 4.1,𝑑1,𝑗
2 ≥ 𝑑1 = 𝑛2 , i.e., 𝑑1,𝑗 ≥

  𝑛2 . By similar argument, we get 𝑑2,𝑗 ≥   𝑛1 , where 0 ≤ 𝑗 ≤ 7.          ∎ 

Example 4.6: Let 𝑞 = 2, 𝑛1 = 17 and 𝑛2 = 73. Then the cyclic code 𝐶1 over 𝐺𝐹(𝑞) 

with thegenerator polynomial 𝑔 𝑥 =
𝑥𝑛−1

 𝑥𝑛1−1 𝑑0 𝑥 
 has parameters  1241,161,73 . In this 

case 𝑑 ≥   𝑛2 = 9, the lower bound of 𝑑 is 9 while the actual minimum distance is 73. 

Theorem 4.7: Suppose that 𝑞 ∈ 𝑊0 . Let 𝐶𝑛1 ,𝑛2
 and 𝑑𝑛1 ,𝑛2

be defined as in Theorem 4.3. 

Let𝐶𝑛1 ,𝑛2 ,𝑗 denotethe cyclic code over 𝐺𝐹(𝑞) with the generator polynomial 

𝑔𝑛1 ,𝑛2 ,𝑗  𝑥 =
 𝑥𝑛 − 1  𝑥 − 1 

 𝑥𝑛1 − 1  𝑥𝑛2 − 1 𝑑𝑗  𝑥 
. 

Then the cyclic code 𝐶𝑛1 ,𝑛2 ,𝑗  has parameters  𝑛, 𝑛1 + 𝑛2 − 1 +
 𝑛1−1  𝑛2−1 

8
,  𝑑𝑛1 ,𝑛2 ,𝑗  , 

where 𝑑𝑛1 ,𝑛2 ,𝑗 ≥   min 𝑛1, 𝑛2   and 0 ≤ 𝑗 ≤ 7. 

Proof: Let 𝑗 = 0 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming weight 𝜔 

in 𝐶𝑛1 ,𝑛2 ,0 . Take  𝑟 ∈ 𝑊1 , we have 𝑟−1 mod𝑛 ∈ 𝑊7 and 𝑐(𝑥𝑟) is a codeword of 

Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 ,7 which implies that 𝑑𝑛1 ,𝑛2 ,0 = 𝑑𝑛1 ,𝑛2 ,7.  Take  𝑟 ∈ 𝑊2 , we 

have 𝑟−1 mod𝑛 ∈ 𝑊6 and 𝑐(𝑥𝑟) is a codeword of Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 ,6 which 

implies that 𝑑𝑛1 ,𝑛2 ,0 = 𝑑𝑛1 ,𝑛2 ,6. 

By taking 𝑟 ∈ 𝑊3 , 𝑟 ∈ 4, 𝑟 ∈ 𝑊5 , 𝑟 ∈ 𝑊6 and 𝑟 ∈ 𝑊7 , we can get 𝑑𝑛1 ,𝑛2 ,0 =

𝑑𝑛1 ,𝑛2 ,5, 𝑑𝑛1 ,𝑛2 ,0 = 𝑑𝑛1 ,𝑛2 ,4 , 𝑑𝑛1 ,𝑛2 ,0 = 𝑑𝑛1 ,𝑛2 ,3, 𝑑𝑛1 ,𝑛2 ,0 = 𝑑𝑛1 ,𝑛2 ,2 and 𝑑𝑛1 ,𝑛2 ,0 = 𝑑𝑛1 ,𝑛2 ,1 

respectively. Further, for any 𝑗 ∈  1,2,3,4,5,6,7 , 𝑟 ∈ 𝑊𝑗 , we have that 𝑐(𝑥)𝑐(𝑥𝑟) is a 

codeword of 𝐶𝑛1 ,𝑛2
. Hence from Theorem 4.3,𝑑𝑛1 ,𝑛2 ,𝑗

2 ≥   min 𝑛1, 𝑛2  , where 0 ≤ 𝑗 ≤ 7. 
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Example 4.8: Let 𝑞 = 2, 𝑛1 = 17 and 𝑛2 = 89. Then the cyclic code 𝐶1 over 𝐺𝐹(𝑞) 

with thegenerator polynomial 𝑔 𝑥 =
 𝑥𝑛−1  𝑥−1 

 𝑥𝑛1−1  𝑥𝑛2−1 𝑑1 𝑥 
 has parameters  1513,281,17 . 

In this case 𝑑 ≥   min 𝑛1, 𝑛2  = 4, the lower bound of 𝑑 is 4 while the actual 

minimum distance is 17. 

Theorem 4.9: Suppose that 𝑞 ∈ 𝑊0 . Let 𝐶𝑖  and 𝑑𝑖  be defined as in Theorem 4.1. Let 

𝐶𝑖,𝑗 ,ℎdenotethe cyclic code over 𝐺𝐹(𝑞) with the generator polynomial  

𝑔𝑖,𝑗 ,ℎ 𝑥 =
𝑥𝑛 − 1

 𝑥𝑛 𝑖 − 1 𝑑𝑗  𝑥 𝑑ℎ 𝑥 
, 

where𝑖 = 1,2 and 

 𝑗, ℎ ∈   0,1 ,  0,2 ,  0,3 ,  1,2 ,  1,3 ,  1,4 ,  2,3 ,  2,4 ,  2,5 ,  3,4 ,  3,5 ,  3,6   

  4,5 ,  4,6 ,  4,7 ,  5,6 ,  5,7 ,  5,0 ,  6,7 ,  6,0 ,  6,1  7,0 ,  7,1 ,  7,2  . 

Then the cyclic code 𝐶𝑖,𝑗 ,ℎ  has parameters  𝑛, 𝑛𝑖 +
 𝑛1−1  𝑛2−1 

4
, 𝑑𝑖,𝑗 ,ℎ  , where 𝑑𝑖,𝑗 ,ℎ ≥

  𝑛𝑖−(−1)𝑖 . 

Proof: Let 𝑗 = 0, ℎ = 1 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming 

weight 𝜔 in 𝐶𝑖,0,1. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of 

Hamming weight 𝜔 in 𝐶𝑖 , 0−𝑘 mod  8, 1−𝑘 mod  8 . It then follows that 

𝑑𝑖,0,1 = 𝑑𝑖, 0−𝑘 mod  8, 1−𝑘 mod  8. 

Therefore, we have 

 𝑑𝑖,0,1 = 𝑑𝑖,7,0 = 𝑑𝑖,6,7 = 𝑑𝑖,5,6 = 𝑑𝑖,4,5 = 𝑑𝑖,3,4 = 𝑑𝑖,2,3 = 𝑑𝑖,1,2.              (9) 

Let 𝑗 = 0, ℎ = 2 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming weight 𝜔 

in 𝐶𝑖,0,2. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of Hamming weight 

𝜔 in 𝐶𝑖 , 0−𝑘 mod  8, 2−𝑘 mod  8 . It then follows that 

𝑑𝑖,0,2 = 𝑑𝑖, 0−𝑘 mod  8, 2−𝑘 mod  8. 

Therefore, we have 

 𝑑𝑖,0,2 = 𝑑𝑖,7,1 = 𝑑𝑖,6,0 = 𝑑𝑖,5,7 = 𝑑𝑖,4,6 = 𝑑𝑖,3,5 = 𝑑𝑖,2,4 = 𝑑𝑖,1,3.   (10) 

Let 𝑗 = 0, ℎ = 3 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming weight 𝜔 

in 𝐶𝑖,0,3. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of Hamming weight 

𝜔 in 𝐶𝑖 , 0−𝑘 mod  8, 3−𝑘 mod  8 . It then follows that 

𝑑𝑖,0,3 = 𝑑𝑖, 0−𝑘 mod  8, 3−𝑘 mod  8. 

Therefore, we have 

 𝑑𝑖,0,3 = 𝑑𝑖,7,2 = 𝑑𝑖,6,1 = 𝑑𝑖,5,0 = 𝑑𝑖,4,7 = 𝑑𝑖,3,6 = 𝑑𝑖,2,5 = 𝑑𝑖,1,4.   (11) 



 

 

 

 

 

 

174 Pankaj and Manju Pruthi 

From (9), (10) and (11), for any 𝑟 ∈ 𝑊4 , we have that 𝑐(𝑥)𝑐(𝑥𝑟) is a codeword of 𝐶𝑖 ,  

where 𝐶𝑖  denote the cyclic code over 𝐺𝐹(𝑞) with the generator polynomial 𝑔𝑖 𝑥 =
𝑥𝑛−1

𝑥𝑛𝑖−1
 

and the minimum distance  𝑑𝑖 = 𝑛𝑖−(−1)𝑖 .Hence from theorem 4.1,𝑑𝑖,𝑗 ,ℎ
2 ≥ 𝑑𝑖 = 𝑛𝑖−(−1)𝑖 , 

i.e., 𝑑𝑖,𝑗 ,ℎ ≥   𝑛𝑖−(−1)𝑖 , where 

 𝑗, ℎ ∈   0,1 ,  0,2 ,  0,3 ,  1,2 ,  1,3 ,  1,4 ,  2,3 ,  2,4 ,  2,5 ,  3,4 ,  3,5 ,  3,6   

  4,5 ,  4,6 ,  4,7 ,  5,6 ,  5,7 ,  5,0 ,  6,7 ,  6,0 ,  6,1  7,0 ,  7,1 ,  7,2  . 

Theorem 4.10: Suppose that 𝑞 ∈ 𝑊0 . Let 𝐶𝑛1 ,𝑛2
 and 𝑑𝑛1 ,𝑛2

be defined as in Theorem 4.3. 

Let 𝐶𝑛1 ,𝑛2 ,𝑗 ,ℎ  denotethe cyclic code over 𝐺𝐹(𝑞) with the generator polynomial 

𝑔𝑛1 ,𝑛2 ,𝑗 ,ℎ 𝑥 =
 𝑥𝑛 − 1  𝑥 − 1 

 𝑥𝑛1 − 1  𝑥𝑛2 − 1 𝑑𝑗  𝑥 𝑑ℎ 𝑥 
. 

Then the cyclic code 𝐶𝑛1 ,𝑛2 ,𝑗 ,ℎ  has parameters  𝑛, 𝑛1 + 𝑛2 − 1 +
 𝑛1−1  𝑛2−1 

4
, 𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ  , 

where 𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ ≥   min 𝑛1, 𝑛2   and  

 𝑗, ℎ ∈   0,1 ,  0,2 ,  0,3 ,  1,2 ,  1,3 ,  1,4 ,  2,3 ,  2,4 ,  2,5 ,  3,4 ,  3,5 ,  3,6   

  4,5 ,  4,6 ,  4,7 ,  5,6 ,  5,7 ,  5,0 ,  6,7 ,  6,0 ,  6,1  7,0 ,  7,1 ,  7,2  . 

Proof: Let 𝑗 = 0, ℎ = 1 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming 

weight 𝜔 in 𝐶𝑛1 ,𝑛2 ,0,1. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of 

Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 , 0−𝑘 mod  8, 1−𝑘 mod  8. It then follows that 

𝑑𝑛1 ,𝑛2 ,0,1 = 𝑑𝑛1 ,𝑛2 , 0−𝑘 mod  8, 1−𝑘 mod  8 . 

Therefore, we have 

𝑑𝑛1 ,𝑛2 ,0,1 = 𝑑𝑛1 ,𝑛2 ,7,0 = 𝑑𝑛1 ,𝑛2 ,6,7 = 𝑑𝑛1 ,𝑛2 ,5,6 

 = 𝑑𝑛1 ,𝑛2 ,4,5 = 𝑑𝑛1 ,𝑛2 ,3,4 = 𝑑𝑛1 ,𝑛2 ,2,3 = 𝑑𝑛1 ,𝑛2 ,1,2 . (12) 

Let 𝑗 = 0, ℎ = 2 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming weight 𝜔 

in 𝐶𝑛1 ,𝑛2 ,0,2. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of Hamming 

weight 𝜔 in 𝐶𝑛1 ,𝑛2 , 0−𝑘 mod  8, 2−𝑘 mod  8 . It then follows that 

𝑑𝑛1 ,𝑛2 ,0,2 = 𝑑𝑛1 ,𝑛2 , 0−𝑘 mod  8, 2−𝑘 mod  8 . 

Therefore, we have 

𝑑𝑛1 ,𝑛2 ,0,2 = 𝑑𝑛1 ,𝑛2 ,7,1 = 𝑑𝑛1 ,𝑛2 ,6,0 = 𝑑𝑛1 ,𝑛2 ,5,7 

 = 𝑑𝑛1 ,𝑛2 ,4,6 = 𝑑𝑛1 ,𝑛2 ,3,5 = 𝑑𝑛1 ,𝑛2 ,2,4 = 𝑑𝑛1 ,𝑛2 ,1,3 .  (13) 

Let 𝑗 = 0, ℎ = 3 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming weight 𝜔 

in 𝐶𝑛1 ,𝑛2 ,0,3. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of Hamming 

weight 𝜔 in 𝐶𝑛1 ,𝑛2 , 0−𝑘 mod  8, 3−𝑘 mod  8 . It then follows that 
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𝑑𝑛1 ,𝑛2 ,0,3 = 𝑑𝑛1 ,𝑛2 , 0−𝑘 mod  8, 3−𝑘 mod  8 . 

Therefore, we have 

𝑑𝑛1 ,𝑛2 ,0,3 = 𝑑𝑛1 ,𝑛2 ,7,2 = 𝑑𝑛1 ,𝑛2 ,6,1 = 𝑑𝑛1 ,𝑛2 ,5,0 

 = 𝑑𝑛1 ,𝑛2 ,4,7 = 𝑑𝑛1 ,𝑛2 ,3,6 = 𝑑𝑛1 ,𝑛2 ,2,5 = 𝑑𝑛1 ,𝑛2 ,1,4 . (14) 

From (12), (13) and (14), for any 𝑟 ∈ 𝑊4 , we have that 𝑐(𝑥)𝑐(𝑥𝑟) is a codeword of 

𝐶𝑛1 ,𝑛2
,  where 𝐶𝑛1 ,𝑛2

 and 𝑑𝑛1 ,𝑛2
 be defined as Theorem 4.3.Hence from theorem 

4.3,𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ
2 ≥ 𝑑𝑛1 ,𝑛2

= min 𝑛1 , 𝑛2 , i.e., 𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ ≥   min 𝑛1, 𝑛2  , where 

 𝑗, ℎ ∈   0,1 ,  0,2 ,  0,3 ,  1,2 ,  1,3 ,  1,4 ,  2,3 ,  2,4 ,  2,5 ,  3,4 ,  3,5 ,  3,6   

  4,5 ,  4,6 ,  4,7 ,  5,6 ,  5,7 ,  5,0 ,  6,7 ,  6,0 ,  6,1  7,0 ,  7,1 ,  7,2  . 

Theorem 4.11: Suppose that 𝑞 ∈ 𝑊0 . Let 𝐶𝑖  and 𝑑𝑖  be defined as in Theorem 4.1. Let 

𝐶𝑖,𝑗 ,ℎ,𝑙  denote the cyclic code over 𝐺𝐹(𝑞) with the generator polynomial  

𝑔𝑖,𝑗 ,ℎ,𝑙 𝑥 =
𝑥𝑛 − 1

 𝑥𝑛 𝑖 − 1 𝑑𝑗  𝑥 𝑑ℎ 𝑥 𝑑𝑙 𝑥 
, 

where 𝑖 = 1,2 and 

 𝑗, ℎ, 𝑙 ∈   0,1,2 ,  0,1,3 ,  0,2,3 ,  0,2,5 ,  1,2,3 ,  1,2,4 ,  1,3,4 ,  1,3,6 ,  

 2,3,4 ,  2,3,5 ,  2,4,5 ,  2,4,7 ,  3,4,5 ,  3,4,6 ,  3,5,6 ,  3,5,0 , 

 4,5,6 ,  4,5,7 ,  4,6,7 ,  4,6,1 ,  5,6,7 ,  5,6,0 ,  5,7,0 ,  5,7,2 , 

  6,7,0 ,  6,7,1 ,  6,0,1 ,  6,0,3 ,  7,0,1 ,  7,0,2 ,  7,1,2 ,  7,1,4  . 

Then the cyclic code 𝐶𝑖,𝑗 ,ℎ,𝑙  has parameters  𝑛, 𝑛𝑖 +
3 𝑛1−1  𝑛2−1 

8
, 𝑑𝑖,𝑗 ,ℎ,𝑙 , where 

𝑑𝑖,𝑗 ,ℎ,𝑙 ≥   𝑛𝑖−(−1)𝑖  . 

Proof: Let 𝑗 = 0, ℎ = 1, 𝑙 = 2 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of 

Hamming weight 𝜔 in 𝐶𝑖,0,1,2. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword 

of Hamming weight 𝜔 in 𝐶𝑖, 0−𝑘 mod  8, 1−𝑘 mod  8, 2−𝑘 mod  8. It then follows that  

𝑑𝑖,0,1,2 = 𝑑𝑖, 0−𝑘 mod  8, 1−𝑘 mod  8, 2−𝑘 mod  8 . 

Therefore, we have 

 𝑑𝑖,0,1,2 = 𝑑𝑖,7,0,1 = 𝑑𝑖,6,7,0 = 𝑑𝑖,5,6,7 = 𝑑𝑖,4,5,6 = 𝑑𝑖,3,4,5 = 𝑑𝑖,2,3,4 = 𝑑𝑖,1,2,3. (15) 

Let 𝑗 = 0, ℎ = 1, 𝑙 = 3 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming 

weight 𝜔 in 𝐶𝑖,0,1,3 . Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of 

Hamming weight 𝜔 in 𝐶𝑖 , 0−𝑘 mod  8, 1−𝑘 mod  8, 3−𝑘 mod  8 . It then follows that  

𝑑𝑖,0,1,3 = 𝑑𝑖, 0−𝑘 mod  8, 1−𝑘 mod  8, 3−𝑘 mod  8 . 
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Therefore, we have 

 𝑑𝑖,0,1,3 = 𝑑𝑖,7,0,2 = 𝑑𝑖,6,7,1 = 𝑑𝑖,5,6,0 = 𝑑𝑖,4,5,7 = 𝑑𝑖,3,4,6 = 𝑑𝑖,2,3,5 = 𝑑𝑖,1,2,4. (16) 

Let 𝑗 = 0, ℎ = 2, 𝑙 = 3 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming 

weight 𝜔 in 𝐶𝑖,0,2,3 . Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of 

Hamming weight 𝜔 in 𝐶𝑖 , 0−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8 . It then follows that 

𝑑𝑖,0,2,3 = 𝑑𝑖, 0−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8 . 

Therefore, we have 

 𝑑𝑖,0,2,3 = 𝑑𝑖,7,1,2 = 𝑑𝑖,6,0,1 = 𝑑𝑖,5,7,0 = 𝑑𝑖,4,6,7 = 𝑑𝑖,3,5,6 = 𝑑𝑖,2,4,5 = 𝑑𝑖,1,3,4. (17) 

Let 𝑗 = 0, ℎ = 2, 𝑙 = 5 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming 

weight 𝜔 in 𝐶𝑖,0,2,5 . Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of 

Hamming weight 𝜔 in 𝐶𝑖 , 0−𝑘 mod  8, 2−𝑘 mod  8, 5−𝑘 mod  8 . It then follows that 

𝑑𝑖,0,2,5 = 𝑑𝑖, 0−𝑘 mod  8, 2−𝑘 mod  8, 5−𝑘 mod  8 . 

Therefore, we have 

 𝑑𝑖,0,2,5 = 𝑑𝑖,7,1,4 = 𝑑𝑖,6,0,3 = 𝑑𝑖,5,7,2 = 𝑑𝑖,4,6,1 = 𝑑𝑖,3,5,0 = 𝑑𝑖,2,4,7 = 𝑑𝑖,1,3,6. (18) 

From (15), (16), (17) and (18), for any 𝑟 ∈ 𝑊4 , we have that 𝑐(𝑥)𝑐(𝑥𝑟) is a codeword of 

𝐶𝑖 ,  where 𝐶𝑖  denote the cyclic code over 𝐺𝐹(𝑞) with the generator polynomial 𝑔𝑖 𝑥 =
𝑥𝑛−1

𝑥𝑛𝑖−1
 and the minimum distance 𝑑𝑖 = 𝑛𝑖−(−1)𝑖 .Hence from theorem 4.1,𝑑𝑖,𝑗 ,ℎ,𝑙

2 ≥ 𝑑𝑖 =

𝑛𝑖−(−1)𝑖 , i.e., 𝑑𝑖,𝑗 ,ℎ,𝑙 ≥   𝑛𝑖−(−1)𝑖 , where 

 𝑗, ℎ, 𝑙 ∈   0,1,2 ,  0,1,3 ,  0,2,3 ,  0,2,5 ,  1,2,3 ,  1,2,4 ,  1,3,4 ,  1,3,6 ,  

 2,3,4 ,  2,3,5 ,  2,4,5 ,  2,4,7 ,  3,4,5 ,  3,4,6 ,  3,5,6 ,  3,5,0 , 

 4,5,6 ,  4,5,7 ,  4,6,7 ,  4,6,1 ,  5,6,7 ,  5,6,0 ,  5,7,0 ,  5,7,2 , 

  6,7,0 ,  6,7,1 ,  6,0,1 ,  6,0,3 ,  7,0,1 ,  7,0,2 ,  7,1,2 ,  7,1,4  . 

Theorem 4.12: Suppose that 𝑞 ∈ 𝑊0 . Let 𝐶𝑛1 ,𝑛2
 and 𝑑𝑛1 ,𝑛2

be defined as in Theorem 4.3. 

Let 𝐶𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙  denotethe cyclic code over 𝐺𝐹(𝑞) with the generator polynomial 

𝑔𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙 𝑥 =
 𝑥𝑛 − 1  𝑥 − 1 

 𝑥𝑛1 − 1  𝑥𝑛2 − 1 𝑑𝑗  𝑥 𝑑ℎ 𝑥 𝑑𝑙 𝑥 
. 

Then the cyclic code 𝐶𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙  has parameters  𝑛, 𝑛1 + 𝑛2 − 1 +
3 𝑛1−1  𝑛2−1 

8
,

𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙 , where 𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙 ≥   min 𝑛1, 𝑛2   and  

 𝑗, ℎ, 𝑙 ∈   0,1,2 ,  0,1,3 ,  0,2,3 ,  0,2,5 ,  1,2,3 ,  1,2,4 ,  1,3,4 ,  1,3,6 ,  

 2,3,4 ,  2,3,5 ,  2,4,5 ,  2,4,7 ,  3,4,5 ,  3,4,6 ,  3,5,6 ,  3,5,0 , 
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 4,5,6 ,  4,5,7 ,  4,6,7 ,  4,6,1 ,  5,6,7 ,  5,6,0 ,  5,7,0 ,  5,7,2 , 

  6,7,0 ,  6,7,1 ,  6,0,1 ,  6,0,3 ,  7,0,1 ,  7,0,2 ,  7,1,2 ,  7,1,4  . 

Proof: Let 𝑗 = 0, ℎ = 1, 𝑙 = 2 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of 

Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 ,0,1,2 . Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a 

codeword of Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 , 0−𝑘 mod  8, 1−𝑘 mod  8, 2−𝑘 mod  8. It then 

follows that 

𝑑𝑛1 ,𝑛2 ,0,1,2 = 𝑑𝑛1 ,𝑛2 , 0−𝑘 mod  8, 1−𝑘 mod  8, 2−𝑘 mod  8. 

Therefore, we have 

𝑑𝑛1 ,𝑛2 ,0,1,2 = 𝑑𝑛1 ,𝑛2 ,7,0,1 = 𝑑𝑛1 ,𝑛2 ,6,7,0 = 𝑑𝑛1 ,𝑛2 ,5,6,7 

 = 𝑑𝑛1 ,𝑛2 ,4,5,6 = 𝑑𝑛1 ,𝑛2 ,3,4,5 = 𝑑𝑛1 ,𝑛2 ,2,3,4 = 𝑑𝑛1 ,𝑛2 ,1,2,3 . (19) 

Let 𝑗 = 0, ℎ = 1, 𝑙 = 3 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming 

weight 𝜔 in 𝐶𝑛1 ,𝑛2 ,0,1,3. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of 

Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 , 0−𝑘 mod  8, 1−𝑘 mod  8, 3−𝑘 mod  8. It then follows that  

𝑑𝑛1 ,𝑛2 ,0,1,3 = 𝑑𝑛1 ,𝑛2 , 0−𝑘 mod  8, 1−𝑘 mod  8, 3−𝑘 mod  8. 

Therefore, we have 

   𝑑𝑛1 ,𝑛2 ,0,1,3 = 𝑑𝑛1 ,𝑛2 ,7,0,2 = 𝑑𝑛1 ,𝑛2 ,6,7,1 = 𝑑𝑛1 ,𝑛2 ,5,6,0 

 = 𝑑𝑛1 ,𝑛2 ,4,5,7 = 𝑑𝑛1 ,𝑛2 ,3,4,6 = 𝑑𝑛1 ,𝑛2 ,2,3,5 = 𝑑𝑛1 ,𝑛2 ,1,2,4 . (20) 

Let 𝑗 = 0, ℎ = 2, 𝑙 = 3 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming 

weight 𝜔 in 𝐶𝑛1 ,𝑛2 ,0,2,3. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of 

Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 , 0−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8. It then follows that  

𝑑𝑛1 ,𝑛2 ,0,2,3 = 𝑑𝑛1 ,𝑛2 , 0−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8. 

Therefore, we have 

𝑑𝑛1 ,𝑛2 ,0,2,3 = 𝑑𝑛1 ,𝑛2 ,7,1,2 = 𝑑𝑛1 ,𝑛2 ,6,0,1 = 𝑑𝑛1 ,𝑛2 ,5,7,0 

 = 𝑑𝑛1 ,𝑛2 ,4,6,7 = 𝑑𝑛1 ,𝑛2 ,3,5,6 = 𝑑𝑛1 ,𝑛2 ,2,4,5 = 𝑑𝑛1 ,𝑛2 ,1,3,4 . (21) 

Let 𝑗 = 0, ℎ = 2, 𝑙 = 5 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of Hamming 

weight 𝜔 in 𝐶𝑛1 ,𝑛2 ,0,2,5. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a codeword of 

Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 , 0−𝑘 mod  8, 2−𝑘 mod  8, 5−𝑘 mod  8. It then follows that  

𝑑𝑛1 ,𝑛2 ,0,2,5 = 𝑑𝑛1 ,𝑛2 , 0−𝑘 mod  8, 2−𝑘 mod  8, 5−𝑘 mod  8. 

Therefore, we have 

𝑑𝑛1 ,𝑛2 ,0,2,5 = 𝑑𝑛1 ,𝑛2 ,7,1,4 = 𝑑𝑛1 ,𝑛2 ,6,0,3 = 𝑑𝑛1 ,𝑛2 ,5,7,2 

 = 𝑑𝑛1 ,𝑛2 ,4,6,1 = 𝑑𝑛1 ,𝑛2 ,3,5,0 = 𝑑𝑛1 ,𝑛2 ,2,4,7 = 𝑑𝑛1 ,𝑛2 ,1,3,6 . (22) 
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From (19), (20), (21) and (22), for any 𝑟 ∈ 𝑊4 , we have that 𝑐(𝑥)𝑐(𝑥𝑟) is a codeword of 

𝐶𝑛1 ,𝑛2
, where 𝐶𝑛1 ,𝑛2

 and 𝑑𝑛1 ,𝑛2
 be defined as Theorem 4.3. Hence from theorem 

4.3,𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙
2 ≥ 𝑑𝑛1 ,𝑛2

= min 𝑛1, 𝑛2 , i.e., 𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙 ≥   min 𝑛1, 𝑛2  , where 

 𝑗, ℎ, 𝑙 ∈   0,1,2 ,  0,1,3 ,  0,2,3 ,  0,2,5 ,  1,2,3 ,  1,2,4 ,  1,3,4 ,  1,3,6 ,  

 2,3,4 ,  2,3,5 ,  2,4,5 ,  2,4,7 ,  3,4,5 ,  3,4,6 ,  3,5,6 ,  3,5,0 , 

 4,5,6 ,  4,5,7 ,  4,6,7 ,  4,6,1 ,  5,6,7 ,  5,6,0 ,  5,7,0 ,  5,7,2 , 

  6,7,0 ,  6,7,1 ,  6,0,1 ,  6,0,3 ,  7,0,1 ,  7,0,2 ,  7,1,2 ,  7,1,4  . 

Theorem 4.13: Suppose that 𝑞 ∈ 𝑊0 . Let 𝐶𝑖  and 𝑑𝑖  be defined as in Theorem 4.1. Let 

𝐶𝑖,𝑗 ,ℎ,𝑙,𝑡  denote the cyclic code over 𝐺𝐹(𝑞) with the generator polynomial  

𝑔𝑖,𝑗 ,ℎ,𝑙,𝑡 𝑥 =
𝑥𝑛 − 1

 𝑥𝑛 𝑖 − 1 𝑑𝑗  𝑥 𝑑ℎ 𝑥 𝑑𝑙 𝑥 𝑑𝑡 𝑥 
, 

where 𝑖 = 1,2 and 

 𝑗, ℎ, 𝑙, 𝑡 
∈   0,1,2,3 ,  0,2,3,5 ,  1,2,3,4 ,  1,3,4,6 ,  2,3,4,5 ,  2,4,5,7 ,  3,4,5,6 ,  3,5,6,0 ,  

   4,5,6,7 ,  4,6,7,1 ,  5,6,7,0 ,  5,7,0,2 ,  6,7,0,1 ,  6,0,1,3 ,  7,0,1,2 ,  7,1,2,4  . 

Then the cyclic code 𝐶𝑖,𝑗 ,ℎ,𝑙,𝑡  has parameters  𝑛, 𝑛𝑖 +
 𝑛1−1  𝑛2−1 

2
, 𝑑𝑖,𝑗 ,ℎ,𝑙,𝑡 , where 

𝑑𝑖,𝑗 ,ℎ,𝑙,𝑡 ≥   𝑛𝑖−(−1)𝑖 . 

Proof: Let 𝑗 = 0, ℎ = 1, 𝑙 = 2, 𝑡 = 3 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of 

Hamming weight 𝜔 in 𝐶𝑖,0,1,2,3. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a 

codeword of Hamming weight 𝜔 in 𝐶𝑖 , 0−𝑘 mod  8, 1−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8. It then 

follows that  

𝑑𝑖,0,1,2,3 = 𝑑𝑖, 0−𝑘 mod  8, 1−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8. 

Therefore, we have 

𝑑𝑖,0,1,2,3 = 𝑑𝑖,7,0,1,2 = 𝑑𝑖,6,7,0,1 = 𝑑𝑖,5,6,7,0 = 𝑑𝑖,4,5,6,7 = 𝑑𝑖,3,4,5,6 = 𝑑𝑖,2,3,4,5 = 𝑑𝑖,1,2,3,4. 

(23) 

Let 𝑗 = 0, ℎ = 2, 𝑙 = 3, 𝑡 = 5 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of 

Hamming weight 𝜔 in 𝐶𝑖,0,2,3,5. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a 

codeword of Hamming weight 𝜔 in 𝐶𝑖 , 0−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8, 5−𝑘 mod  8. It then 

follows that  

𝑑𝑖,0,2,3,5 = 𝑑𝑖, 0−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8, 5−𝑘 mod  8. 

Therefore, we have 
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𝑑𝑖,0,2,3,5 = 𝑑𝑖,7,1,2,4 = 𝑑𝑖,6,0,1,3 = 𝑑𝑖,5,7,0,2 = 𝑑𝑖,4,6,7,1 = 𝑑𝑖,3,5,6,0 = 𝑑𝑖,2,4,5,7 = 𝑑𝑖,1,3,4,6.  

(24) 

From (23) and (24), for any 𝑟 ∈ 𝑊4 , we have that 𝑐(𝑥)𝑐(𝑥𝑟) is a codeword of 𝐶𝑖 ,  where 

𝐶𝑖  denote the cyclic code over 𝐺𝐹(𝑞) with the generator polynomial 𝑔𝑖 𝑥 =
𝑥𝑛−1

𝑥𝑛𝑖−1
 and 

the minimum distance 𝑑𝑖 = 𝑛𝑖−(−1)𝑖 .Hence from theorem 4.1,𝑑𝑖,𝑗 ,ℎ,𝑙,𝑡
2 ≥ 𝑑𝑖 = 𝑛𝑖−(−1)𝑖 , 

i.e., 𝑑𝑖,𝑗 ,ℎ,𝑙,𝑡 ≥   𝑛𝑖−(−1)𝑖 , where 

 𝑗, ℎ, 𝑙, 𝑡 
∈   0,1,2,3 ,  0,2,3,5 ,  1,2,3,4 ,  1,3,4,6 ,  2,3,4,5 ,  2,4,5,7 ,  3,4,5,6 ,  3,5,6,0 ,  

   4,5,6,7 ,  4,6,7,1 ,  5,6,7,0 ,  5,7,0,2 ,  6,7,0,1 ,  6,0,1,3 ,  7,0,1,2 ,  7,1,2,4  . 

Theorem 4.14: Suppose that 𝑞 ∈ 𝑊0 . Let 𝐶𝑛1 ,𝑛2
 and 𝑑𝑛1 ,𝑛2

be defined as in Theorem 4.3. 

Let 𝐶𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙,𝑡  denotethe cyclic code over 𝐺𝐹(𝑞) with the generator polynomial 

𝑔𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙,𝑡 𝑥 =
 𝑥𝑛 − 1  𝑥 − 1 

 𝑥𝑛1 − 1  𝑥𝑛2 − 1 𝑑𝑗  𝑥 𝑑ℎ 𝑥 𝑑𝑙 𝑥 𝑑𝑡 𝑥 
. 

Then the cyclic code 𝐶𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙,𝑡  has parameters  𝑛, 𝑛1 + 𝑛2 − 1 +
 𝑛1−1  𝑛2−1 

2
,

𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙,𝑡 , where 𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙,𝑡 ≥   min 𝑛1, 𝑛2   and 

 𝑗, ℎ, 𝑙, 𝑡 
∈   0,1,2,3 ,  0,2,3,5 ,  1,2,3,4 ,  1,3,4,6 ,  2,3,4,5 ,  2,4,5,7 ,  3,4,5,6 ,  3,5,6,0 ,  

   4,5,6,7 ,  4,6,7,1 ,  5,6,7,0 ,  5,7,0,2 ,  6,7,0,1 ,  6,0,1,3 ,  7,0,1,2 ,  7,1,2,4  . 

Proof: Let 𝑗 = 0, ℎ = 1, 𝑙 = 2, 𝑡 = 3 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of 

Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 ,0,1,2,3. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a 

codeword of Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 , 0−𝑘 mod  8, 1−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8. It 

then follows that 

𝑑𝑛1 ,𝑛2 ,0,1,2,3 = 𝑑𝑛1 ,𝑛2 , 0−𝑘 mod  8, 1−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8. 

Therefore, we have 

𝑑𝑛1 ,𝑛2 ,0,1,2,3 = 𝑑𝑛1 ,𝑛2 ,7,0,1,2 = 𝑑𝑛1 ,𝑛2 ,6,7,0,1 = 𝑑𝑛1 ,𝑛2 ,5,6,7,0 

 = 𝑑𝑛1 ,𝑛2 ,4,5,6,7 = 𝑑𝑛1 ,𝑛2 ,3,4,5,6 = 𝑑𝑛1 ,𝑛2 ,2,3,4,5 = 𝑑𝑛1 ,𝑛2 ,1,2,3,4 . (25) 

Let 𝑗 = 0, ℎ = 2, 𝑙 = 3, 𝑡 = 5 and 𝑐(𝑥) ∈ 𝐺𝐹 𝑞  𝑥  𝑥𝑛 − 1   be a codeword of 

Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 ,0,2,3,5. Take any 𝑟 ∈ 𝑊𝑘 , for 1 ≤ 𝑘 ≤ 7, then 𝑐(𝑥𝑟) is a 

codeword of Hamming weight 𝜔 in 𝐶𝑛1 ,𝑛2 , 0−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8, 5−𝑘 mod  8. It 

then follows that  

𝑑𝑛1 ,𝑛2 ,0,2,3,5 = 𝑑𝑛1 ,𝑛2 , 0−𝑘 mod  8, 2−𝑘 mod  8, 3−𝑘 mod  8, 5−𝑘 mod  8. 
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Therefore, we have 

𝑑𝑛1 ,𝑛2 ,0,2,3,5 = 𝑑𝑛1 ,𝑛2 ,7,1,2,4 = 𝑑𝑛1 ,𝑛2 ,6,0,1,3 = 𝑑𝑛1 ,𝑛2 ,5,7,0,2 

 = 𝑑𝑛1 ,𝑛2 ,4,6,7,1 = 𝑑𝑛1 ,𝑛2 ,3,5,6,0 = 𝑑𝑛1 ,𝑛2 ,2,4,5,7 = 𝑑𝑛1 ,𝑛2 ,1,3,4,6 . (26) 

From (25) and (26), for any 𝑟 ∈ 𝑊4 , we have that 𝑐(𝑥)𝑐(𝑥𝑟) is a codeword of 𝐶𝑛1 ,𝑛2
,  

where 𝐶𝑛1 ,𝑛2
 and 𝑑𝑛1 ,𝑛2

 be defined as Theorem 4.3.Hence from theorem 

4.3,𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙,𝑡
2 ≥ 𝑑𝑛1 ,𝑛2

= min 𝑛1, 𝑛2 , i.e., 𝑑𝑛1 ,𝑛2 ,𝑗 ,ℎ,𝑙,𝑡 ≥   min 𝑛1, 𝑛2  , where 

 𝑗, ℎ, 𝑙, 𝑡 
∈   0,1,2,3 ,  0,2,3,5 ,  1,2,3,4 ,  1,3,4,6 ,  2,3,4,5 ,  2,4,5,7 ,  3,4,5,6 ,  3,5,6,0 ,  

  4,5,6,7 ,  4,6,7,1 ,  5,6,7,0 ,  5,7,0,2 ,  6,7,0,1 ,  6,0,1,3 ,  7,0,1,2 ,  7,1,2,4  . 
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