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1. Introduction

Cyclic Codes are a small but highly structured subclass of linear codes. Because of their
efficient encoding and decoding algorithms, cyclic codes have wide applications in data
storage systems and communication systems. Cyclic codes have been studied for decades
and a lot of progress has been made and many important results in the field of cyclic
codes have been found (for example, see [1], [10-14]). Recently, several classes of cyclic
codes using two-prime Whiteman's generalized cyclotomic sequences and cyclotomic
sequences of order 4 have been presented by Ding in [5] and [4] respectively and lower
bounds on the nonzero minimum hamming weight of some cyclic codes were developed
at the same time. In [15], and [17], several classes of cyclic codes have been constructed
by employing Whiteman's generalized cyclotomic sequences of order 4 and 6
respectively. In this paper, employing two-prime Whiteman's generalized cyclotomic
sequences of order 8, we construct several cyclic codes over the finite field GF(q) and
give their generator polynomials. And we also calculate the minimum distance of some
cyclic codes and give lower bounds of the minimum distance for some other cyclic codes.

Let g be a power of any primep,n a positive integer satisfyinggcd(n,q) = 1. A linear
[n,k,d] code over GF(q) is a k-dimensional subspace of GF(q)"with minimum
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(Hamming) nonzero weightd. A linear [n, k] code C over the finite field GF(q) is called
a cyclic if (cg,cq,+,¢—1) € C implies (c,_1,¢g,¢1,**,Ccn_p) € C[6]. For any vector
(Cp—1,C0)C1, " Cnz) € GF(q)™, we identify it with the polynomial cy + c;x + cx? +
v+ ¢ 1 € GF(q)[x]/(x™ — 1). Then any code C of length n over GF(q) is
equivalent to a subset of GF(q)[x]/(x™ — 1). It is well known that GF(q)[x]/(x™ — 1)
is a principal ideal ring, i.e., any one of ideals of GF(q)[x]/(x™ — 1) is principle. Let

C =(g(x)) be a cyclic code and h(x) :’;n(;)l. Then we call g(x) the generator

polynomial and h(x) the perity-check polynomial of C [6].

Let s™ = (s;)!4 be a sequence of period n over GF(q). We call

n—1
s"(0) = ) sixt € GF@Ix], (1)

i=0
the generator polynomial of the sequence s™. It is well known that the minimal
polynomial of s™is given by (x™ —1)/gcd(x™ — 1,5™(x)). Then the cyclic code C;
generated by the minimal polynomial of s™ is given by

x" -1

gcd(x" —-1,5" (x))'

g(x) = (2)

Correspondingly, the sequence s™ is called the defining sequence of the cyclic code C [6].
2. The Whiteman's Generalized Cyclotomic Sequences of order 8 and its Construction

An integer a is called a primitive root modulo n if the multiplicative order of a modulo
n, denoted by ord,(a), is equal to ¢(n) where ¢ is the Euler phi function
andgcd(a,n) = 1.

Let ny,n,be two distinct odd primes satisfying gcd(n; —1,n, —1) =8. Let e =
M,n =nyn, and Z, denotes the multiplicative group of integers modulo n.

8
Suppose that g is a common primitive root of n; and n, and x an integer satisfyingx =

g(modny) and x = 1(modn,).
Whiteman [16] has proved that
Zy={gx':s=01,-,e—1i=01,-,7},

where Z,, denotes the set of all invertible elements of the residue class ring Z,, and e is
the order of g modulo n. The Whiteman's generalized cyclotomic classes W; of order 8
are defined by

W, = {gsxi :s=01,,e — 1},1' =0,1,-,7.

The classes W;, i = 0,1,--,7 give a partition of Z;;, i.e., Z; = Ul_oW;, W; n W, = ¢ for
i # .
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Let p,q,n,nq,ny,g,x be defined as before. Without special notation, nq,n, always
satisfy gcd(n; — 1,n, — 1) = 8. Note that gcd(n,q) = 1. Assume that the order of g
modulo n is equal to m. Let a be a primitive element of the finite field GF(q™). Then

B = a$ is a primitive n-th root of unity.
Let
Py =nq,2n4,3nq,,(ny — Dnyg, P, = ny,2ny,3n,,-- (g — ny,
Dy ={0}UP, UWyUW, UW, UW;5, Dy =P, UW, UW5UW;UW,,
Dy ={0}UuP,UWaUW,UW, UW,, Df =P UW; UW3UW5UW,.
Then the sequence s™ = (s;)’=; defined by
o {0, ifi € D,
P, ifie Dy
is called first class two-prime Whiteman's generalized cyclotomic sequences of order 8.
And the sequence s;; = (s;)=y defined by
. {O, ifi € Dg
! 1, ifi € Df

is called second class two-prime Whiteman's generalized cyclotomic sequences of order 8.

S

Define the polynomials

Sx)

= Z+Z+Z+Z+Z xt (3)

i€EPq ieEW, iEWs i€EWg ieW;

T(x)

= Z+Z+Z+Z+Z x! 4)

i€EPy ieEW, iEW, iEW3 iEW,

U(x)

= Z+Z+Z+Z+z x! (5)

i€P, (€W, i€W; (€W, ieWs
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V(x)

= Z+Z+Z+Z+Z x! (6)

i€EPq ieEWs iEW, iEWs iEWg
where S(x), T(x), U(x), V(x) € GF(q)[x].
3. Generator Polynomials of Cyclic Codes
x"—1
gcd (x"—l,S(x)) of
the cyclic code C defined by the sequence s™, where S(x) is same as that in Equation

(3). Hence we need only to find a's such that S(8%) = 0 since B is a primitive n-th root
of unity, where 0 < a < n — 1. To this end, we need the following lemmas.

Our main aim in this section is to find the generator polynomial g(x) =

Lemma 3.1: For any r € W, we have rW; = W, mod s, Where rW; = {rt | t € W} }.
Proof: Wehaver € W; = {g*x' : s =0,1,--,e —1},i = 0,1, 7and letr = gx' € W,
Then W = gSixt{x) + gx/ + g*x) + -+ g¢7 I}

= {goxi + gt g2t gy gsieslyit)

Since x € Z;, there must exist an integer v with 0 <v < e —1 such that x® = g7,
therefore we must have W = W mod 8)-

Lemma 3.2: Let the symbols be defined as above. Then we have

M) pi=>p=-1

i€EPy i€EP;
(EZy ieul_ow;

(1) S(B%) = S(1) = (ng + 1)2(n2 —1)

Proof: It is easy to obtain the conclusions in (1) and (I11). Now, we will explain the result

in (11). Since
n—1
ﬁ”—l=<ﬁ—1)<2ﬁf)=o
i=0

and 8 — 1 # 0. We know that

§3i=1+23"+2ﬂi+zﬁi.
i=0

iePy iEP, iEZ,

(mod p).
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By (1), we get

Zﬁi= z Bi=1+1-1=1.

EZ, i€U_y W,

Lemma 3.3: For 0 < j < 7, we have

n—1
- (modp), iftePr,
Z ,Bti — 8 1
n —_—
€W, - 28 (mod p), if t €P,.

Proof: Note that for 0 < j < 7, we have

: —1)(ny —1
W;(mod ny) = {gsxl 15 = 0,1’...’(711 )y —1) 1}

8

159

. n—1mn, —1
z{gﬁ,:S:O,Lm’(l )(n, )_1}
8
ny, — 1
= 8 {1'21”'!(‘”'1 - 1)}:
where n28—1 is the multiplicity of each element in the set {1,2, -+, (n; — 1)}. Similarly, we
have

ny

-1
{1,2,--,(n, — 1)}

W; (mod n,) = 3

Suppose that t € P;. From Lemma 3.2(l), we get
. n—1 . ny—1
> B = (M=) D B = =P (modp).
8 8
iEWj iEP
For t € P,, we can get the result by similar argument.

Lemma 3.4: Forall t € Z,,, we have

Tl1+1 .
- (modp), iftePr,
SBH=TEH=UE)=V(E") = ny —1

> (modp), ifteP,
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S(B") =

UEh =

S(B), if t € Wy,
—(T(B)+1), if t € Wy,
—-Up)+1), iftew,,
—-V(B)+1), if teWws,

—-SB)+1), iftew,,
T(B), if t e Ws,
u(p), if t € W,
V(B), if t e W5,

( UB), if t e W,
V(B), if t e Wy,
S(B), if t e W,,

—(T(p)+1), if t e W,

—UpB)+1), iftew,
—-Wp)+1), if tews,
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¢ T(B), if t € W,
up), if t € Wy,

V(B), if teW,,

] s, if t € W;,
T(B*) =1 —(T(B) +1), ifte 51/4,
—(UPB)+1), if t € Ws,
—WV(B)+1), if t e W,
\—(S(B) + 1), if teW,.

( V(ﬂ), if t e WO;

S([)’), if t e Wi,

V(B =3

—(T(B)+ 1), if tew,,
—(UB)+ 1), if t € Wy,
—-W(PB)+1), if teW,,
—(SB)+1), if tews,

-+ 1), if t e W, T(B), if t € W,
T(B), if t € W,. \ U(B), if t € W,.
Proof: Since gcd(nq,n,) =1, if t € Py, then tP; = P;.Then by Lemma 3.2 and 3.3, we
get
IR PRDRDRD RO WNTE
i€Dq i€EPq ieEW, i€EWs iEWg ieW;

n1—1 ny —
= (—1modp) — (T mod p) — (T mod p
n—1
modp)

(o

(mod p).

)~ (5= moar)

n +1

B 2
similarly, T(8%) = U(8") = V(8t) = — "L
If t € P, thentP; = 0. Then by Lemma 3.2 and 3.3, we get

S(ﬂt)=2ﬂ”=<2+2+z+z+z )r@n

(mod p), when t € P;.

i€Dy i€Py (€W, ieWs (€W, ieW;
n; — 1 ny, — 1 ny, — 1
= (nz—lmodp)—( modp)—( modp)—( modp)
ny, — 1
- ( mod p)
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ny; — 1
2
similarly, T(8%) = U(8*) = V(8*) = "= (mod p), when ¢ € P,.

(mod p).

For the case t € W,, we have tW; = Wmod gy and tP; = Py, since ged(t,ny) = 1.

Hence
=T p=(T T T TS

i€Dq i€EPq iEW, iEWs iEWg ieW;

(33202 T )

i€EPq iEW, iEWs iEWg ieW;

= S(B).
Similarly, we can obtain T(B8%) = T(B), U(BY) = U(B), V(BY) =V (B), when t € W,,.

For the case t € W, we have tW; = W, 1(moq gy for 1 < i < 7. And since ged (t,n;) =
1, if t € Wy, then tP; = P;. We have

n—1
/3"—1=(E—1)<Z/3i)=0
i=0

and B — 1 # 0, this gives Z::Olﬁi = 0. Therefore

§3i=1+23i+23i+ > p=o
i=0

iEP; i€EP, iEUi7=0 w;

z Bi=1.

ieu_,w;

From Lemma 3.2, we get

Hence

S(ﬂt)=zﬁti= Z+z+z+z+z gt

i€D; i€P, (€W, i€EWs (EWy (€W,

(32202 T )

i€P, €EWs €Wy (€W, ieW,
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(2222 o

i€EPq ieWy ieW, ieWs iEW,

(2 Z2T )

i€EPq ieEWy iEW, ieWs iEW,

+22/}i+1

i€EPq

= =T+ D).

Similarly, we can get the results when t € W,2<j<7.

In a similar fashion, we can get the results for T(8%), U(B') and V(B*).This completes
the proof of the lemma.

Corollary 3.5: Let the symbols be defined as before. We have the following conclusions.

(I) Ifq & W, wehave S(B) #0,—1, T(B) # 0,—1, U(B) £ 0,—1, V(B) # 0,—1.
(1) If q € Wy, we have S9(B) = S(B),TI(B) =T(B),UI(B) =U(B) and VI(B) =
V().

Proof: (I) Note that ged(n,q) = 1, i.e., q € Z;, then q € U]_, W;. If q & W,, without
loss of generality, assume that g € W;. By Lemma 3.4, we have

59 (B) = ST (BN = (=T(B) — DT’
= (-T(B") - DT’

= (U@ - D7
= (~UB) - D)
= (-V(B) - 1)1
= (V) -1
=-S(B) -1,
ie.,
S*B) +S(B)+1=0. 7

It is easy to chack that 0 and —1 is not a solution of Eq. (7). Similarly, we have
T (B +TB) +1=0,

Ut (B) +U(B) +1=0,
and
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ve' ) + V() +1=0,

ie, T(B)+0,—1, UB)+0,—1, V(B) #0,—-1. If geW,;,2 <i <7, the results can
be proved by similar argument.

(1) If g € W, the conclusion is obvious.

We need to discuss the factorization of x™ — 1 over GF(q). Letg be the same as before.
Define foreachi, 0 <i <7,

a0 = | [¢-#)
JEW;
where W; denote the Whiteman's cyclotomic classes of order 8. Among the n-th roots of

unity 8¢, where 0 < i < n — 1, the n, elements B%,i € P, U {0}, are the n,-th roots of
unity, the n, elements g*,i € P, U {0}, are the n;-th roots of unity. Hence

x"2—1= 1_[ (x — B

iePu{0}
and
x™M—1= 1_[ (x — BY).
ieP,U{0}
Then we have
n—1
. n— 1) ("2 -1
1= Jee-p) = ST D g ®
i=0

where d(x) = [17_, d; (x).
It is straightforward to prove that if g € W, then d;(x) € GF(q) for all i.

n1+1
2

(mod p), Q, = 2= (mod p) and Q = W (mod p).

Let ‘Ql = >

Then from Corollary 3.5, we have the following theorems.
Theorem 3.6: Let the symbols be defined as before and assume that g € W,. Then
x" -1, Q #0,Q,#0,Q+0,

x" =1
m, Ql=0,Q2¢O,Q=O,
g(x): Xt —1

lm, 91¢O,Q2=O,Q=O,
d(x), Q =0, = Q=0.

In this case, the cyclic code C, over GF(q) defined by Whiteman's generalized
cyclotomic sequence s™ of the order 8 has generator polynomial g(x) as above.
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Proof: Note that for i = 1,2,Q; = 0 results in Q = 0 and that both Q; = 0and Q, = 0
lead to Q = 0. By Corollary 3.5, we know that if g & W,, then S(B) ¢ {0,—1}.

Case 1: Q; # 0,Q, # 0,Q # 0. By Lemma 3.4, we can obtain
gcd(S(x),x" —1) =1,
then by equation (2),
x" =1
9() = ged(S(x),x™ — 1) =x" -1
Case 2: Q; = 0,Q, # 0,Q = 0. By Lemma 3.4, we can obtain

gcd(S(x),x™ —1) =x"2 -1,

then by equation (2),
x" =1 x" =1
9(x) = ged(S(x), x™ — 1) Tx -1
Case 3: Q; # 0,Q, = 0,Q = 0. By Lemma 3.4, we can obtain
ged(S(x),x™ —1) =x™ -1,

then by equation (2),

x" =1 x" -1
gcd(S(x),x™ — 1) a1
Case 4: Q; = Q, = Q= 0. By Lemma 3.4, we can obtain

(x" —1)(x"2 — 1)
- x—1

g(x) =

gcd(S(x),x™ — 1)

1]

then by equation (2),

x"—1 B x"=1Dx-1)
ged(S(x),x"—=1) (™ —1)(x"2 —1)
This completes the proof of the theorem.

glx) = = d(x).

Theorem 3.7: Let the symbols be defined as before and assume that g € W,,.

() IfoneofS(B), T(B), U(B), V(B) isin{0,—1}, then
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x" -1
dp ()
x" -1
st0= |- D
(x™ = 1)dp, (x)’
d(x)
\ oy (x)’

0 #0,Q, #0,Q %0,

Ql = O,QZ * O,Q = 0,

Ql #: O,QZ = OpQ = Ol

91292: QZO,

where

m:{ 2, S(B) =0, {tl; T(B) =0,

, s@®=-1" , TR =-1,
_ (6 UP =0, (7, V(B)=0,
m_{ 2, U(ﬁ)=—1,m_{ 3, V(B) = —1.

(I If two of S(B), T(B), U(B), V(B) are in {0,—1}, then the specific generator
polynomials are listed as follows.

(i) IfSB), T(B) € {0,—1}, then

( ¥ 1 0, #0,Q, £0,Q%0
dy (x)d, (x)’ tTm e ’
X1 Q=00 #00=0
(x"z — )dy()d, (x)’ T T
g(x)=< Xt =1
Q Q,=0Q=
G - D4 ey TR =0e=0
d(x) Q=0Q,= Q=0
dy()d,(x) ~ ' ’

where

_{ 0, S(B)=0, t_{ 5, T(B) =0,
14 s@®=-1 11 1@ =-1

(i) 1fS(B), U(B) € {0,—13}, then
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( x"—1
W, Qlio,Qz;’:O,Q:f:O,
x"—1
o , 0;=00,#0Q=0,
G - D, (d, ) 1T 0 =00=0
_d®) Q,=0=0
\ ds)d, (x) 2 o
where
(0 SB=0, (6 UP=0
S_{ 4, S(B) =—1,u_{ 2, UP)=-1
(iii) 1fS(B), V(B) € {0,—1}, then
( x™" -1
FROIRE) Q #0,Q,#0,Q+0,
i Q,=0,Q,#0Q=0
ny ) 1 — Y,=a2 ) =V,
g(x) = { (x ;2d_5(f)dv(x)
G- Dd,d, ey TR =0e=0
_d®) =0,=0Q0=0
\ d(x)d,(x) "~ T T
where
(0 SB=0, (7, V(EPB)=0,
S_{ 4, S(ﬁ)=—1,v_{ 3, V(B)=-1.
(iv) IT(B), U(B) € {0,—1}, then
n_1
m, QL #0,Q, #0,Q+0,
x"—1
rr— , 0, =00Q,#0Q=0,
g(x) =4 Cx ir)ld_t(f)du (%)
G- D& a0 TR hesh
_d Q,=0,=0Q=0
d,()d,(x) TR T
where
(5 T =0 __(6 UB=O,
t_{ 1, T(B)=—1,“_{ 2, U =-1.
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(v) IfT(B), V(B) €{0,—1}, then

¥ -1 Q, £0,0, #0Q%0
d, (x)d, (x)’ 1r e ’
X o1 0, =00, #0Q=0
("2 — )d, (x)d,(x)’ ~ ORI
g(x):< X" —1
, Q 0,Q, =0Q=0,
G- Ddd, () TR
() Q=0,=Q=0
\ d,(0)d,(x)" " ’

where
(5 T@B)=0, (7, VEB)=0,
t_{ 1, T(ﬁ)=—1,”_{ 3, V() =-1.

i) IFUB), V(B) € {0,—1}, then

¥ o1 Q20,0 #00Q %0
4, d, () LT PR FLEFD
o1 Q=00 £00=0
_ e -Dd,@d, ) T T T
g(x)—< xn_l
Q Q,=00Q=
G- Dd,d, ) 1 F 0 =00=0
d(x) Qi =0Q,=Q=0
d, ()d, () TP ’

where
_{ 6, UB)=0, _{ 7, V(B)=0,
“l2 up=-1""13 v)=-1.
(1) If three of S(B), T(B), U(B), V(B) are in {0,—1}, then the specific generator
polynomials are listed as follows

(i) IfSB), T(B),U(B) € {0,—1}, then

x" -1
) Q, #0,Q, #0,Q+#0,
dy (x)d, (x)d, (x) ! 2
¥ 1 0,=00Q,£0Q=0
("2 — )d;(0)d, (x)d, ()~ TR
g(x):< Xt —1
, Qi #0Q,=0Q=0,
(xm — 1)d(x)d, (x)d,, (x) ! 2
d(x) Q=0,=0Q=0
\ ds () d, (x)d, (x) " 2 ’
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where
(0, S®=0 ,_(5 TB=0, _(6 UB=0,
s _{ 4, SB)=-1," ‘{ 1, TB)=-1" ‘{ 2, UB)=—1.
(i) 1£S(B), T(B),V(R) € {0,—1}, then
( o1 Q, #0,Q, £0,Q %0,
ds(x)d; (x)d, (x)
x" =1
o0 = | DLEE ey TR TR0
- x"—1
T e A e e L
i) o -q,=a=0
ds(x)d; (x)d, (x)
where
(0 SB=0, __(5 TH=0 __(7 V(B =0,
S‘{ 4, S(ﬂ):—l,t_{ 1, T(ﬁ)=—1,”_{ 3, V(B)=—1.
(i) 1£S(B),U(B), V(B) € {0,—1}, then
( ol G s0,0,%00%0,
ds(x)d, (x)d, (x)
x" =1
00 - | T DLy TR T A0
N x"—1
G D@0, TR =080
i) 5 _g,—a=o
ds(x)d, (x)d,(x)
where

_(0 s@B)=0,__(6 UPB=0, (7 V(E)=0,
S_{ 4‘; S(.B)Z_Lu_{ 2' U(ﬁ):—l’v_{ 3! V(.B)z_l

(iv) TR, UB),V(B) € {0,—13}, then
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x" -1
, Q #0,Q, #0,Q+#0,
d, () d, (x)d,, (x) ! 2
X1 0, =00, #0Q=0
(x"z — 1)d, (0)d, (x)d,(x)’ ~ T+ R ETE
g(x):< X" =1
, Q. +00Q,=0Q=0,
(xm — 1d, (x)d,, (x)d,, (x) ! 2
d(x) Q=0Q,= Q=0
\ de(0)d, ()d,(x)” "t T T

where

t:{ 5 T(B) =0, u:{ 6, U =0, v:{ 7, V(B) =0,

1, T@)=-1, 2, UQR)=-1, 3, V(B)=-1.

( x" =1

LOGOGLWE,E TR ReTh

x" =1

Ty — , 91=0Q,#0,Q2=0,
) = {07~ DAL I
G = D, @, T TR
d(x)
Ql = QZ = Q= 0,

dg(x)d, (x)d, (x)d, (x)’
where

(0 SB=0, ., (5 TP =0
S‘{ 4, 5(ﬁ)=—1,t_{ 1, T(B)=-1,
(6 UPB=0 (7 VB =0,
u_{ 2, U(ﬁ)=—1,v_{ 3, V(B) =—1.

In the cases above, the cyclic code C; over GF(q) defined by Whiteman's generalized
cyclotomic sequence s™ of the order 8 has generator polynomial g(x) as above
correspondingly.

Proof: Note that for i = 1,2,Q; = 0 results in Q = 0 and that both Q; = 0and Q, = 0
lead to Q = 0. By Corollary 3.5, we know that if g € W, then it is possible thatS(8) €

In the following we only give the proof of the case that S(8) € {0,—1} and the other
cases can be proved similarly.

Case1l:Q; # 0,9, #0,Q # 0,S(f) = 0. By Lemma 3.4, we can obtain
ged(S(x), x™ — 1) = dy(x),
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then by equations (2) and (8), the corresponding generator polynomial is
x" =1 x"—1

IO = B =D do®’

which means that m = 0.
Case2: Q; # 0,9, #0,Q # 0,S(f) = —1. By Lemma 3.4, we can obtain
ged(S(x), x™ — 1) = dy(x),
then by equations (2) and (8), the corresponding generator polynomial is
x" -1 _xt -1
ged(S(x),x" = 1) dy(x)’

gx) =

which means that m = 4.
Case3:Q; =0,Q, #0,Q =0,5S(B8) = 0. By Lemma 3.4, we can obtain
ged(S(x), x™ — 1) = (x"2 — 1)dy (%),
then by equations (2) and (8), the corresponding generator polynomial is
B x" -1 _ x"—1
ged(S(x), x" = 1) (x"2 — 1)dy(x)’

g(x)

which means that m = 0.
Case4:Q; =0,0Q, #0,Q=0,5(8) = —1. By Lemma 3.4, we can obtain
ged(S(x), x™ — 1) = (x™2 — 1)dy (x),
then by equations (2) and (8), the corresponding generator polynomial is
x" -1 _ x"—1
ged(S(x), x" = 1) (x"2 — 1)dy(x)’

gx) =

which means that m = 4.
Case5:Q; #0,Q, =0,Q =0,S(f) = 0. By Lemma 3.4, we can obtain
ged(S(x), x™ — 1) = (x™ — 1)dy(x),
then by equations (2) and (8), the corresponding generator polynomial is
B x" =1 _ x" =1
ged(S(x), x" = 1) (x™ — 1)dy(x)’

g(x)

which means that m = 0.

Case6:Q; #0,Q, =0,Q=0,5(8) = —1. By Lemma 3.4, we can obtain
ged(S(x), x™ — 1) = (x™ — 1)d4(x),

then by equations (2) and (8), the corresponding generator polynomial is
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B x"—1 _ x*—1
Cged(S(),xm — 1) (2™ — Ddy(x)’

g(x)

which means that m = 4.
Case7:Q; =Q, = Q=0,5(8) = 0. By Lemma 3.4, we can obtain
(x™ —1)(x"2 - 1)

ged(SCo, " — 1) = —T——do(),
then by equations (2) and (8), the corresponding generator polynomial is
x" -1 x"=1Dx-1) _d(x)

gx) = ged(S(x), x™ — 1) = (x™ —1)(x"2 — 1)dy(x) B do(x)'

which means that m = 0.
Case8:0Q; =0, = Q0=0,5(8) = —1. By Lemma 3.4, we can obtain
M =1 -1)

ged(S(), " ~ 1) @),
then by equations (2) and (8), the corresponding generator polynomial is
x" -1 x"=1Dx-1) _d(x)

g(x)

T gedS@), T 1) (- DA™ — Ddy()  dy(x)
which means that m = 4.

The rest results of this theorem can be proved similarly.

4. The Minimum Distance of the Cyclic Codes

In this section, we determine the minimum distance of some cyclic codes and give lower
bounds of the minimum distance of some other cyclic codes constructed in section 3. By
the same argument as that in [5], we get the following two results immediately.

Theorem 4.1: Let C; denote the cyclic code over GF(q) with the generator polynomial
x™—1

gi(x) = =i The cyclic code C; has paramenters [n,n;, d;], where d; = n;_(_qy and
i=1,2

Example 4.2: Let ¢ = 2,n; = 17 and n, = 73.Then the cyclic code C; over GF(q) with
thegenerator polynomial g; (x) = L has parameters [1241,17,73] and the cyclic code

X
x"1-1
C, over GF(q) with the generator polynomial g,(x) =
[1241,73,17].

Theorem 4.3: Let C,, ,, denote the cyclic code over GF(q) with the generator

- - _@"DG-D
polynomial g (x) = —"—5m

1,dy, 5,], Where d,,  ,, = min(ny, ny).

xt—1
x"2—-1

has parameters

The cyclic code C,,. ,, has paramenters [n, ng +n,; —

1,12
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Example 4.4: Let ¢ = 2,n; = 17 and n, = 73. Then the cyclic code C; over GF(q)

with thegenerator polynomial g(x) = % has parameters [1241,89,17].

We also derive the following lower bounds of the minimum distances of other cyclic
codes.

Theorem 4.5: Suppose that g € W,. Let C; and d;be defined as in Theorem 4.1. Let
C;;denotethe cyclic code over GF(q) with the generator polynomial g;;(x) =

X1 (ny~1)(nz=1)
D4, @ Then the cyclic code C;; has parameters [n, n; + T,dl.,j], where

l]_[,/ n,_ (- 1)1],l—12and0<]<7

Proof: Note that for 0 < j < 7 and for any r € W;, we have r~1(modn) € W(8—j)mod 8-
Leti=1andj =0and c(x) € GF(q)[x]/(x™ — 1) be a codeword of Hamming weight
w in Cyo. Take r€W;, we have r~!(modn) € W, and c(x") is a codeword of
Hamming weight w in C; ; which implies that d; o = dy 7. By taking r € W;, we can get
dyo = dyg_j, Where 2 < j < 7. Further, for any j € {1,2,3,4,5,6,7}, € W, we have that
c(x)c(x™) is a codeword of C;. Hence from Theorem 4.1,dfj >dy =mny e, dyj =
[Vn,]. By similar argument, we get d, ; = [\/nq], where 0 < j < 7.

Example 4.6: Let ¢ =2,n; =17 and n, = 73. Then the cyclic code C; over GF(q)
with thegenerator polynomial g(x) = (n+)d() has parameters [1241,161,73]. In this
case d = [\/nz] = 9, the lower bound of d is 9 while the actual minimum distance is 73.
Theorem 4.7: Suppose that q € W, Let C,,  ,, and d,, ,,be defined as in Theorem 4.3.
LetC,, ., ;denotethe cyclic code over GF(q) with the generator polynomial
" - D -1

G = DGz = Dd; ()
Then the cyclic code C,,,,; has parameters [n,n1 +n,—1+

where d, ., i = [,/mln(nl,nz ] Jland 0 <j < 7.

Proof: Let j = 0 and c(x) € GF(q)[x]/(x™ — 1) be a codeword of Hamming weight w
in Cy,n,0- Take 7 €W, we have r~!(modn) € W, and c(x") is a codeword of
Hamming weight w in Cy, ,, 7 which implies that d,, ,,, 0 = dy, 5,7 Take r € W, we
have 1 (modn) € W, and c(x") is a codeword of Hamming weight w in Cn,n,,6 Which
implies that d,, ,,,.0 = dnyn,6-

gnl,nz,j (x) =
(n1—Dm—1)
— d

! nlfnZ’j]’

By taking reW;re4,reWsreWs and reW,; we can get d, ,,0=

dn1 ny, 5/ dn1 ny, 0 — = dn1 M2, 4 dn1 Mo, 0 — = dn1 ny, 3 dTll Mo, 0 — = dn1 no, 2 and dn1 Mny, 0 — = dn1 no, 1
respectively. Further, for any j € {1,2,3,4,5,6,7},r € W;, we have that c(x)c(x") is a

codeword of C,, ,,,. Hence from Theorem 4.3 dfll naj = [,/mm(nl,nz ] where 0 < j < 7.
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Example 4.8: Let ¢ = 2,n; = 17 and n, = 89. Then the cyclic code C; over GF(q)

) . _ (x"—1)(x—1)
with thegenerator polynomial g(x) = DG D) has parameters [1513,281,17].

In this case d > [,/min(nl,nz)] = 4, the lower bound of d is 4 while the actual
minimum distance is 17.

Theorem 4.9: Suppose that g € W,. Let C; and d; be defined as in Theorem 4.1. Let
C; ; ndenotethe cyclic code over GF(q) with the generator polynomial

Gijn(X) = (x™ — 1)d; (x)dp, (x)’

wherei = 1,2 and
U, ) € {(0,1),(0,2),(0,3),(1,2),(1,3), (1,4), (2,3), (24, (2,5), (3/4), (3,5), (3,6)

(4,5),(4,6),(4,7),(5,6),(5,7),(5,0),(6,7),(6,0),(6,1)(7,0), (7,1),(7,2)}.

(n1—1)(nz—1)

Then the cyclic code C;;, has parameters [n, n; + 2

[,/ni_(_l)i].
Proof: Let j =0,h =1 and c(x) € GF(q)[x]/(x™ — 1) be a codeword of Hamming

weight w in C;oq. Take any r € W, for 1<k <7, then c(x") is a codeword of
Hamming weight w in C; (o—k)mod 8,(1—k)mod 8- It then follows that

, di,j,h], where d;; , =

di0,1 = di(0—k)mod 8,(1-k)mod 8-
Therefore, we have
di,O,l = di,7,0 = di,6,7 = di,5,6 = di,4,5 = di,3,4 = di,2,3 = di,l,Z- 9)
Let j =0,h =2 and c(x) € GF(q)[x]/(x™ — 1) be a codeword of Hamming weight w
in C;o2. Take any r € Wy, for 1 < k < 7, then c(x") is a codeword of Hamming weight
@ N C; (0—k)mod 8,(2—k)mod 8- It then follows that
di0,2 = di(0—k)mod 8,(2—k)mod 8-
Therefore, we have
di,O,Z = di,7,1 = di,6,0 = di,5,7 = di,4,6 = di,3,5 = di,2,4 = di,1,3- (10)
Let j =0,h =3 and c(x) € GF(q)[x]/(x™ — 1) be a codeword of Hamming weight w
in C;o3. Take any r € W, for 1 < k < 7, then c(x") is a codeword of Hamming weight
w In C; (0—k)mod 8,(3—k)mod - It then follows that
di03 = di(0—k)mod 8,(3—k)mod 8-
Therefore, we have
di,0,3 = di,7,2 = di,6,1 = di,5,0 = di,4,7 = di,3,6 = di,Z,S = di,1,4- (11)
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From (9), (10) and (11), for any r € W,, we have that c(x)c(x") is a codeword of C;,
where C; denote the cyclic code over GF (gq) with the generator polynomial g;(x) = ;‘ni__ll

and the minimum distance d; = n;__;y.Hence from theorem 4.1,dY, = d; = N1yl

e, djp = [m , Where
U, b €{(0,1),(0,2),(0,3),(1,2),(1,3), (14, (2,3), (2,4), (2,5), (3,4),(3,5), (3,6)
(4,5),(4,6),(4,7),(5,6),(5,7),(5,0),(6,7),(6,0),(6,1)(7,0), (7,1),(7,2)}.

Theorem 4.10: Suppose that g € W,. Let C,,, ,, and d,,, ,,be defined as in Theorem 4.3.
Let Gy, »,,j,n denotethe cyclic code over GF(q) with the generator polynomial

_ " -DEx-1)
Gnyngjn(X) = (x™t — 1)(x"2 — 1)d; (x)dp (x)

. (n1—1Dmp—1)
Then the cyclic code C,,, ,, ; » has parameters [n, ng+n,—1+ %, dnl_nz,j_h],

where dy, 5, ih = [w/min(nl,nz)] and
(,h €{(0,1),(0,2),(0,3),(1,2),(1,3),(1,4),(2,3), (24), (2,5), (34), (3,5), (3,6)

(4,5),(4,6),(4,7),(5,6), (5,7),(5,0),(6,7),(6,0),(6,1)(7,0),(7,1),(7,2)}.

Proof: Let j =0,h =1 and c(x) € GF(q)[x]/(x™ — 1) be a codeword of Hamming
weight w in G, . 01. Take any r € Wy, for 1 <k <7, then ¢(x") is a codeword of
Hamming weight w in Cy,, 5, (0—k)mod 8,(1—k)mod 8- It then follows that

dnl,nz,O,l = dnl,nz,(O—k)mod 8,(1—k)mod 8-

Therefore, we have
dnl,nz,O,l = dnl,n2,7,0 = dnl,n2,6,7 = dnl,n2,5,6

= dnl,n2,4,5 = dnl,n2,3,4 = dnl,n2,2,3 = dnl,nz,l,Z- (12)

Let j =0,h =2 and c(x) € GF(q)[x]/(x™ — 1) be a codeword of Hamming weight w
iN Cp,ny0,2- Take any r € Wy, for 1 < k <7, then c(x") is a codeword of Hamming
weight w in Cy, », (0—k)mod 8,(2—k)mod s- It then follows that

dnl,nz,O,Z = dnl,nz,(O—k)mod 8,(2—k)mod 8-
Therefore, we have
dnl,nz,O,Z = dnl,n2,7,1 = dTl1,Tl2,6,0 = dnl,n2,5,7

= dnl.n2.4,6 = dn1,nz,3,5 = dn1,n2,2,4 = dn1ynz,1,3' (13)

Let j =0,h =3 and c(x) € GF(q)[x]/(x™ — 1) be a codeword of Hamming weight w
iN Cp,n,03- Take any r € Wy, for 1 <k <7, then c(x") is a codeword of Hamming
weight w in Cy, », (0—k)mod 8,(3—k)mod g- It then follows that
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dnl,n2,0,3 = dnl,nz,(O—k)mod 8,(3—k)mod 8-
Therefore, we have
dnl,n2,0,3 = dnl,n2,7,2 = dnl,n2,6,1 = dnl,nz,S,O
= dnl,n2,4,7 = dnl,n2,3,6 = dnl,n2,2,5 = dnl,nz,l,él-' (14)

From (12), (13) and (14), for any r € W,, we have that c(x)c(x") is a codeword of
Cnym,» Where C, ,, and d, ., be defined as Theorem 4.3.Hence from theorem

4.3,dr211‘n2,j‘h = dp, n, = min(ng,ny), 0.6, dn,pn,jn = [,/min(nl,nz)l, where
(,h) €{(0,1),(0,2),(0,3),(1,2),(1,3),(1,4),(2,3), (24), (2,5), (34), (3,5), (3,6)

(4,5),(4,6),(4,7),(5,6),(5,7),(5,0),(6,7),(6,0),(6,1)(7,0), (7,1),(7,2)}.

Theorem 4.11: Suppose that g € W,. Let C; and d; be defined as in Theorem 4.1. Let
Ci j,n, denote the cyclic code over GF(q) with the generator polynomial

x"—1
9ijhi () = (x™i — 1)d; (x)dp, () d; (x)’

wherei = 1,2 and
G, h, D) €{(0,1,2),(0,1,3),(0,2,3), (0,2,5), (1,2,3), (1,2,4), (1,3,4), (1,3,6),
(2,3,4),(2,3,5),(2,4,5),(2,4,7),(3,4,5),(3,4,6),(3,5,6),(3,5,0),
(4,5,6),(4,5,7),(4,6,7),(4,6,1),(5,6,7),(5,6,0),(5,7,0),(5,7,2),
(6,7,0),(6,7,1),(6,0,1), (6,0,3), (7,0,1), (7,0,2), (7,1,2), (7,1,4)}.

3(n1—1)(np—-1)

Then the cyclic code C;;j,; has parameters [n,ni+ 5

di,j,h,l = [ /ni_(_l)i].
Proof: Let j=0,h=1,1l=2 and c(x) € GF(q)[x]/(x™ —1) be a codeword of

Hamming weight w in C; 5 1 ;. Take any r € W, for 1 < k < 7, then c(x") is a codeword
of Hamming weight w in C; (0—kymod 8,(1-k)mod 8,(2—k)mod s- It then follows that

, di,j,h,l]: where

di 01,2 = di,(0-k)mod 8,(1—k)mod 8,(2—k)mod 8-
Therefore, we have

dioi2 =di701=dig70=dis67 = diase = diza5=di234=di123 (15)

Let j=0,h=1,l=3 and c(x) € GF(q)[x]/(x™ —1) be a codeword of Hamming
weight w in C;o13. Take any r € Wy, for 1 <k <7, then c(x") is a codeword of
Hamming weight w in C; (o—x)mod 8,(1-k)mod 8,(3—k)mod s- It then follows that

di 0,13 = di,(0-k)mod 8,(1—k)mod 8,(3—k)mod 8-
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Therefore, we have

di,0,1,3 = di,7,0,2 = di,6,7,1 = di,5,6,0 = di,4,5,7 = di,3,4,6 = di,2,3,5 = di,1,2,4- (16)
Let j=0,h=2,l=3 and c(x) € GF(q)[x]/(x™ —1) be a codeword of Hamming
weight w in C;o,3. Take any r € W, for 1 <k <7, then c(x") is a codeword of
Hamming weight w in C; (o—x)mod 8,(2—k)mod 8,(3—k)mod s- It then follows that
di0,23 = di,(0~k)mod 8,(2—k)mod 8,(3—k)mod 8-
Therefore, we have

dio23 =di712 =4digo1 =di570 =diae7 = dizse = dizas = di134- (17)
Let j=0,h=2,l=5 and c(x) € GF(q)[x]/(x™ —1) be a codeword of Hamming
weight w in C;o,5. Take any r € W, for 1 <k <7, then c(x") is a codeword of
Hamming weight @ in C; (0—k)mod 8,(2—k)mod 8,(5—k)mod 8- It then follows that
di0,25 = di,(0-k)mod 8,(2—k)mod 8,(5-k)mod 8-
Therefore, we have
dio2s =diz14 =dig03 =dis72 =diae1 = dizso =diza7 =di13e (18)

From (15), (16), (17) and (18), for any r € W,, we have that c(x)c(x") is a codeword of
C;, where C; denote the cyclic code over GF(q) with the generator polynomial g;(x) =

*—L and the minimum distance d; = n;__yi.Hence from theorem 4.1,d7 = d; =

x"i—1
N1y 164 dij g 2 [M] where
(j,h, 1) €{(0,1,2),(0,1,3),(0,2,3),(0,2,5),(1,2,3),(1,2,4),(1,3,4),(1,3,6),
(2,3,4),(2,3,5),(2,4,5),(2,4,7),(3,4,5), (3,4,6), (3,5,6), (3,5,0),
(4,5,6), (4,5,7), (4,6,7), (4,6,1), (5,6,7),(5,6,0),(5,7,0), (5,7,2),
(6,7,0),(6,7,1),(6,0,1),(6,0,3),(7,0,1),(7,0,2),(7,1,2),(7,1,4) }.
Theorem 4.12: Suppose that g € W,. Let C,,, »,, and d,,, ,,be defined as in Theorem 4.3.
Let Cp, n,,j,n, denotethe cyclic code over GF(q) with the generator polynomial
(x" - 1D(x—1)
Insnas 110 = G Do — 14 dr G

3(n1—1)(np-1)

Then the cyclic code C,, n,;x; has parameters [n,n1 +n, -1+ p ,

dnl,nz,j,h,,],where Ayinyjhl = [,/min(nl,nz)] and
(j,h, 1) €{(0,1,2),(0,1,3),(0,2,3),(0,2,5),(1,2,3),(1,2,4),(1,3,4),(1,3,6),
(21314)1 (21315)1 (21415)1 (21417)1 (31415)1 (31416)1 (31516)1 (31510)1
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(4,5,6),(4,5,7),(4,6,7),(4,6,1),(5,6,7),(5,6,0),(5,7,0),(5,7,2),
(6,7,0),(6,7,1),(6,0,1),(6,0,3),(7,0,1),(7,0,2),(7,1,2),(7,1,4)}.

Proof: Let j=0,h=1,1=2 and c(x) € GF(q)[x]/(x™ —1) be a codeword of
Hamming weight w in Cy, n,01,2- Take any r € Wy, for 1 <k <7, then c¢(x") is a
codeword of Hamming weight w in Cp, », (0-k)mod 8(1—k)mod 8,(2—k)mod 8- It then
follows that

dnl,nz,O,l,Z = dnl,nz,(O—k)mod 8,(1—k)mod 8,(2—k)mod 8-

Therefore, we have
dnl,nz,O,l,Z = dnl,n2,7,0,1 = dnl,n2,6,7,0 = dnl,n2,5,6,7

= dnl,n2,4,5,6 = dnl,n2,3,4,5 = dnl,n2,2,3,4 = dnl,n2,1,2,3- (19)
Let j=0,h=1,l=3 and c(x) € GF(q)[x]/(x™ —1) be a codeword of Hamming
weight w in Gy, n,01,3- Take any r € Wy, for 1 < k < 7, then c¢(x") is a codeword of
Hamming weight w in Cp,, 5, (0-k)mod 8,(1—k)mod 8,(3—k)mod 8- It then follows that
dnl,n2,0,1,3 = dnl,nz,(O—k)mod 8,(1—k)mod 8,(3—k)mod 8-

Therefore, we have
dnl,n2,0,1,3 = dnl,n2,7,0,2 = dnl,n2,6,7,1 = dnl,n2,5,6,0

=dnnp457 = Anyny3,46 = Angng235 = Qugny 124 (20)
Let j=0,h=2,l=3 and c(x) € GF(q)[x]/(x™ —1) be a codeword of Hamming
weight w in Gy, n,02,3- Take any r € Wy, for 1 < k < 7, then c(x") is a codeword of
Hamming weight w in Cy,, 5, (0—k)mod 8,(2—k)mod 8,(3—k)mod 8- It then follows that
dnl,n2,0,2,3 = dnl,nz,(O—k)mod 8,(2—k)mod 8,(3—k)mod 8-
Therefore, we have

dninp023 = Aningy 712 = Anyng6,01 = Qnyng,57,0

= dnl,n2,4,6,7 = dnl,n2,3,5,6 = dnl,n2,2,4,5 = dnl,n2,1,3,4- (21)

Let j=0,h=2,l=5 and c(x) € GF(q)[x]/(x™ —1) be a codeword of Hamming
weight w in Gy, n,02,5- Take any r € Wy, for 1 < k < 7, then c(x") is a codeword of
Hamming weight w in Cy,, 5, (0—k)mod 8,(2—k)mod 8,(5—k)mod 8- It then follows that

dnl,n2,0,2,5 = dnl,nz,(O—k)mod 8,(2—k)mod 8,(5—k)mod 8-
Therefore, we have
dniny025 = Anyng 714 = nyny603 = Anyng572

= dnl,n2,4,6,1 = dn1,n2,3,5,0 = dnl,n2,2,4,7 = dnl,n2,1,3,6' (22)



178 Pankaj and Manju Pruthi

From (19), (20), (21) and (22), for any r € W,, we have that c(x)c(x") is a codeword of
Cnym, Where C, ,, and d,, ,, be defined as Theorem 4.3. Hence from theorem

43,d2 o ing = Ay, = min(ng,ny), i, dyy i = [\/ml,where
(j,h, 1) €{(0,1,2),(0,1,3),(0,2,3),(0,2,5),(1,2,3),(1,2,4),(1,3,4),(1,3,6),
(2,3,4),(2,3,5),(2,4,5), (2,4,7), (3,4,5), (3,4,6), (3,5,6), (3,5,0),
(4,5,6),(4,5,7),(4,6,7), (4,6,1),(5,6,7), (5,6,0), (5,7,0), (5,7,2),
(6,7,0), (6,7,1), (6,0,1), (6,0,3), (7,0,1), (7,0,2), (7,1,2), (7,1,4)}.

Theorem 4.13: Suppose that g € W,. Let C; and d; be defined as in Theorem 4.1. Let
Cij n,1 denote the cyclic code over GF(q) with the generator polynomial

x" -1
(x™ — 1)d; (x)d), (x)d; (x)d¢ (x)’

Gijhlt (x) =

wherei = 1,2 and

(j' h' l' t)
€ {(01112I3)I (0I2)3)5)I (1I2I3I4)I (1I3I4I6)I (2131415)F (2F4F5F7)F (3F4F5F6)I (3151610)1
(4,5,6,7),(4,6,7,1),(5,6,7,0), (5,7,0,2), (6,7,0,1), (6,0,1,3),(7,0,1,2), (7,1,2,4) }.

(n1—-1)(np-1)

Then the cyclic code C;; ;. has parameters [n,ni + >

dijnie = L/"i—(—ui]-

Proof: Let j =0,h=1,l =2,t =3 and c(x) € GF(q)[x]/(x™ — 1) be a codeword of
Hamming weight w in C;o1,3. Take any r € W, for 1 <k <7, then c(x") is a
codeword of Hamming weight w in Ci,(O—k)mOd 8,(1—k)mod 8,(2—k)mod 8,(3—k)mod 8- It then
follows that

, di,j,h,l,t]t where

di,0,1,2,3 = di,(O—k)mod 8,(1—k)mod 8,(2—k)mod 8,(3—k)mod 8-
Therefore, we have

di,0,1,2,3 = di,7,0,1,2 = di,6,7,0,1 = di,5,6,7,0 = di,4,5,6,7 = di,3,4,5,6 = di,2,3,4,5 = di,1,2,3,4-
(23)

Let j=0,h=2,1=3,t=5 and c(x) € GF(q)[x]/(x™ —1) be a codeword of

Hamming weight o in C;,35. Take any r €W, for 1<k <7, then c(x") is a

codeword of Hamming weight w in C; (—k)mod 8,(2—k)mod 8,(3—k)mod 8,(5—k)mod 8- It then

follows that

di 0,235 = di,(0-k)mod 8,(2—k)mod 8,(3—k)mod 8,(5—k)mod 8-
Therefore, we have
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di,0,2,3,5 = di,7,1,2,4 = di,6,0,1,3 = di,5,7,0,2 = di,4,6,7,1 = di,3,5,6,0 = di,2,4,5,7 = di,1,3,4,6-

(24)
From (23) and (24), for any r € W,, we have that c(x)c(x") is a codeword of C;, where
C; denote the cyclic code over GF(q) with the generator polynomial g;(x) = = —L and

x™Mi—1

the minimum distance d; = n;__,y:.Hence from theorem 4.10,dF; e = d; = N1yl

e, dijnie = [ [n;_ 1y |, where

(jr hr ll t)
E {(01112I3)' (0I2)3)5)l (1I2I3I4)l (1I3I4I6)l (2131415)F (2F4F5F7)F (3F4F5F6)I (3151610)1

(4,5,6,7), (4,6,7,1), (5,6,7,0), (5,7,0,2), (6,7,0,1), (6,0,1,3), (7,0,1,2), (7,1,2,4)}.
Theorem 4.14: Suppose that g € W,. Let C,,, »,, and d,,, ,,be defined as in Theorem 4.3.
Let Cp, n, 7,01, denotethe cyclic code over GF(q) with the generator polynomial

(x"—-1)(x—-1)
Inana 1t 0V = G Gere — Dy (0 (G e G

(n1-1)(np—-1)

Then the cyclic code Gy, n,;nic has parameters [n,n1+n2—1+ 5 ,

dnl,nz,j,h,l,t]: where d,, i hie = [,/min(nl,nz)] and

(j; hv l; t)
€ {(0l1;2'3)i (0,2,3,5), (1I2I3I4)I (1I3I4I6)I (2:3:4'5)! (2!4!5!7)! (3F4F5F6)I (3151610)1

(4,5,6,7), (4,6,7,1), (5,6,7,0), (5,7,0,2), (6,7,0,1), (6,0,1,3), (7,0,1,2), (7,1,2,4)}.

Proof: Let j =0,h=1,l =2,t =3 and c(x) € GF(q)[x]/(x™ — 1) be a codeword of
Hamming weight w in C; ,01,23- Take any r € W, for 1 <k <7, then c(x") is a
codeword of Hamming W6|ght w in Cnl,nz,(O—k)mod 8,(1—k)mod 8,(2—k)mod 8,(3—k)mod 8- It
then follows that

dnl,n2,0,1,2,3 = dnl,nz,(O—k)mod 8,(1—k)mod 8,(2—k)mod 8,(3—k)mod 8-
Therefore, we have

An1ny0123 = Aniny 7012 = Anyng,67,01 = Anyiny5.67,0

= dnl,n2,4,5,6,7 = dnl,n2,3,4,5,6 = dnl,n2,2,3,4,5 = dnl,nz,1,2,3,4- (25)
Let j=0,h=2,1=3,t=5 and c(x) € GF(q)[x]/(x™ —1) be a codeword of
Hamming weight w in Gy, n,0.23,5- Take any r € Wy, for 1 < k <7, then c(x") is a
codeword of Hamming weight w in Cnl,nz,(O—k)mod 8,(2—k)mod 8,(3—k)mod 8,(5—k)mod 8+ It
then follows that

dnl,n2,0,2,3,5 = dnl,nz,(O—k)mod 8,(2—k)mod 8,(3—k)mod 8,(5—k)mod 8-
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Therefore, we have
dnl,n2,0,2,3,5 = dnl,n2,7,1,2,4 = dnl,n2,6,0,1,3 = dnl,n2,5,7,0,2

= dTl1,Tl2,4,6,7,1 = dnl,n2,3,5,6,0 = dnl,n2,2,4,5,7 = dnl,n2,1,3,4,6' (26)

From (25) and (26), for any r € W,, we have that c(x)c(x") is a codeword of C, ..,
where C, ,, and d, ,, be defined as Theorem 4.3.Hence from theorem

2 . . -
4.3,d5, ny it = Anyn, = Min(ng,ny), 08, dyy g inie = [,/mm(nl,nz)l, where

(j' h' l' t)
€ {(01112I3)I (OI2)3)5)I (1I2I3I4)I (1I3I4I6)I (2131415)F (2F4F5F7)F (3F4F5F6)I (3151610)1

(4,5,6,7),(4,6,7,1),(5,6,7,0),(5,7,0,2),(6,7,0,1), (6,0,1,3),(7,0,1,2),(7,1,2,4)}.
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