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Abstract: In this paper, we have applied the generalized fractional calculus 

operators (Saigo-Maeda [13]) involving Appell’s function 3(.)F , on the 

generalized Mittag-Leffler function introduced by Prabhakar [11]. Our main 
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1. Introduction and Preliminaries 

The Swedish mathematician Gosta Mittag-Leffler[9] introduced the function ( )E z  as:  
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the Mittag-Leffler function (1) is a direct generalization of exp( )z  in which =1 . 

The generalization of ( )E z  was studied by Wiman [17], given by  
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In 1971, Prabhakar introduced the function , ( )E z

   in the following form (see also, 

Kilbas et al. [4]):  
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where      , , , , > 0, > 0, > 0z        C , and  
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here, ( )n  denotes the Pochhammer symbol. 

For =1  and = =1  , equation (3) reduces to the generalized Mittag-Leffler function

, ( )E z   and Mittag-Leffler function ( )E z  respectively. The generalized Wright 

hypergeometric function introduced by Wright [5,18] and represented by  
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where , ,i jz a b C  and    , 0 , =1, , ; =1, , .i j i p j q     R  Wright proved 

several theorems on the asymptotic expansion of generalized Wright function ( )p q z  

for all values of the argument z  under the condition  
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2. Generalized fractional calculus operators 

Let , ,   C  and x R , then the generalized fractional integral and differential 

operators associated with Gauss hypergeometric function are defined by Saigo [12] for 

( ) > 0 , as follows:  
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here  = ( ) 1k   . If we set =  , then operators (7)-(10) reduce to 

Riemann-Liouville fractional calculus operators [3]. 

Let , , , , , > 0x      C  and ( ) > 0 , then the generalized fractional integral 

operators involving Appell’s function (Horn’s function) 3F  are introduced by Saigo and 

Maeda, as follows (see [13], p.393, eq.(4.12) and (4.13)):  
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The generalized fractional differentiation operators [13] involving the Appell’s function 

3F  as a kernel are defined by  
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If we take = , = = 0, =          and =  , then operators given in (11)-(16) 

reduce to the Saigo fractional calculus operators as given by (7)-(10). 

Further ([13], p.394, eq.(4.18) and (4.19)), we also have  

 , , , , 1 1 , ,

0 , ,( ) = ,I t x x                  

         

               

         
    (17) 

where  ( ) > 0, ( ) > max 0, ( ), ( )Re Re Re Re             , and  



 

 

 

 

 

 

120 Rajeev Kumar Gupta, Bhupender Singh Shaktawat and Dinesh Kumar 

 , , , , 1 1 1 ,1 ,1

1 ,1 ,1( ) = ,I t x x                   

        

                  

          
    (18) 

where  ( ) > 0, ( ) <1 min ( ), ( ), ( )Re Re Re Re Re               . 

Here, the symbol 
, ,

, ,

a b c

d e f

 
  
 

 will be used to represent the ratio of product of gamma 

functions as 
( ) ( ) ( )

( ) ( ) ( )

a b c

d e f

  

  
. 

3. Main Results 

In this section, we establish the left-sided and right-sided generalized fractional integral 

and differential formulas of the generalized Mittag-Leffler function. These formulas are 

given by the following theorems: 

3.1. Left-sided generalized fractional integration of generalized Mittag-Leffler function 
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ProofBy using series representation of generalized Mittag-Leffler function [6-10] and 

left-sided Saigo-Maeda fractional integration power function formula (17), we have  
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by interchanging the order of integration and summation, we have  

   

 
 , , , , ( ) 1

0

=0

= ( )
!

n

nn

n

a
I t x

n n

      


 


   


 

  

 
   

 
1

=0

=
!

n

nn

n

a
x

n n

    


 


    

 
  



 

 

 

 

 

 

Certain Relation of Generalized... 121 

 
     

     
,

n n n

n n n

           

            

             


              
 

next, using (4), (5) and rearranging the terms, we get  
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Proof By using (3) and right-sided Saigo-Maeda fractional integration power function 

formula (18), we get  
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       4 4

,1 , , , , , ,
= ,

, , , , , , ,

x
ax

  


            


              

  


       
 

          
which completes the proof of the Theorem 2.   

If we take = , = = 0, =          and =   then (22) reduces to the 

following result given by Ahmed ([1], eq.(4.1)).  

Corollary 2.1 Let  , , , , , > 0, ( ) > 0, ( ) > max ( ), ( )x              C

, ( ) ( ), > 0, > 0      and aR . If the condition (6) is satisfied and 
, ,I  


 be 

the right-sided Saigo fractional integral operator, then there holds the following corollary:  

  
 

, ,

, ( ) =
x

I t E at x
  

      

 


  
  


 
  

 

 
     

     3 3

, , , , ,1
.

, , 2 , , ,
ax 

        


         


    
  

     

 (24) 

Remark 3.2 If we take =   in above result (24), then we obtain the known result given 

by Chaurasia and Pandey([2], p. 117, eq. (4.1)); further if we set =   then (24) 

reduces to another known result given by Saxena and Saigo([16], p.147, eq.(23)).  
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3.3. Left-sided generalized fractional derivative of generalized Mittag-Leffler function 

Theorem 3  Let , , , , , , , ( ) > 0, > 0, > 0, > 0x            C  and aR . If 

the condition (6) is satisfied and 
, , , ,

0D     


 be the left-sided Saigo-Maeda fractional 

derivative operator associated with Appell’s function, then there holds the formula  

  
 

1
, , , , 1

0 , ( ) =
x

D t E at x
   

       

 


   
  


 
  

 

       

       4 4

,1 , , , , , ,
.

, , , , , , ,
ax

            


              

       
  

         

 (25) 

ProofBy using series representation of generalized Mittag-Leffler function as defined by 

(3) and using (13) also taking (17) into account, we have  

  
   
 

, , , , 1 , , , , 1

0 , 0

=0

( ) = ( ),
!

n

n

n

at
D t E at x D t x

n n



             

 



 


    

 

  
            

  (26) 

by interchanging the order of differentiation and summation, we have  
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I t x

n n

      


 


       


 
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
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     

     
,

n n n

n n n

           

            

            


             
 

next, using (4), (5) and rearranging the terms, we easily get the desired result of (25). This 

is complete proof of the Theorem 3.   

If we take = , = = 0, =          and =   then (25) reduces to the 

following result given by Ahmed ([1], eq.(5.1)).  

Corollary 3.1 Let , , , , , > 0, ( ) > 0, ( ) > 0, > 0, > 0x              C  

and aR . The condition (6) is also satisfied and 
, ,

0D  


 be the left-sided Saigo 
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fractional derivative operator, then there holds the following corollary:  

  
 

1
, , 1

0 , ( ) =
x

D t E at x
 

     
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

 



 
  

 

 
     

     3 3

, , , , ,1
.

, , , , ,
ax

       


       

   
  

   

 (27) 

Remark 3.3 If we take =   in above result (27), then we can easily obtain the known 

result given by Chaurasia and Pandey ([2], p. 118, eq. (5.1)); further if we set =   

then we arrive at the result given by Saxena and Saigo([16], p.149, eq.(29)).  

3.4. Right-sided generalized fractional derivative of generalized Mittag-Leffler function 

Theorem 4  Let , , , , , , , ( ) > 0, > 0, > 0, > 0x            C  and aR . If 

the condition (6) is also satisfied and 
, , , ,D     


 be the right-sided operator of 

generalized fractional derivative associated with Appell’s function, then there holds the 

following formula:  

  
 

, , , ,

, ( ) =
x

D t E at x
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        
  

          

 (28) 

Proof By using (3), (15) and taking (18) into account, we have  
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  (29) 

by interchanging the order of differentiation and summation, we have  
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     

     
,

n n n

n n n

           

            

             


              
 

by using (4), (5) and rearranging the terms, we easily obtain the desired result of (28). This 

completes the proof of the Theorem 4.   

If we take = , = = 0, =          and =   then (28) reduces to the 

following result given by Ahmed ([1], eq.(6.1)).  

Corollary 4.1 Let 

 , , , , , > 0, ( ) > 0, ( ) > max ( ), ( )x k               C , > 0, > 0   

and aR  with ( ) 0k        (where = [ ( )] 1k   ). If the condition (6) is 

satisfied and 
, ,D  


 be the right-sided Saigo fractional derivative operator, then there 

holds the following corollary:  

  
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, , , , ,
ax 

       


         


   
  

     

 (30) 

Remark 3.4 If we set =   in above result (30), then we obtain the known result given 

by Chaurasia and Pandey ([2], p. 119, eq. (6.1)); further if we take =   then (30) 

reduces to another known result given by Saxena and Saigo ([16], p.150, eq.(35)).  

4. Concluding Remarks 

In the present paper we study the generalized M-L-function and Saigo-Maeda fractional 

calculus operators. The obtained results are extension of work done by many authors, for 

example Ahmed [1], Chaurasia and Pandey [2], Saxena and Saigo [16], and many more. The 

provided results are new and have uniqueness identity in the literature. On account of the 

general nature of the generalized Mittag-Leffler function and generalized Wright function, a 

number of known results can easily be found as special cases of our main results.  
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