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Abstract: In this paper, we have applied the generalized fractional calculus
operators (Saigo-Maeda [13]) involving Appell’s function F,(.) , on the

generalized Mittag-Leffler function introduced by Prabhakar [11]. Our main
results are obtained in the terms of generalized Wright function. Recent results of
Ahmed [1], Chaurasia and Pandey [2], Saxena et al. [15-16] are the special cases of
our main findings.
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1. Introduction and Preliminaries

The Swedish mathematician Gosta Mittag-Leffler[9] introduced the function E (z) as:

00 Zn
E =) —, C,R(v)>0,zeC), 1
,(2) ;F(Un-f-l) (ue (v)>0,z¢ ) (1)
the Mittag-Leffler function (1) is a direct generalization of exp(z) inwhich v =1.
The generalization of E (z) was studied by Wiman [17], given by
0 Zn
E =) —, (v, C,R(v)>0,R >0,zeC). 2
= Yoy (PP ECRE)>OR(p)>0260). @

In 1971, Prabhakar introduced the function Ejp(z) in the following form (see also,
Kilbas et al. [4]):
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n

- i 3)

o Un+p n'
where v, p,6,2€C,R(v)>0,R(p)>0,%R(5)>0, and

r'6+n)

(6), = o)

: (4)

here, (J), denotes the Pochhammer symbol.

For 6 =1 and p =6 =1, equation (3) reduces to the generalized Mittag-Leffler function
Euyp(z) and Mittag-Leffler function E (z) respectively. The generalized Wright
hypergeometric function introduced by Wright [5,18] and represented by

- B Hr(a +an)
pwq(z)=pwq[((2"2);" } 2 )
pPifa Jons Hr(b +ﬂn)

where z,a,b, eC and ¢, €R-{0},(i=1,...,p;j=1,...,q). Wright proved
several theorems on the asymptotic expansion of generalized Wright function p‘Pq(z)
for all values of the argument z under the condition

>4~y > ®
j=1

2. Generalized fractional calculus operators

Let o, f,7y€C and XxeR_, then the generalized fractional integral and differential

operators associated with Gauss hypergeometric function are defined by Saigo [12] for
R(ex) >0, as follows:

a—ﬂ X a-1
(I&Wf)(x)— @ )j (x—t) 2F1(a+ﬁ,—7/;a;l—§jf(t)dt, (7)
(1977 1) (x) = % (t—x)""te zFl(m B, —y;a;l—%jf (tydt, (8)

and
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(D57 £) (%) = (152777 £) (%) = (%) (1get ket )(x), 9)
(D7 £)(x) = (12777 £)(x) = [—%J (1o 1) (), (10)

here k=[R(a)]+1 . If we set S=—a , then operators (7)-(10) reduce to
Riemann-Liouville fractional calculus operators [3].
Let ,a',5,8,yC,x>0 and R(y) >0, then the generalized fractional integral

operators involving Appell’s function (Horn’s function) F, are introduced by Saigo and
Maeda, as follows (see [13], p.393, €q.(4.12) and (4.13)):

a.a \B.py —_ r-1ly-a _1
(15 f)(x)_ j(x Yyt (aaﬁﬂ,y, -1 tjf(t)dt, (11)

(|Wﬂﬂff)(x)—mj t—xy*t“F [aa BB yil- —1——Jf(t)dt (12)

The generalized fractional differentiation operators [13] involving the Appell’s function
F, as a kernel are defined by

(Dg:“'ﬁ'” £ )(X) - ( | o f b f )(X) (13)
_ %) (1o e itork g )(x), (Re(y) > Ok =[Re(1)]+1), (14)
(D27 £ )(x) = (17727 £)(x) (15)

:( (;jxj (I_a o Pk, y+kf)( ) (Re(j/)>0;k:[Re(7)]+l)' (16)

Ifwetake a=a+f,a'= 4 =0,=—y and y = «, then operators given in (11)-(16)
reduce to the Saigo fractional calculus operators as given by (7)-(10).

Further ([13], p.394, eq.(4.18) and (4.19)), we also have

ad BBy ¢p-1 — yp-a—a'+y-1 p.pry—a—a'=p,p+f—a
(|0+ t )(X) =X rl:pwfafa’,pwfa’fﬁ,mﬁ' ! (17)

where Re(y) >0, Re(p) > max[0, Re(a +a'+ —y),Re(a’ - B)], and
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a,a B,y +p-1 — yp—a—-a'+y-1 +a+a'-y—p,lva+p-y—p,1-f-p
( I_ t )(X) =X r[l—p,1+a+a'+ﬂ'—y—p,1+a—ﬂ—p :I’ (18)

where Re(y) >0, Re(p) <1+min [Re(—ﬂ), Re(a+a'—y), Re(a+ﬂ'—7)] .

Here, the symbol 1{ } will be used to represent the ratio of product of gamma

F(a)r(b),r1(c)
r(d)Ce)r(f)
3. Main Results

In this section, we establish the left-sided and right-sided generalized fractional integral
and differential formulas of the generalized Mittag-Leffler function. These formulas are
given by the following theorems:

functions as

3.1. Left-sided generalized fractional integration of generalized Mittag-Leffler function

Theorem 1 Let ¢, &, 5,5 14,0,p0€C,R(u)>0,x>0,vr>0,4>0 and aeR .If
the condition (6) is satisfied and 1/ @PF4 he the left-sided operator of generalized

fractional integration associated with Appell’s function, then there holds the formula

Xpanr,ul

(gerrefer gl (at) ]f 00 = S
5 {axﬂ (3.2),(pA)(p—a—a'-B+uA),(p—a'+ B, 2)
Vs (pv)(p—a—a'+uA).(p—a' = B+uA),(p+p5.2)

ProofBy using series representation of generalized Mittag-Leffler function [6-10] and
left-sided Saigo-Maeda fractional integration power function formula (17), we have

(19)

fgerme (v gy, (at) L) =4 1577 v li W)l (20)

vl B vn+ p nI
by interchanging the order of integration and summation, we have

c 5 a ' An+p)-1
5 M (i)

8),(3)’

An+p—a—a'+pu-1
xAn+p H
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C(An+p)C(An+p—a—a'—f+u)l (An+p—a'+f')
T(An+p—a—a'+u)l(An+p—a'—B+u)l(An+p+ B’

next, using (4), (5) and rearranging the terms, we get

:LW v ax/i (5’1)’(p1ﬂ')1(p_a_a,—ﬁ+,u,ﬂ,),(p_a’+ﬁ’1l)
@) " (o) (p-a-arna)(o-a'~prua)(p+5.2)
which completes the proof of (19).

If we take e =a+f,a'= =0,=—y and u =« then Theorem 1 reduces to the
following result given by Ahmed ([1], eq.(3.1)).

Corollary 1.1 Let «, f,7, 0,0 €C,x>0,R(ex) >0, R(p+y—L£)>0r>0,1>0
and aeR. If the condition (6) is satisfied and |g¢ﬂ~y be the left-sided operator of

generalized fractional integration associated with Gauss hypergeometric function, then
there holds the following formula:

{ | P |:tp—1 e’ (ati )]} (x) =

prﬁfl
r(s)

(P, 2),(p=B+7.2)(8.2)
(p=p.2)(a+p+y.2).(pv)
Remark 3.1 If we take A =v in above result (21), then we can easily obtain the known

result given by Chaurasia and Pandey ([2], p. 116, eq. (3.1)); further if we set f=—«
then (21) reduces to a known result given by Saxena and Saigo([16], p.145, eq.(14)).

(21)

X s [aX‘

3.2. Right-sided generalized fractional integration of generalized Mittag-Leffler function

Theorem2 Let a,a',B,53 1,6, p€C,R(1)>0,x>0,yr>0,41>0 and aeR . If
the condition (6) is satisfied and 1“**##* pe the right-sided operator of generalized

fractional integration associated with Appell’s function, then there holds the following
formula:

{ o p s e g7 (at™ )]} (x) =

X—p—a—a’

r(s)

(6.1),(p+ra+d ). (p+a+p,2).(p—B+uA)
(pv)(p+A)(pra+ad +f,2),(p+a—L+uA)

-4

(22)

XY, {ax
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Proof By using (3) and right-sided Saigo-Maeda fractional integration power function
formula (18), we get

{I_a,ar,ﬁ,ﬁr,# [t_,,_p Ejp (at"l )]} (x) =| 12" PP on- i ( %) (x), (23)

n:o Vn + p
by interchanging the order of integration and summation, we have

= ir@i( |f,a’,ﬁ,ﬂ',yt(l—ﬂn—p—y)—l) (X)

‘=T (vn+p)n!
NG
- nzz;‘ F(vn + p)n'

C(An+p+a+a )T (An+p+a+ B (An+p— L+ u)
L(An+p+u)C(An+p+a+a’+ B (An+p+a—f+u)’
next, using (4), (5) and rearranging the terms, we obtain
X { Ll (8 (pra+a A)(pra+f.A).(p—B+u2)
- nn ax

r'(5) (pv).(p+mA)(pra+a'+ B A)(p+a—PB+u,A)
which completes the proof of the Theorem 2.

If we take a=a+p,a'=4=0,=—y and u=a then (22) reduces to the
following result given by Ahmed ([1], eq.(4.1)).

Corollary 2.1 Let a, 8,7, p,6 € C,x>0,R(a) > 0,R(p+a) > max[-R(S),—R(y)]

. R(B) =R(»),v>0,1>0 and aeR. Ifthe condition (6) is satisfied and 1“7 be
the right-sided Saigo fractional integral operator, then there holds the following corollary:

Xpaﬁ

{If’vﬂw[t*“*p Ejp( )]}(X)— ()
% l:axz (a+p+p.A).(a+p+y,2),(5,1)
Vs (a+p,/1),(2a+ﬂ+7+p,ﬂ,),(p,v)

Remark 3.2 If we take A4 =v in above result (24), then we obtain the known result given
by Chaurasia and Pandey([2], p. 117, eq. (4.1)); further if we set B =—« then (24)

reduces to another known result given by Saxena and Saigo([16], p.147, eq.(23)).

(24)
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3.3. Left-sided generalized fractional derivative of generalized Mittag-Leffler function

Theorem3 Let a,a', 8,8, 1,6, p€C,R(u)>0,x>0,yr>0,41>0 and aeR . If
the condition (6) is satisfied and Dg:“’ﬁ #:4 e the left-sided Saigo-Maeda fractional

derivative operator associated with Appell’s function, then there holds the formula

(g e €2 () 09—
‘| ax’ (6.1),(pA)(p+a+a' + ' - A),(p+a—pB,2)
e (pv)(p+ra+a' —u ) (p+a+p —wi).(p—F.A)

ProofBy using series representation of generalized Mittag-Leffler function as defined by
(3) and using (13) also taking (17) into account, we have

Xp+a+a —-u-1

()

(25)

{DO“;“"’*”’"” [t‘)‘l E’, (at*)]}(x) = D PR e 1215 vn(+p) (x), (26)
n=0

by interchanging the order of differentiation and summation, we have

— i (5)n(a) (Dgira BB yt(ln+p) l)(x)
nl<|o—ft e =Pimpg (An+p) 1)(X)

5)n (a)n Xﬂ.n+p+a+a'—,ufl

C(An+p)l(An+p+a+a'+ ' —p)l (An+ p+a—B)
L(An+p+a+a’ —p)T(An+p+a+f —u)L(An+p-pB)’

next, using (4), (5) and rearranging the terms, we easily get the desired result of (25). This
is complete proof of the Theorem 3.

If we take a=a+p,a'=4'=0,=—y and pu=«a then (25) reduces to the
following result given by Ahmed ([1], eq.(5.1)).

Corollary 3.1 Let a, 8,7, 0,0 €C,x>0,R(x) >0, R(ax+L+y)>0,v>0,1>0

and aeR . The condition (6) is also satisfied and DZ”” be the left-sided Saigo
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fractional derivative operator, then there holds the following corollary:

Xp+ﬁ -1

(i [17 €7, (at') 0 = 5
(p. A)(a+B+y+p,2),(6,1)

X ?,‘//e,l:axi (p+,8,/1),(,0+7,/1)’(p7v)

Remark 3.3 If we take A =v in above result (27), then we can easily obtain the known
result given by Chaurasia and Pandey ([2], p. 118, eq. (5.1)); further if we set = —
then we arrive at the result given by Saxena and Saigo([16], p.149, €q.(29)).

(27)

3.4. Right-sided generalized fractional derivative of generalized Mittag-Leffler function

Theorem4 Let a,a' .5, 1,0, p€C,R(u)>0,x>0,vy>0,1>0 and aeR . If
the condition (6) is also satisfied and D**"##"# be the right-sided operator of

generalized fractional derivative associated with Appell’s function, then there holds the
following formula:

X —-pt+a+a’

{sz,a’,ﬁ,ﬁ’,ﬂ[tﬂ—p Efp( )]}(x)_ (5)
X l:ax‘l (5,1)a(,0—05—Ol',ﬂ),(p—a'—ﬁ,}b),(p_hg’_lu’l)
i (ov)(p—mA)(p—a—a' = B.A)(p—a'+ ' —p,A)

Proof By using (3), (15) and taking (18) into account, we have

(28)

{D_a,a'ﬁﬁ'yﬂ |:t/4*/7 Ej’p(at’ﬂ ):|} (X) = Dix’a"ﬂﬁy'# t# i ( t_/l) (X)a (29)

o [ Vn + /7)
by interchanging the order of differentiation and summation, we have

:i (§)n(a) (D:z.a'.ﬂ.ﬂ’,yt—ﬂnw—p)(X)

é‘)n (a)n X—in—p+a+a'

(

_ i F((5 n (a) - ( I:a’,—a,—ﬂ’,—ﬂ,—yt(l—ln—p+y)—1) (x)
(
(
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y C(p—a-a'+nC(p—a'—f+An(p+ ' — pu+An)
T(p—pu+AN(p—a—a'-B+AIn(p—a'+p'—u+4n)’

by using (4), (5) and rearranging the terms, we easily obtain the desired result of (28). This
completes the proof of the Theorem 4.

If we take a=a+p,a'=4'=0,=—y and pu=« then (28) reduces to the
following result given by Ahmed ([1], eq.(6.1)).

Corollary 4.1 Let
a, By, p,0 €C,x>0,R(ax) >0,R(p) > max [iR(a+,B+ k), —9%(}/)] , v>0,1>0
and aeR with R(a+L+y)+k=0 (where k =[9R(a)]+1). If the condition (6) is

satisfied and D“#” be the right-sided Saigo fractional derivative operator, then there
holds the following corollary:

{D_“’W [t € (at™ )]} (x) =

xetB-p
r()

(p+r.4)(p—a=p.4),(5.1)
(p-a2)(p+y-a=p.2)(pv)
Remark 3.4 If we set A =v in above result (30), then we obtain the known result given

by Chaurasia and Pandey ([2], p. 119, eq. (6.1)); further if we take S = —« then (30)
reduces to another known result given by Saxena and Saigo ([16], p.150, eq.(35)).

-1

(30)

x 3!//3 |:ax

4. Concluding Remarks

In the present paper we study the generalized M-L-function and Saigo-Maeda fractional
calculus operators. The obtained results are extension of work done by many authors, for
example Ahmed [1], Chaurasia and Pandey [2], Saxena and Saigo [16], and many more. The
provided results are new and have uniqueness identity in the literature. On account of the
general nature of the generalized Mittag-Leffler function and generalized Wright function, a
number of known results can easily be found as special cases of our main results.
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