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Abstract : The aim of this paper is to  introduce and study a new class
co XM, | ..\, 7, p) of 2-Banach space valued sequences using Orlicz
function as a generalization of sequence space ¢ (X , M, 7, p) studied in

[20], which is the generalization of the familiar sequence space ¢, Besides the
investigation of conditions pertaining to the containment relation of the class
(X, M, |... |, 7, p )interms of different 7 and p , our primarily
interest is to explore the linear topological structures of the class ¢, (X, M, ||.,

I, 7, p) when topologized it with suitable natural paranorm.
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1. Introduction and Preliminaries

The notion of 2—nor 7, 7 med space was initially introduced by S. GAahler

[4] as an interesting linear generalization of a normed linear space, which was
subsequently studied in [3], [19] and many others. Recently a lot of activities have
been started by many researchers to study this concept in  different  directions,

for instances,(see, [1], [6], [14].[18]).
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Definition 1.1: Let X' be a vector space of dimension  greater than 1 over
K, the field of real or complex numbers. A 2 - norm on X 1is a real valued function

IIl., .Jlon X x X satisfying the following conditions:

(1) |x,y]=0and || x,y| =0 if and only if x and y are lincarly dependent;
1) [xyll=lyx]|. forallx,y e X;

(1) lox,y||=let ]|,y |, where aeK and x, y € X;

(iv) lx1+x, v <%,y ||+ %,y forallx;, x, and ye X.

The pair (X, ||. , .||) is called a 2—normed space.Recall that (X, ||. , .||) is a 2-
Banach space if every Cauchy sequence in X is convergent to some x in X.
Geometrically, a 2-norm function generalizes the concept of area function of
parallelogram spanned by the two associated vectors, see [6].

Definition 1.2: A paranormed space (X, G) is a linear space X with zero
clement O together with a function G : X —> R, (called a paranorm on X) which
satisfies the following axioms:

PN1. G(©)=0;

PN2: G (x)=G(—x) forallx € X;

PN3: G(x+y)< Gx)+G(y) forallx, y € X; and

PN4: Scalar multiplication is continuous.

Note that the continuity of scalar multiplication is equivalent to (i) if G
(x,) >0 and a,—>aas #n— o, then G (a,x,) > 0as n—>wand (i) ifa, >
0 asn > ooand x be any element in X, then G (o, x) — 0, (see, Wilansky [20]). A
paranorm is called total if G (x) = 0 implies x = 0.

The concept of paranorm is closely related to linear metric space, (see,
Wilansky [20]) and its studies on sequence spaces were initiated by Maddox [11] and

many others.In particular, various types of paranormed sequence spaces were

further investigated by several workers,(see [2], [7], [12]).
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Definition 1.3: A function M : [0, o) — [0, «©) is called an Orlicz function, if
it is continuous, non-decreasing and convex with M (0) =0, M (x) > 0 for x > 0 and
M (x) > o« as x — . An Orlicz function M can be represented in the following

integral form
X
M@=j, q@di

where ¢, known as the kernel of M, is right-differentiable for + >0, ¢(0)= 0, g(¥) > 0

for t > 0, g is non decreasing, and ¢(f) — o as t — o, (see, Krasnosel'skii and

Rutickii [9]).

Definition 1.4: An Orlicz function M is said to satisfy A; - condition for all

values of ¢, if there exists a constant K >0 such that
M@t < KM (t), forall t>0.

The A,-condition is equivalent to the satisfaction of inequality M ( L) < K L
M (¢) for all values of ¢ for which L > 1, (see, Krasnosel'skii and Rutickii [9]).

Definition 1.5: Let X be a normed space over C, the field of complex
numbers. Let o(X) denotes the linear space of all sequences x = (&;) with &, € X,
k > 1 with usual coordinate wise operations i.¢.,

x Ty =¢+)andax =(a&;),foreach x ,y € o (X)and ae C.

We shall denote o(C) by o . Further, = ()e o and x € o (X) we shall
write A X = (A& ). Further by a vector valued sequence space we mean a linear
subspace of © (X).

Definition 1.6: Lindenstrauss and Tzafriri [10] used the idea of Orlicz

function to construct the sequence space /,, of scalars (&;) such that

_ s (L&l
by =3X =) eo : Y.M < ooforsomep>0}
{ pRICS
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The space /), with the norm

a0 $ (%)< |

k=1

becomes a Banach space which is called an Orlicz sequence space The space £, is
closely related to the space £, which is an Orlicz sequence space with

M) =x":1<p<om,

Subsequently, various algebraic and topological properties of sequence spaces
using Orlicz function have been studied in [2], [5], [7]. [8]. [12], [13], [15], [16].

[17], [18], as the generalization of various well known sequence spaces.

Definition 1.7: A sequence space S is said to be normal if x = (&) € S and

o = (o) a sequence of scalars with |a,| <1, forallk>1,then ax = (o, &;) €S.

2.The Class ¢o (X, M, ||, .|l, %, p )

Let p = (pr) and g = (i) be any sequences of strictly positive real numbers

and 7= (M) and p=(w) be sequences of non zero complex numbers. Let (X,
|.,.]| ) be the 2- Banach space over the field C of complex numbers and O denotes
the zero element of X. We now introduce the following class of 2-Banach space X—

valued sequences using Orlicz function M.

co(X. M. .. |, h.p) = {¥= () e o(X): there exists p > 0 satisfying

1 Py
M E||ﬂkxk,z|| — 0ask— o, foreachz € X }. (D
Further, when A, =1 forall &, thenco (X, M . |., .||, 71,]7) will be denoted

by co(X,M .., |,p) and when p;=1forall k,then co (X, M, |, |, 71,]7) will
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be denoted by ¢y (X, M . ||., 1|, 71) If pp= X =1forall £ ,then the class ¢ (X,

M., 71,]7 ) will be denoted by ¢o (X, M | ||. , .||) . Further, when X = C we

simply write co (X, M, |.. .|, %.p)as co(M, ., %p).
If in the definition of ¢, (X, M . ||. , .|l %, p), the phrase ‘for some p> 0’ is
replaced by “for every p > 0’ then we denote this subclass by co (X, M. ||., ||, 71, D).
Thus
Co (XM ...l 1P) ={F= () € o(X): M(illﬂkxk,ZII o ) —0 as k—>oo,
for every p> 0 and for eachz X }; ..(2)
3. Containment Relations

In this section, we investigate some inclusion relations between the  the

classes co( X, M .|, .|, 71,]7) arising in terms of different p and 5 Throughout, we

Pk
,sup pp =L forall &> 1 and for scalar a, 4 [a] = max (1, |a|).

A
shall denote 7, = ‘—k
e

But when the sequences p; and g occur, then to distinguish . we use the

notations L(p) and L(g) respectively.

Lemma3.L: ¢ (X, M, .. II, kp)c co (XM, |...|l, R.p) ifand onlyif
lim iﬂfk t.> 0.
Proof: For the sufficiency, assume that lim inf; #, > 0.Then there exists m > 0 such

that m |py| 7% < |he|P*  for all sufficiently large values of &. Let ¥ = (xz) € ¢o (X,
M|, .. 71,]7) . Then for some p > 0,

1
M (EH A X, Z||pk) —0ask—> o, foreachz eX.

Now we choose p; > 0 such that mp; > p. Since M is non—decreasing, we have
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| A4l P¥
M e ,2]]
mpi

1
M (;H X, Z||pk) —>0ask—>ow foreachz e X.

1
M (_ llwexs 2| p")
P1

IA

IA

This clearly implies that X € ¢, (X, M , ||., .||, &, p ) and hence

co(X M. |l Il 2p) = c(X.M.|.. I mp)

For the necessity, assume that ¢o (X, M, |, |, Mp)c (XM, |..|. &p)
but lim inf, £, = 0. Then we can find a sequence (k(n)) of integers such that 1 <

k(n) < k(n +1), n> 1 for which
nz p\fk(n) |Pk(n) < |Mk(n)|l7k(n) 5 for alln >1. ( 3)

Now, corresponding to y € X and y =0, we define the sequence x = (x;) by

_ {kk(n)_1 Pk y ifk=lk(n), n=>1 and
=

. (4
0, otherwise. @
Let p > 0. Then for k = k(n), n > 1, using convexity of M ,we have
1 pk 1 22/
M| Tl dexi 2l 7 ) = M| TPy, z || P
P P
1 1
= M| = Pi(n)
< nzM( Shhzl j
1 A .z Lp)
< —zM(w — 0 asn— o,
n P
where ||y, z||% < A[|lv.,2|*®] for eachn > 1 is used
1
and M (3” Jxis 2| p") =0, for k# k(n) ,n>1.
Which showsthatx e co (X, M, |...|, %, 7). On the other hand, let us choose

z € X such that ||y, z|| = 1. Then for any p > 0 and & =k(n), n > 1, and in view of
(3) and (4) , we have
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1 1 [ |00 1 (1)
= pr| — L | B = P =
M (pHkak:Z” j M(p M 2yl | = M > )

showing thatx ¢ ¢, (X, M ,]|., .||, & p ), acontradiction. This completes the proof .

Lemma 3.2: ¢ (X,M,|., |, mp)c co(X, M, |, |, 1.p)

ifand only if lim supy ty< .

Proof: For the sufficiency, assume that lim sup; 4 < . Then we can find a
positive number ¢ such that d || 7% > |/ 7% for all sufficiently large values of £.

Then analogous to the Lemma 3.1, the result follows.
For the necessity, suppose that ¢o (X, M ||, |, B.p) cc (XM |., .. p)
but lim sup,#,= o0. Then there exists a sequence (k(n)) of positive integers with
1< k(n) <k(n+1),n>1 satisfying
[l P00 > 1* || P9 for each n > 1. (3
Now, as written in Lemma 3.1 corresponding to y € X and y =0, we define a
sequence X = (x;) by

.- {uk(n)'l w22y if k= k(n), n >1 and
L =

.(6)

0, otherwise.
Then we can show that x € ¢y (X, M, ||.. .|, m.p)but x ¢ co (X, M, .,

|l, &, p) ,a contradiction. The proof is now complete.

On combining the Lemmas 3.1 and 3.2, we get:

Theorem 3.3: co (X, M, ||., L2 p)=co(X, M, ||, |l 1.p)
ifandonly if 0 < lim infit, < lim supyt, < oo.

Corollary 34:
(1) Co (X:M: || B ||: X:ﬁ) C o ()(:M: || B ||:ﬁ)lf‘and0nlylf‘

lim inf |[Jff*> 0 ;
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(11) CO()(,M, || > ||:ﬁ) CcO(X:M: || > ||: X:ﬁ) Zf‘andonlylf‘

lim supy |MfP* < o0iand
(iii) co(X, M., |l &p) =co(X. M, ||.. |l,p) ifand only if
0 < Iiminfi W% < lim supy |If* <oo.

Proof: By taking p, = 1 for all £, in Lemmas 3.1, 3.2 and in Theorem 3.3.the

assertions (1),(i1) and (i11) follow.

Lemma 3.5: cO(X:M: || B ||3 }_\‘:ﬁ) C o (X:M: || B ||: X:q)
if and only if lim inf. (q/pi)> 0.

Proof: For the sufficiency of the condition, suppose that lim infy (¢»/p»)> 0. Then

there exists a m > 0 such that ¢, > m p, for all sufficiently large values of £.

Let x=(x) e co (X, M ,]., |, &, p). Then for some p> 0, and for each z € X
1 Py
M E||/1kxk,z|| —0 ask > o,

Hence for a given € > 0, if we choose 0 <mn < 1 satisfying n"™ M/p) <e,

)

then we have

=

1
M (;nzkxk,znp" ) < M(

and since M is non decreasing, therefore

| Zixe, z [|PF << 1

for each z € X and for all sufficiently large values of 4. Thus using the convexity of

M, we have

1 q 1 P m
M(;nzkxk,zn ) SM(;kak,z gl j

m |
SM(—n )san(—) <s,
p p
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foreachz € Xand for all sufficiently large values of £ and consequently
xe co(X,M,|.,.|, % ¢q). Hence

co (XM, |, |, Zp)c co(X, M., I, 7 q).
For the necessity, suppose that the inclusion holds but lim inf; (g¢/pi) = 0.
Then there exists a sequence (k(n)) of positive integers such that 1< k(n) < k(n + 1),

n > 1, for which

N Qi < Piw »Toreachn > 1. ..(D

Let y € Xand y #0. We define a sequence x = (x;) by

B Mgy 1 PRy for k= k(n) , n>1 and
X = (8)

0, otherwise.

Letp> 0. Then foreachz € X, k=k(n),n>1 ,wehave

1 1, Uy,
M(;nzkxk,znp") - M(;nn p"”y,z||Pk<n>)

1
e Pk(n)
M(np 1.2l )

1 A .z Lp)

;M(% — 0asn —>w
1

and M (Eﬂﬂkxk,Z||pkj=0,fork¢k(n),n21.

This shows that x € ¢, (X, M .., .||, A, p ). But on the other hand, let us
choose z € X such that ||y, z|| = 1. Then for k& = k(n), n > 1, in view of (7) and (8)

,we have

1 1
M (gllﬂkxk,zllqkj =M (glln'”’“k@y,ZIIq"(”))

1 1
> —_— Thn) | >
= M ( pnl/nHy,ZH j = M (p\/zj
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This shows that x¢ ¢, (X, M, |., .. % ¢), which contradicts our
assumption. This completes the proof of the theorem.
Lemma 3.6: Co ()(:M: || > ||: X:q) C o ()(:M: || > ||: X:ﬁ)
if and only if lim sup, (qy/pr) < .

Proof: For the sufficiency, assume that lim supy (¢x/px) < oo. Hence there exists L > 0

such that g, < L p, for all sufficiently large values of £. Then analogous to the Lemma
3.5 we can easily show that co (X, M, ||., |, .. g)cco (X, M, ||.. A D).
For the necessity, suppose that the inclusion holds but lim sup, (q/pr) = = .

Then there exists a sequence (k(n)) of positive integers such that 1 < k(n) <k(nt 1),

n > 1, for which

Qi) > 1 Pigny Sforallm > 1. ..(9)

Corresponding to y € X and y = 0 , we define a sequence x = (xi) by

o {Xk(n)'l n )y for k= k(n), n>1 and
=

0, otherwise. ..(10)

Then analogous to the Lemma 3.5 we can immediately x € ¢o (X, M, |., |. % q)

and X ¢ co(X,M.|...|l, & p).acontradiction. This completes the proof.

On combining the Lemmas 3.5 and 3.6, one obtain

Theorem 3.7 : ¢ (X, M|, |, &.p) =co(X, M, ||.. ll, X, q) ifand only if

0 <liminf, (qvpr) < lim sup; (qypr) < o.
Corollary 3.8:

O (XM, |, L %) c (XM, .|, p) ifand only if lim infi pi. > 0;

(11) Co (X:M: || > ||: X:ﬁ) C o (X:M: || > ||: X) Zf‘andonlylf‘

lim sup ; pr <o, and
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(i) (XM, %p) =co(XM, |, |l %) ifand onlyif

0< liminfepe < lim supepr < .

Proof: Proof follows by taking p, = 1 for all £ and replacing ¢ by p in Lemmas 3.5
and 3.6 and in Theorem 3.7.
Theorem 3.9: ¢o (X, M ||, Il, &, p) < co (X, M ||, |l, n.q) ifandonlyif

W) liminf t,> 0 ;and () lim inf, (q/py) > 0.

Proof: Proof of the theorem follows immediately from the Lemmas 3.1 and 3.5.

In the following example, ¢, (X, M .||, |, %, p) may strictly be contained in
co(X, M|, |, ng) inspite of the satisfaction of the conditions (i) and (ii) of
Theorem 3.9 .

Example 3.10:

Let (X, |.,.]]) be a2-normed space and consider a sequence x= (x;) defined by

xe=k ¥y, if k=1,2,3, ... where y € X and y = 0.Further, let p, = & ', if k is odd
integer, p, = k , if k is even integer, g, = k' for all values of k, i = 3, p, = 2" for
all values of £. Then

Pk

3 Vk . .
=5or (3) according as k is odd or even integer

and hence /im inf, t, > 0. Further, (g»/p) = 1, if k£ is odd integer, (qi/pi) = k, if k 1s
even integer. Therefore lim inf; (qv/pr) > 0. Hence the conditions (i) and (ii) of

Theorem 3.9 are satisfied.

Let p> 0. Then for each z € X, we have
1 %) _ - 1k 1 2 1k
M(pllukxk,ZII ) —M(pll2 k7y .z <M pIIy,ZII

M(2A[IZ,le]j

1
<7 — 0 ask — o,
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showing thatx € ¢y (X, M . |.,.|. K g ). But on the other hand, let us choose z

€ Xsuch that ||y, z||=1. Then for even integer %,

1 ? 1
M(;Ilkkxk,zn kj =M(;||3kk"y,2||”"2j

_ (3/k)1/k 1/k2j (Lj
—M( a2 R E2 A Ty

This implies that x¢ ¢, (X, M . ||., .||, &, p). Thus the containment of ¢y ( X,

M. |.,.ll, ., p) in co(X,M,|.,.|l, & q) is strict inspite of the satisfaction of the
conditions (i) and (i1) of the Theorem 3.9,

4. Linear Topological Structure of co(X, M, ||., .|, A p)
In this section, we shall investigate some results that characterize the linear

topological structure of the class ¢y (X, M, ||., .||, &, p ) by endowing it with suitable

natural paranorm.

We shall use frequently
la+ b %< D g™ +1p"3,
where a,h € C, 0 <p; < supgpr =L and D =max (1, 2t ).

Theorem 4.1 : ¢, (X, M |, |, &, p) formsa linear space over C.
Proof: Letx,y e cy(X,M,|...|l, »,p) and a,Be C. Then there exist
p1> 0 and p, > 0 such that for cach z € X,
1 1
M p—||kkxk, z|| %] —0 and M p—||ﬂkyk, z||P* | —0, as k — o,
1 2

We now choose p >0 such that
2Dp1A | |a|"] <pand2 Dp, A [ |B|Y] <p.where D = A[2"'].

For such p, using non decreasing and convex properties of M , we have
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| |
M ( o Ao+ By, lep") <M [E(Dllaﬂkxk,lep"+D||l3/1kyk, lep")}

D D
- M [g Joul 7 {1 A X, lep’“r; BI** ey 2 ”"}

D D
M [EA [ ot “] 1 Ace, 2| 7% + EA LB 120, le”"}

IA

1 1
M| — Pk 4 — Pk
|: 2p1 ||ﬂ“kxk:Z|| 2p2 |MkJ/k> Z” :|

1 1 1
—_ —_— Pk —_ —_— Pk
< 2]\4([31 ||ﬂkxk, Z|| j + B M (pz |M«kyk, Z|| j

which tends to 0 as k — oo, for each z € X and hence oX +By € ¢y (X, M, |...||.%. D).

This implies that ¢, (X, M, ||., .||, A, p) forms a linear space over C.

Theorem 4.2 : If infip,=1> 0, then co (X, M ,|., |, A, p) formsa

paranormed space with respect to
|
G@) =inf{(p>0:") M(E e 2] j <1, foreachzeX}. ..(11)

Proof: Obviously G(é) =0 and G(—x)= G(x) casily follow, so PN; and

PN, are obvious.

To proceed the further proof, for x € ¢y (X, M ,||., ||, &, p), let us denote

1
0@ =1p>0:"}" M (E i z||p“j <1, foreachz e X}. (12)

Now for x,y e ¢y (X, M, |., .|, &, p).consider p; € Q (x) and p, € Q).
Then clearly by the convexity of M we have

sup 1 Per
k M(Pl"‘Pszk(xk—i_yk)’ZH j

1
<P M [— g, 2|/ —B—
1

Pesyr, P2
k + I
P P17 P2

1
+— |4
pz|| Vi Z N
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_pi sup (L Pm) _ Py sup (i pmj
< M| =14 + M| =4
P+ ps k P1 || kxk>Z|| p1+ s k 2|| kxk,ZH

< 1, foreachz eX.

This shows that p; + p, € O (x +y) . Thus G(x + y) <p; + p, for ecach
p1 € Q(x) and p, € Q (y) implies that

G(x + y)<GX)+G(y ) ie., PNsholds.
Finally we show PN, i.e., the continuity of scalar multiplication.
(i) Let ¥ = (x) be a sequence in ¢o (X, M, |., ., & p) such that

GE™) —> 0as n— oo and (a,) a sequence of scalars such that o, — o . Then we
have

|
G (o, ) = inf {p 7 M(g 1440t xk(”),z||pk/L) <1, foreachz e X}

Pesr
=mfyp: SulOM lowl (2, Z||pk/L <1, foreachz e X
k p

Pisr
< inf{p : SZPM(ST A %, 2| P j <1,foreachz e X }

where s = sup,|a,| . Clearly s < Als] for each £ > 1 and using p = r A|s] implies
that

4
Gloy T) < inf{p Sup g (AL

s ( o ||kak("),z||pk/Lj£1,foreachzeX}

1
inf{ rAls]: SZPM(; A 6, Z||pk/L) <1,foreachz e X }

=Als] G (")

implies that G (a, ) — 0,as G (x™) — 0 as n — .
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(i) Leto, — 0 asn — oo and x be any element in ¢o (X, M, ||, .|, A, p).

We show that G (o, X) — 0. Now for 0 <& <1, we can find a positive integer N
such that |a,|<e foralln >N .Inviewof inf,p,=1 >0, we get

i
<g /L.

Prsr
lot, |

Thus for cach » = N, we have
Prsr
1 n
M(EII oy AiXe, lepm) < M ('a L | ﬂkxk,ZIIPk/Lj

e L o
< M| =l &xdl ",
p
!
foreachz € Xand if pe Q(e '* X),thenp € O (o, x) and consequently

0@ " %) Q).

Now taking infimum over such p's,we get
! !
inf {p :pe Qo x)} < inf{p:peO(ex)}=¢ “inf{p :pcQ(X)}
!
which shows that G (o, X) < € X G (%) foralln >N, ie., G(a,¥)— 0as

n—>ow. Hence ¢y (X,M ., |., |, & p) forms a paranormed space. The proof is

now complete.

Theorem 4.3 : Paranormed space (co (X,M ,||., ||, &, p),G) is complete.

Proof: Let (x®) be a Cauchy sequence inco (X, M, |.. .|, %,p) and0<e
< 1. Let r be a fixed positive real number such that A (#) > 1. Then for f , there
exists an integer N > Isuch that

G -x%) <% foralli.j=N. .(13)

Using definition of paranorm (G, we see that
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. . 7
SuPM[Hﬁk xk(l) — Mxk@, 2| '

: : <1, foralli,j>=Nandeachz eX. ... (14
k G - x9) ] / (4

Thus for all 7, j > N and £ > 1 and each z €X, we have

M [|M«k o =, z

! ]

) ) <1<M (7).
GEY —xV)

But M is non decreasing, therefore

. . Py
|| Ak (xk(l)*xk(]))a z|| 't

G(Y(l) _ fﬁ) )

<r.

Hence in view of (13), we have for each £ > 1 and foreachz ¢ X

30 (6 — D), 2| ¥ <, forall i, 7> N . (13)

This shows that (x,”) is a Cauchy sequence in X for each £ >1. But X is
complete, therefore for each & > 1 there exists x; (say) in X such that x — x; as i
— o0. We show that x = (x)) € co (X, M, |, |, %, P).

Now we choose p > 0 such that

Gx?—xP)<p<eg, forall i, j=N. .. (16)

Since M is non decreasing, therefore by (16) we have for each £ > 1

_ _ W _ 0 %
SupM(l [EA (xk(l) _xk(J))’ 2 ||pk/L) < sup M || 2 (i ka ) ,.Z I <1
k p k G — 39

for alli,j >N and for each z €X.

Since M is continuous, taking limit as j — oo, we see that foreach £ > 1

1 .
Sllép M (E s (i = x0).2 ||pk/L) <1 foralli>N and foreachz €X .

. 1 .
Hence GG¥-x)=inf{p: ", M (5”’1" o —xp), 2| j <1foralli>N
and foreach z €X'}

<p<s.
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This shows that G (x*’ = %) <e, forall i >N and consequently ¥" — ¥ as

i —»ow.Clearly "X e ¢co(X.M,|.,.|l. . p) .forall i>N. Since, " and ¥
™ _%e co(X. M. |.. |, % p) therefore it follows that ¥ = ¥ — (¥ -%)e
co(X,M,||...|l, & p). This completes the proof.

Theorem 4.4: The space co (X, M .||, ||, &, p) is normal.

Proof: Letx = (x)) € co(X, M, ||., .|l, %, 7) . So that

1
M(E e Xk, lepk) —0 as k—» <o, for some p > 0 and for each z €X .

Let (&) be a sequence of scalars satisfying |£,| < 1 for all £ > 1.Using non

decreasing property of M | we have
1 P 1 Pr Pr
M| = |[h & xi, ]| = M| — & " [, 2]
P P
1 Py
< M g||kkxk,z|| —0as k-

for each z € X. This shows that (£, x,) € ¢co (X, M, ||, .|l &, p) and hence

coX,M,||., ||, ., p) is normal.

Theorem 4.5: If M satisfies the A, -condition, then

co(X. M|, Il %p)=co (XM, |...|. %.p).
Proof: To prove the equality, it suffices to show that ¢, (X, M, ||., .|, &, p)
is a subset of ¢co (X, M,].. |, % p) since the reverse inclusion is always true. Let ¥
e co(X,M,||., |, % p). Then for some p > 0 and for each ze X,

|
M(E [ z||p") 50 as ko0,

Let us consider an arbitrary p; > 0.
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Case I: If p < p;, then obviously, we have

| |
M(p—Hkkxk, z||p"j < M(Eﬂkkxk,zﬂpk) 50 as ko0
1

for cach z X . Hence we get X € co (X, M, |.. .|l 7).

Case IL: If p > py, (p/p1) > 1 . In this case using A, -condition of M ,we get

1 p 1 P
M(_llkkxk, z|| k) = M(£~_|I7»kxk, z| kj
P1 P1 P

|
<K pﬂ M(Eﬂkkxk,zﬂpk) S0as koo
1

for each z € X, where K is the number involved in A, condition. This proves that

Xeco (XM, |, I, %p).
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