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Abstract : The propagation of diverging cylindrical shock waves in a low
conducting non-ideal gas under the influence of spatially variable axial and
azimuthal components of magnetic induction, is investigated by using method of
self-similarity. The initial density of the medium is assumed to be constant. Also
both the components of the initial magnetic induction are taken to vary as some
power of the distance from the axis of symmetry. The effects of variation of
non-idealness parameter 5 and the ratio of specific heats of the gas, on the

propagation of the shock and the flow-field behind it are investigated.
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1. Introduction

Lin [10] has extended the Taylor’s analysis [19] of the intense spherical
explosion to the cylindrical case. The law of variation of the radius of a strong
cylindrical shock wave produced by a sudden release of a finite amount of energy
was obtained. Since at high temperatures that prevail in the problems associated with
shock waves a gas is ionized, electromagnetic effects may also be significant. A
complete analysis of such a problem should therefore consist of the study of the gas

dynamic flow and the electromagnetic field simultancously. The study of the
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propagation of cylindrical shock waves in a conducting gas in presence of an axial or
azimuthal magnetic induction is relevant to the experiments on pinch effect,
exploding wires and so forth. This problem both in the uniform or non-uniform
medium was undertaken by many investigators, for example, Pai [13], Cole and
Greifinger [5], Sakurai [18], Bhutani [3], Christer and Helliwell [4], Deb Ray [6],
Vishwakarma and Yadav [26]. One of the basis assumptions of these works is that

the shock wave is propagated in a medium which is an ideal gas.

The assumption that the gas is ideal is no more valid when the flow takes
place at extreme conditions. In recent years, several studies have been performed
concerning the problem of strong shock waves in non-ideal gases, in particular by
Anisimov and Spiner [1], Rangarao and Purohit [14], Wu and Roberts [27],
Madhumita and Sharma [11], Arora and Sharma [2] and Vishwakarma and Nath [23,
24] among others. Anisimov and Spiner [1] have taken an equation of state for a low
density non-ideal gas in a simplified form, and studied the effects of non-idealness of
the gas on the problem of point explosion. Rangarao and Purohit [14] have studied
the self-similar flows of a non-ideal gas driven by an expanding piston and obtained
approximate analytic and numerical solutions by taking the equation of state
suggested by Anisimov and Spiner [1]. Vishwakarma and Nath [23] have obtained
similarity solutions for the flow behind an exponential shock by taking the same
equation of state for the medium. Roberts and Wu [15, 16] have used an equivalent
equation of state to study the shock wave theory of sonoluminescence. Vishwakarma
et al. [22] too adopted this as their model of a non-ideal gas to obtain the self-similar
solutions for the flow behind a magnetogasdynamic cylindrical shock wave

propagating in a rotating gas in presence of an azimuthal magnetic field.

In the present work, we studied the propagation of diverging cylindrical
shock waves in a low conducting gas as a result of time dependent energy input,
under the influence of spatially variable axial and azimuthal components of magnetic

induction. The medium ahead and behind the shock front are assumed to be an
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inviscid one and to behave as a non-ideal gas having the equation of state suggested
by Anisimov and Spiner [1]. The initial density of the gas is constant. The gas ahead
of the shock is assumed to be at rest. Effects of viscosity, heat-conduction, radiation
and gravitation are not taken into account. Distribution of the flow variables in the
flow-field behind the shock front are obtained, and the effects of the non-idealness of

the gas and the variation of the ratio of specific heats are investigated.

2. Fundamental Equations and Boundary Conditions

The equation of state for a non-ideal gas is borrowed from the statistical
physics (Landau and Lifshitz [9]) which has been simplified by Anisimov and Spiner
[1] in the form

p=pRT(1+bp) (1)

where p. (<<1) 1s internal volume of the molecules, R* is the gas constant, p, p and
T are pressure, density and temperature of the gas, respectively.

The internal energy ‘e’ per unit mass is given by (Ojha [12], Wu and Roberts

[27])
_ p _p(l-bp)
€= by )
p(y-D(+bp) (y-Dp - -
which implies that
=2 2
o b P ot
Cp—Cy=R [1+1+2];p}_R ) ..(3)

neglecting the term p 2 pz. Here C P> C,, are the specific heats of the gas at

C

constant pressure and constant volume, respectively, and 7 = .

v
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The basic equations governing the unsteady and cylindrically symmetric
motion of a low conducting non-ideal gas in presence of axial and azimuthal
components of magnetic induction are given by (Tyl [20], Sakurai [18] and
Vishwakarma [26])

op Op u pu
—+u—+p—+—=0
ot or P or r ’ (4

Cu oul dp 2 2
+uy— |+—=—ocu(B- +8B
p( u j 5 ou ( % 90),

o o) or (5
dp  Op) 2(0p Op 2,52 . p2
= tu— |—a’| T rut-|=(y-1 B +B
(81‘ u@r] “ (81‘ u@r (7 =Dou™( Z0 90)’ ..(6)
By
o M0 )
10
———(rBg) = uoBy,u, (8)
v or

where u, B,, By are the velocity, axial magnetic induction and azimuthal magnetic

induction, respectively, at distance » from the axis of symmetry and at the time #,

BZO is the initial axial magnetic induction, 390 the initial azimuthal magnetic

induction, p the magnetic permeability, o the electrical conductivity and ‘a’ the

speed of sound given by

.09

J21P l+21;p
Yol l+l;p ‘

It is assumed that, due to explosion along the axis of symmetry, a cylindrical

shock is produced and propagates into the low conducting non-ideal gas of constant
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density A in presence of the axial magnetic induction BZO and azimuthal magnetic
induction 390 .

The axial and azimuthal components of magnetic induction ahead of the

shock are assumed to be varying and obeying the laws:

By, =SR™" and By =OR™", .. (10)

0
where R is the shock radius and S, Q. m, n are constants.

Since o is small, the magnetic induction may be taken continuous across the
shock front (Sakurai [18]). Neglecting the counter pressure, the shock conditions may

be written as

2(1-5) y+1 21-5) .2

- v = L p0s py ==y
ey [25+y—1j =5 0
BZS :BZO , B@S =B€0 .. (11)

where the subscript ‘s’ refers the conditions immediately behind the shock front,
V' = dR/dt denotes the velocity of the shock and S=b ,00 is the parameter of non-

idealness of the gas.

3. Similarity Transformations

To obtain similarity solutions, we write the unknown variables in the

following form (Vishwakarma and Yadav [26])

u=Vf(x). p=p,D(x), p=pVP(x).

B, =Jpou Vb, (x). Bo =Py # Vbg(x), (12)
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where f, D, P, b, and bg are the functions of the non-dimensional variable

r

X = % only. The shock front is represented by x = 1.

The total energy of the flow-field behind the shock may be assumed to be
time dependent and varying as (Rogers [17], Freeman [8], Director and Dabora [7])

E=Eyt*, .. (13)

where £y and k are constants. The value %k = 0 corresponds to the case of

instantaneous energy release. The positive values of & corresponds to the class in

which the total energy increases with time.

The total energy of the flow-ficld behind the shock front is, therefore,

expressed as

2, 2
R - B +B

Eot* =27 pi=bp) 1 2 Bz 48G 1, 4
0 y—1 2 2u : .. (14)

Applying the similarity transformations (12) in the relation (14), we find that

the motion of the shock front is given by the equation

1/2
V:d_R= _to 12 Rl
dt 27[],00 ; .. (15)
where
1[1_["’01)} 1 2. 1.2 .2
J= — =4 — D+ —(bo+b xdx
o oyt DAl +b5) | xdx

Equation (15), on integration, yields



Cylindrical shock waves in a low conduction..... 307

T

k+2 2mJp, ; .. (16)
and therefore,
V= (kijﬁ. (7
4 t

After using the similarity transformations, the equations (4) to (8) change

into the following set of ordinary differential equations

d D
(f - ) Gy .. (18)
X
(f—x & La’—P—f —R, (M 2 +M7; .. (19)
dcx D d
dP 1+26D\ P dD
(f"”a‘ﬂf‘x)( 30D )55‘
= (=D f 2Ry (M 42 +M 13)- Q0
db _
gz=meMA;, 2D
db 1 _
=2 —bp = fRyuMzp. Q)
dx x

where R, . M 4, and M 44 are respectively, the magnetic Reynolds number, axial
Alfven-Mach number and azimuthal Alfven-Mach number, and they are given by

) 1/2 ) 1/2
up vV up vV
Ry =oiVR, My, =| —% and M 49 =| —3%
B B
Z %
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Using the self-similarity transformations (13), the boundary conditions (12)

can be written as

_M __r+l _21-9)
S . D(l)_y—1+25’ P TR
1 1
b, (1) = M, - bg()=—— Mo .(23)

For the existence of similarity solutions magnetic Reynolds number R, ,
axial Alfven-Mach number A 4. and azimuthal Alfven-Mach number M 44
should be constants. Therefore,

k=0, m=1 and n=1 ..(24)

This (k = 0) shows that, in the present study, the similarity solution exists

only in the case when there is instantancous release of a finite amount of energy £

at the axis of symmetry.
By solving equations (18) to (20) for dp df ¢ get
v u —_— — , W
v Ione e A A dxC
dD D_[df | f}
- = .. (25
& (f- )[ <] =
dP
L (0Lt - ME+ MBS .6
d, _ _
7. L (0f MR MR,
1+20D 2
(e )ou |
1+0D

f(1+20D
~D(f =) —7{7—( — ] 2H e
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For exhibiting the numerical solutions, it is convenient to write field

variables in the following form:

u _Jf(x) p_Dx) P _Px) B, _b,(x) By _bp(x)

ug f() pg D) By P() B, b)) By bg(l)

..(28)
The shock-boundary conditions in terms of these variables are
P B B
Loy, £, =1, 2o, 2o 09)
g Py Ly B, By,

Now, the differential equations (21), (22) and (25) to (27) may be
numerically integrated with the boundary conditions (22), to obtain the flow-field
behind the shock fromt.

4. Results and Discussion

, u p p B Bg .
The reduced flow variables —— >~ >~ >, and -, arc obtained by

Ug Ps Py st BQS
numerical integration of the differential equations (21), (22) and (25) to (27) with the
boundary conditions (23). For the purpose of numerical integration, the values of the

constant parameters are taken as (Vishwakarma and Singh [25], Ranga Rao and
Purohit [14]) y =1.4,1.66; M;é= 0.01; M;é =0.01; R,=001;8=0,0.025,
0.05, 0.1. The value & = 0 corresponds to the case of ideal gas.

p p B

Figures 1-5 show the variation of the flow Van'ablesl, L =

Ug  Pg ps’BZ

S

and 26 with x at various values of the parameters § and y. It is shown that, as we

Bgs

move inward from the shock front towards the axis of symmetry, the reduced fluid
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velocity —, reduced density ﬁ, reduced pressure v and reduced axial
Ug Ps Ps
magnetic induction —2— decrease, whereas reduced azimuthal magnetic induction
Zs
Bg .
0 increases.
B

S

The effects of an increase in the value of non-idealness parameters o are

(from figures 1-5)

z

()  to increase the density £ and the axial magnetic induction at

Ps B,

S

any point in the flow-field behind the shock;

u
(i)  to decrease the velocity —
u
s

(iii)) to decrease the slope of profiles of density and axial magnetic

induction and to increase that of the profiles of the velocity; and

(iv) to increase the density and pressure in the flow field near the shock
front. It means that an increase in the parameter of non-idealness 9,

results in an increase in the shock strength.

The effects of an increase in the y are (from figures 1-5)

u
()  to decrease the velocity — and to increase the density ﬁand the

Ug Ps

B
axial magnetic induction —=— at any point in the flow-ficld behind

Zg

the shock; and
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(i)  to decrease the slope of profiles of density and axial magnetic
induction and to increase that of the velocity.

Variation of & or y has no effect on the azimuthal magnetic field By /By, in

the flow-field behind the shock.
Equations (16) and (24) show that the shock velocity R decreases with time

and varies as 1_1/2.

5. Conclusion

In the present paper, the similarity solutions have been obtained for the
propagation of cylindrical shock waves in a low conducting non-ideal gas under the
influence of variable initial axial and azimuthal components of magnetic induction.

On the basis of the present study, one may draw the following conclusions:

@) The shock velocity decreases with time as 1_1/ 2,

(i)  An increase in the value of non-idealness parameter of the gas 6 gives rise an

Yo,

increase in the density —— and in the axial magnetic induction —=

Ps B,

,and a

S

decrease in the velocity z at any point in the flow-field behind the shock.
Ug

(iii))  An increase in the non-idealness parameter 6, increases the shock strength.

Yo,

(iv)  An increase in the value of y gives rise an increase in the density —— and in

Ps

. . . B . . u
the axial magnetic induction —2-, and a decrease in the velocity — at any

u
Zg s

point in the flow-field behind the shock.
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Figure 1: Variation of reduced velocity in the region behind the
shock front for M} =0.01, Mi3,=0.01 and R, = 0.0
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Figure 2: Variation of reduced density in the region behind the
shock front for M} =0.01, M3 =0.01and R, =0.01
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Figure 3: Variation of reduced pressure in the region behind the
shock front for M}, =0.01, M;3=0.01and R, =0.01
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Figure 4: Variation of reduced axial magnetic induction in the region

behind the shock front for My, =0.01 M3 =001 and R, =0.01
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Figure 5: Variation of reduced azimuthal magnetic induction in the
region behind the shock front for M} =0.01, M =001 and
R, =0.01
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