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Abstract. The effect of the hall current and chemical reaction on MHD
oscillatory free convective, incompressible, electrically conducting viscoelastic
fluid in an infinite vertical porous channel has been analysed. A uniform
injection/ suction velocity is applied at the plates. The magnetic field of uniform
strength is applied in the direction normal to plane of the plates. Analytic
solution of the equations governing the flow are obtained for velocity,
temperature and concentration profile. The influence of the parameters entering
in the governing equations on flow are evaluated numerically and discussed

with the help of graphs and tables.
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1. Introduction

Many fluids such as blood, dyes, ketchup, shampoo, paint, mud, clay coating
polymer melts, certain oil and greases etc. have complicated relations between stress
and strain. Such fluids do not obey the Newton’s law of viscosity and are usually
called non-Newtonian fluids. The flows of such fluids occur in a wide range of
practical applications and have a key importance in polymer depolarization, bubble
columns, fermentation, composite processing, boiling, plastic foam processing,

bubble absorption and many others. Therefore, non-Newtonian fluids have attracted
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the attention of large variety of researchers including the interest of experimentalists
and theoreticians like engineers, modellers, physicists, computer scientists and
mathematicians however these fluids are varied in nature, the constitutive equations
which govern them are many taking account of the variations of rheological
properties. The model and hence, the arising equations, are much more complicated

and are of higher order than the well known Navier- Stokes equations.

Since the flow of an electrically conducting viscous incompressible fluid
between two parallel plates in the presence of the transversely applied magnetic field
has applications in many devices such as (MHD) power generator, MHD pumps,
accelerators, aerodynamics heating, electrostatics precipitations, polymers
technology, petrol industry, purification of molten metals from non metallic inclusion
and fluid droplets sprays transfer, subjected to different physical effect, have been
studied by many authors such as Alpher [1], Attia and Kotb [2] and Tani [15] . These
results are important for the design of the duct wall and cooling arrangement. The
rectangular channel problem has later been extended also to fluids obeying non-
Newtonian constitutive equations. The hydrodynamic flow of viscoelastic fluid has
attracted the attention of many scholars like Hartnett [6] and Skelland [14] due to its
industrial applications. Ever increasing industrial applications in the manufacture of
plastic film and artificial fiber materials, in recent years, has led to a renewed interest
in study of viscoelastic fluid. Good list of references on this problem can be found in

Khan et al. [9] and Sadeghy et al. [13].

In most of the above studies, the Hall current term was ignored in applying
Ohm’s law as it has no marked effect for small and moderate value of magnetic field.
However, the current trend for application of MHD is towards a strong magnetic
field, so that the influence of electromagnetic force is noticeable Attia and Kotb [2].
Under these conditions, the Hall current is important and has a marked effect on the
magnitude and the direction of current density and consequently on magnetic force

term. The inclusion of the hall current as well as the non-Newtonian fluid
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characteristics lead to the some interesting effects both, on velocity and temperature

field as reported by the Attia [3] in his investigation.

The convective flow with simultaneous heat and mass transfer under the
influence of the magnetic field and chemical reaction have attracted a considerable
attention of researchers because such process exists in many branches of science and
technology. In many chemical engineering processes, there is a chemical reaction
between a foreign mass and fluid. These processes take place in many industrial
applications such as a food processing, manufacture of ceramics, polymer
production, dying evaporation at the surface of a water body and electric power
industry. The effect of the chemical reaction on various problems had been examined

by Chamhka [4] and Prakash et al. [12].

On the hand the role of the thermal radiation is of major importance in
engineering areas occurring at high temperature and knowledge of radiative heat
transfer became very important in a nuclear power plants, gas turbines and the
various propulsion devices for aircraft, missiles and space vehicles. In view of these
applications Olajuwan [10] and Pal [11] has studied and reported the significance of
thermal radiations. Flows through porous media with heat and mass transfer are seen
in the wide application such as chemical catalytic reactors, solar power collectors,
insulation of nuclear reactors, fluid films lubrication and analysis of polymer in
chemical engineering. The representative study in this area can be found in Hayat et
al |7, 8].

Motivated by above studies we intended to investigate an MHD oscillatory
free convective flow of viscoelastic, incompressible, electrically conducting and
chemically reacting fluid through a highly porous medium bounded by two infinite

vertical porous plate in the presence of the Hall current.
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2. Formulation of the problem

Consider an oscillatory free convective flow of a viscoelastic, incompressible
and electrically conducting fluid through a highly porous medium bounded between
two infinite vertical porous plates distance ‘d” apart. A constant injection velocity, wo
is applied at the stationary plate z = 0 and the same constant suction velocity, wo is
applied at the plate z = 2 which is oscillating in its own plane with velocity U (£)
about non zero constant mean velocity Uj. A uniform magnetic field with magnetic

flux density vector B, is applied perpendicular to the plane of the plates. Using

relation AB=0 for the magnetic field B=(B;.B,.B,).B, =B, is obtained
everywhere in the fluid (B, is a constant). If J =(J;,J;,J;) is the current density,

from the relation V.J=0 , one have J, = constant. Since the channel is non-

conducting, J, =0 everywhere.

The generalized Ohm’s law, in the absence of the electric field (Meyer), is of

the form:

L — wV x B+ !
B,(J xB) en,Vp,

where V.o, . o,,1,,e nand p, are respectively the velocity, the electrical

conductivity, the magnetic permeability, the cyclotron frequency, the electron
collision time, the electric charge, the number density of the electron and the electron
pressure. Under the usual assumptions that the clectron pressure (for a weakly
ionized gas), the thermoelectric pressure and ion slip are negligible, one has from the

Ohm’s law
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Fig.1: Geometrical configuration of the physical problem.
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szcu;g(mu +v) and Jyzcm;g(mv —u )
1+m 1+m

where m=w,1, is the Hall parameter.

The origin is assumed to be at the plate z =0 and the channel is oriented
vertically upward along the X -axis. Since the plates are infinite in extent, all the
physical quantities except the pressure depend only on z and ¢ Denoting the
velocity components by ", v, w” inx", y', z direction respectively and temperature

by 7" the flow in system under the following assumptions

1 A uniform magnetic field is applied normal to the plane of plates.
2 Boussinesq approximation is applied.
3 The magnetic Reynolds number is assumed to be small enough so that the

induced magnetic field is negligible.
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4 The effect of viscous and Joule’s dissipation is assumed to be negligible in

the energy equation as small velocity is usually encountered in free

convection flows.

5 There exists a first order chemical reaction between the fluid and species
concentration.
6 The level of species concentration is very low so that the heat generated

during chemical reaction can be neglected.

is governed by the following equations

w: =0 (1)
* * * 2
Oy e L OB i)+ B 1)
ot oz pox  pl+m)
B (C* C ) u* 1 81:** e
+ - —V—+——%2
8P¢ d K p oz (2)
o o 1ar"  oB? A e
TAEW = 5 Y )y — (3)
ot oz poy  pl+m?) K p oz

where T -« and T, are the component of shear stress of the viscoelastic fluid.

Tx*z* =W x*z and T o =l— __#
oz o Ot Y oz o Ot

where p is the coefficient of viscosity and o is the modulus of rigidity. In the limit

o tend to infinity or at the steady state, the fluid behaves like a viscous fluid without
elasticity. Solving equation for ch*z* and 51;*2* in terms of velocity component u

and v we obtain

ot.y B Lot o M@u*
oz o\ et ) aes| et e
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momentum equations, we get
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where P is the modified pressure, p is density, B, is the electromagnetic induction, g
is the acceleration due to gravity, B is coefficient of volume expansion, B, is the
coefficient of expansion with concentration, p is the coefficient of viscosity, v is

kinematic viscosity, KS‘ =u?/pa 1s the viscoelasticity, K" is the permeability of the

porous medium,C, is the specific heat at constant pressure, k is the thermal
conductivity, ¢ is the radiative heat flux, (J; is the heat absorption, D is the

molecular diffusivity and K, is the chemical reaction parameter.

The boundary conditions are
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u =v =0T =Ty+e(ly-T))cosot, C =Cy+e(Cy—C,)coso't at z =0
W =U() =Uy (14 ecoso’t), v =0T =T,,C" =C, at 2 =d ®)

where o is the frequency of oscillations and & is very small positive constant.
Now following Cogley et al. [5], it is assumed that fluid is optically thin with

a relative low density and radiative heat flux is given by
861 _ 2 s
5, e -1) (9

where 'a' is the mean absorption coefficient.

Introducing the following non-dimensional quantities

ﬂZZ—,Izm*t*,u=u—,v=v—,6 r ' <|)_C ~C x— (injection
d U, U, T,-T, Co—-C, v
suction parameter), G, = M (the Grashof number), G, —vg[_’) G =Cy)
UgWo Uywi

(modified Grashof number), H =B, \/E (Hartmann number), g -=K"/42
0

(permeability parameter), £, =pC,/x (Prandtl number), S =v/d (Schmidt

2 42 2

number), N = dod (radiation parameter),Q = OC (heat absorption number),
Hep
K,d? o*d?

r= (chemical reaction parameter), ® = (frequency of oscillation

Wy .
parameter) and Ky =K, 2 (viscoelastic parameter).

In equations (4) to (9), we get the following non-dimensional equations

2 2
o % _g %fg H — - -U)}+G.00* +G, 1%
Yo e “a ot (1+m?)
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The boundary conditions in non-dimensional form become

u=v=0,0=(l+ecosr), ®=(l+ e cost) atn:O} (14)

u=U({)=(1+ecost),v=0,0=0,d=0at n=1

3. Method of solution
Introducing a complex velocity function of the form:
g(,0) =u(n,t) +iv(n,2)

equations (10) and (11) combine to give to following single equation

o o Ta T Urmd)

2 2 3
0838 U4 H (1 imyg-v)-2Ee T4

_%(q_U)+G,ex2+Gmx2¢ (15)
The boundary conditions (14) in complex notation is written as

g=0, 6:1+§(e” +e ™), CD:1+§(e” +e Matn=0
c . .. (16)
it —it
q:U(Z):1+E(e +e7),0=0,0=0 atn=1
In view of the periodic variations of the plate (n = 1) velocity and the plate
(n = 0) temperature taken in the boundary conditions (16) the solution of the problem

1s assumed to be of the form
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g(m.1) = g, () + g[ql m)e” + ¢, (n)e™ | - (17)
0(n.1) = eo(n)+§[e1 m)e” +0,(n)e™ | ..(18)
¢<n,z>=¢o<n>+§[¢l(n>e” +,(me™] ..(19)

Substituting equations (17), (18) and (19) into equations (12), (13) and (15)

and comparing the harmonic and non-harmonic terms, we get

2
% 061[% ~I’q, =1’ -G 10, -G, 170, ... (20

n n

g 44 —mlq =-m? -G, -G, 1%, .21

dn’ dn

2

S2 d q22 _}\'%_Wll q2 _77112 _Gr}\l292 _Gm}\l2(|)2 (22)

dn dn

2
4 62 -P, %di—l 70, =0 . (23)
dT] dn

2
4 621 2280 e, 0 . (24)
dT] dn

2
d 922 -P 249 n20, =0 . (25)
dT] dn

2
9 -S. 399 — S50, =0 ... (26)
dT] dn

2
4 4)21 =S 220 mi, =0 .27)
dan dn
D 55,90 2y o .(28)
dT] dn

The corresponding boundary conditions are:

q0:q1:q2:() 60261262:1 (|)0:(|)1:(|)2:1 a[n:o

and .(29)
q0:q1:q2:1 6026126220 (|)0:(|)1:(|)2:O a[n:l
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The solution of the equations (20) to (28) under the boundary conditions (29)

are given by

G }\42 eA7n+A8 eA8n+A7
(n) = B, cosh 4;;n+ B, sinh 4, ,n——~— _
qo 1 13 2 14 o _ ot A72 — Ay — 112 A82 g - 112
G }\42 eA1n+A2 eA2n+A1 1
eAz _e/h A12 _Ml _112 A22 _Mz _112 K112 (30)
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z Ao _ob | 1247 — WAy —mi
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610” A9 Gm}\zz 3n 4 “n } ( )
T2 42 2|7 A, 4| 2 42 2 242 7 |-Gl
roAy— Ay —mi ) e —eP |\ ri Ay —hdy —mi rT A —hAy -

nlz eAIZ _ eAll

K'-io G2 g
(n) = Bs cosh 4y, + By sinh 4,4 + - L
b} 5 17 + Dg 18 52A121 oA —”12

eA12n+A11 Gm},z Asn“‘ls A6n+A5
- - B (32)
2 42 2 g A | 242 2 2 42 2 ...
SAL — WA, —nf ) e —e | sreAy —hAs —ny sroAf — kA — g

Ap+Ag Agp+4;

n

e p—
eo(ﬂ)ZW .. (33)
0 ~ eA9n+A10 _eA10n+A9
W=——"3 (34)
eAnn*Alz _ eA12n+A11
O, =—7 "7 . (35)
A1n+Az _ Azn+A1
¢o(ﬂ)=W ... (36)
( )_ eA3n+A4 _ A4n+A3
b =—"7—7— .. (37)
~ eA5n+A6 _eA6n+A5
0, (M) = pr——" .. (38)

All constants used above are listed in appendix.
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4. Results and Discussion

We write the resultant velocities of the steady and unsteady flow as

1o () +1vy (M) = go(M) and 4, (1) +ivy () = g, (e + g - (39)

The solution (30) corresponds to the steady part which gives u, as the
primary and v, as the secondary velocity components. The amplitude and the phase

difference due to the primary and secondary velocities for the steady flow are given

by

Ry =Jul +vi and v, :tanfl(v0 /uo) ...(40)
Solutions (31) and (32) together give the unsteady part of the flow. The
unsteady primary and secondary velocity components, #,(n) and v,(n) respectively,

for the fluctuating flow can be obtained as:

u (M) ={Req,(n) +Re g, (n)}cost —{Img, (n) —Img,(n)}sins .. (4D

vi(n) ={Req,(n) —Re g, (n)}sinz + {Im g, (n) + Im g, (n) } cos? - (42)

The resultant velocity and the phase difference of the unsteady flow are

given by

R =\ul +vi and v =tan"" (v /1) .. (43)

The amplitude of resultant velocities R, and R, for steady and unsteady part
respectively is presented in figures (2-5). These figures depict that with increasing
value of suction parameter %, the Grashof number G,, the modified Grashof number
G,,, Hartmann number, and chemical reaction parameter y result in acceleration
while all other parameter decelerate the fluid motion.

Physically if (G, >0), it means cooling of the plate (or heating of the fluid)
re. in free convection current which transfer heat away from the plate into the

boundary layer region, therefore increasing value of Grashof number G, accelerates
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the flow also increasing value of chemical reaction parameter £ represent more heat
absorption hence accelerate the fluid motion. The increasing value radiation
parameter N implies less interaction of radiation with momentum boundary layer
hence flow get decelerated. The S, Schmidt number characterises the relative
effectiveness of momentum and mass transport by diffusion, higher value of S.
Schmidt number lead to species diffusivity rate exceed the momentum diffusivity
will diminish the concentration in the boundary layer. The values 0.7 and 7,
represent air and water respectively, the fluids with higher values of Prandtl number
P, possess higher viscosities and lower thermal conductivity such fluid flow slow
than lower Prandtl number P,, as a result fluid velocity will be decreased with
increasing Prandtl number P.. Further as the viscoelastic K, parameter increases, the
hydrodynamics boundary layer adheres strongly to the surface which in turn retards

the fluid motion.

The phase difference w, for the steady flow is presented in figures (6-7).
These figures illustrate that y, diminished with increase of the suction parameter .,
Grashof number G,, permeability parameter K, the Schmidt number S, and heat
absorption number Q while enhanced with the increase of all other parameters.

For unsteady part, the phase difference vy, is presented in the figures (8-9). It
is observed from these figures that vy, increase with the increase the suction
parameter A., Grashof number G,, the Schmidt number .S, and decreases with the
increase of all other parameters.

The amplitude and the phase difference of shear stress at the stationary plate

(n = 0) for a steady flow can be obtained as

2
1| Foy
Tor = [T + T(z)y and Wor =tan [T .. (44

Tox

] Oy
where T Tl =
n=0
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Here , and 7y, are, respectively, the shear stresses at the stationary plate

due to the primary and secondary velocity components. The numerical value of the

amplitude and the phase difference of the shear stresses y,, at the stationary plate

(n = 0) for the steady flow are presented in Table 1.

| Pr|Gr|Gm |K|H|NJ| Sc | vy | Q| m Tor Wo,
11075 5 [1]2]2]022]02]0.1]05]13.753| -0.7289
S10715 15 11]12(12(022(02]01]05/]42112] -0.1239
11075 5 [ 1]12]12]022[02]01]05]14731| -0.0698
110710 5 |[1]2]2]022]02]0.1/]05]21.384| -1.0322
11075110 |1]2]2]022]02]01/]05| 1819 | -0.5843
110755 [2]12]2]022102]0.1]05]11.325] -0.7406
11075 5 |1]1412]022{02]01]05]15221| 0.044
11075 5 [1]1214]1022102]01]05]9.2333| -0.0383
11075 5 |1]]2]2]066]02]01]05)13568| -0.7313
1107110 5 [ 1]2]2]022]102]0.1]05]14.291| -0.7282
11075 5 [1]2]2]022]02]05/]05]12.99 | -0.7520
110751 5 [ 1]2]12]022[02]01]01 99575 -0.56560

Table 1. Values for steady shear stress t,. and phase angle y,, of steady
shear stress.

It is observed from the table 1 that, the increase of permeability parameter K,
radiation parameter N, Schmidt number S, heat absorption number { and the Hall
current parameter m leads to decrease while all other parameters lead to the increase
the value of 7o, . The values of g, , the steady phase difference decreases with the
increase of Grashof numberG ,, permeability parameter K, the Schmidt number S.

and heat absorption number  while all other parameter lead to decrease of it.

For the unsteady part of flow, the amplitude and the phase difference of the

shear stresses at the stationary plate (n = 0) can be obtained as

T,. +iIT :[%] +i[%] 45
1x 1y 8y o ay o ( )

T
. . 5 5 —tanl| Y
which gives 1, = /1{, +1, and W, =tan [Tl ] ... (46)

X
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here 7, and 7y, are, respectively, the shear stresses at the stationary plate due to the

primary and secondary velocity components. The numerical value of the amplitude

and the phase difference of the shear stresses ;. at the stationary plate (n = 0) for

the unsteady flow are presented in Table 2&3.

It is observed from table 2 that the unsteady shear stress 1, increases with

increasing frequency of oscillations for all parameter. Table 3 depict that phase lag

increases with the increasing frequency of oscillation for all parameter.

L| P |G | Gu | K|H|N| S vy | Q| m | K| 0=10 | 0=20
110755 (1220227020105 .05 15604 | 32799
S1071 505 [1]2]12(1022]02|01|05|.05|04784 | 1.1684
110755 [1]2]2[022]02|01]05|.05]|69614 | 37.164
1107110 5 [1]12]2]022]02)|01 |05 .05]| 94406 | 27374
11075 ]10[1]12]2[022]02)|01 |05 .05]| 22887 | 37.726
110755 [212]2[022]02|01|05|.05]| 14113 | 36989
110755 1141202210201 |05/|.05]| 81401 | 38907
110755 [1]2]4[022]02|01|05|.05]|44118 | 36.137
110755 [1]12]2]066]02]01]05].05]093261 | 19814
110710 5 [ 1]{2]2]022]02/]01/]05]|.05] 17678 | 32.368
71071515 |1]12]12[1022]02]05]05]|.05] 14586 | 32.885
110755 [1]2]2[022]02|01| 1 |.05]|17519 | 48452
110755 [1]12]2[]022]02]01| .5 |02]26705 | 02669
Table 2. Values for unsteady shear stress 7, at £=mn/4
Al P |G |Gy | KIHIN| S | ¢ | Q| m | K| =10 ©=20
110755 |1]2]2]022/02[01]05].05] 1.0223 | -0.2554
S107 1515 |11212(1022]02(01(05|.05] 07604 | -0.0713
110755 [1]2]2]022/02]01]05].05]-0.0056] -0.0901
11071101 5 [1]2]2]022/02]01]05].05] 02585 | -0.3990
1107511012 ]12]022]02|01]05]|.05] 03441 | -0.33151
110755 (212]2]022/02[01]05].05] 13338 | -0.0544
1(07 5|5 (1(4]2]022/02[01]05].05]-0.1616 | -0.1404
110755 |[1]12]4]022/02[01]05].05]-0.0916 | -0.1607
110755 (112]2]066|02[01]05|.05] 07501 | -0.3910
1107110 5 [1]2]2]022]02]01]05].05] 08251 | -0.2241
A107 155 |1]12(12(1022]02|05|05|.05| 11225 | -0.2237
1107155 [1]2]2]022/02]01]01|.05] 14046 | 04205
110755 [1]2]2]022/02]01]05]02] 01971 | -0.5522

Table 3. Values for phase angle vy, of unsteady shear stress at ¢ =n/4.
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5. Conclusion

In the present paper the Hall effect on chemically reacting and radiating
MHD oscillatory viscoelastic fluid through porous channel is studied. The analytic
solution of the governing equation under the prescribed boundary conditions is

obtained. The conclusion of the study is as follows:

1. The amplitude of the steady and unsteady velocity increases significantly
with the increase of suction parameter, the Grashof number, the modified
Grashof number, Hartmann number and the chemical reaction parameter

where as they decrease with the Hall current and radiation parameter.
2. The increase in viscoelastic parameter retards the fluid motion.

3. The amplitude of steady and unsteady shear stress at the stationary plate is

enhanced with the Hall current parameter.
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