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1. Introduction

Instability of flows in a porous medium has been extensively studied by
enormous research workers on the basis of Darcy’s law|6] which completely neglects
the viscous forces. An excellent review has been given by Scheidegger[13] and
Yih|[15]. Brinkman[4] proposed a plausible modification to Darcy’s law that takes
into account the viscous forces. Jaimala and Agrawal [9], unlike Irmay [8] and
Beck[3] , investigated a more physically realistic model in which the inertia and
viscous forces are included in their usual forms to account for the flows with high

flow rates, high permeability and high viscous forces.

Instability of compressible and incompressible flows has been studied
extensively by a number of research workers in past few decades. In almost all such
investigations, the Boussinesq’s approximation is used to simplify the equations of

motion. Jeffreys [11] tried to provide a justification of under certain conditions. If
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the vertical dimension of the fluid be much less than the scale height and the
fluctuations in temperature, pressure and density, introduced due to the Boussinesq’s
approximation for steady, infinitesimal motions of compressible fluids and Spiegel
and Veronis [14] simplified the set of equations governing the compressible flows
motion, do not exceed their total static variations, then the flow equations are same as
for incompressible fluids, the static temperature gradient being replaced by its excess
over the adiabatic gradient and the specific heat at constant volume C, by that at

constant pressure C,.

Using the model as suggested by Spiegel and Veronis [14], Banerjee and
Agrawal [1] investigated the thermal instability of parallel shear flows in the
presence of both adverse and non-adverse temperature gradients. In an important
paper, Bansal and Agrawal [2] investigated the thermal instability of a compressible
shear flow with weak applied magnetic field in the presence of adverse or non-

adverse temperature gradient.

In the present analysis, we have examined within the frame work of linear
analysis, the thermal instability of a compressible shear layer in a porous medium.
Though, some literature has been reported in which magnetic filed destabilizes a
wave number range known to be stable in its absence [Kent [12], Gilman [7],

Jain [10] ], in most of the situations magnetic field has a stabilizing effect.

As explained by Chand and Agrawal [5], the problem under investigation
provides a reasonably good mathematical model to a narrow layer of atmosphere
above carth’s surface so that the curvature effects can be neglected and the
boundaries be taken as horizontal, the lower boundary (the carth’s surface) being
rigid and the upper boundary being free. Temperature variations are due to the Sun
and the pattern of temperature variations (increasing or decreasing in the vertical
direction) depends upon the place/ time of investigation. The assumption of small
thermal conductivity not only simplifies the mathematical analysis, thus leading to a

number of interesting results, but also is important in the context of physical
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situations in which the transfer of heat is not instantancous (case of very large
thermal conductivity), rather it is slow. We consider the physical situation is which
the wind speed is small so that our study is restricted to the case of low Mach

number. The study is also restricted to the case of large wave numbers only.

2. Formulation of the problem

Consider an unidirectional flow of a compressible, viscous and heat
conducting fluid in the presence of a horizontal magnetic field in a homogeneous and
isotropic porous medium, confined between two infinite parallel plates situated at a
distance d apart. In a cartesian frame of reference, the axis of x is in the main flow
direction and the axis of z is against gravity. Boundaries are maintained at constant
temperatures 77 and 7, respectively. The layer depth is small enough so that it is
much less than the scale height as defined by Spiegel and Veronis. The basic state

under investigation is, therefore, characterized by

v=[0,0,0]. T=7(2). H=(H:0:0)} (1)

pzp(z). and pzp(z),
Where V, 7, H , p and P are the fluid velocity, temperature, magnetic field,

density and pressure respectively.

Further, T@z)=D(Ty z+ 1),
p (Z):pm _gJ.(pm +p0)dZ
0

and p(Z) = Pm [l_am (T_Tm)+km(p_pm)]
The time independent solution of the governing equations does not change in

the presence of a uniform magnetic ficld and therefore the basic velocity distribution
remains the same as in Chand and Agrawal. D7} is the uniform static temperature

gradient and o, and £, are give as

1 1 Op 1 Op
o [p or ]m * b ma k, [p ép]m @
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3. Perturbed state solution and the linearized perturbation
equations

We now suppose that the solution in the basic state is slightly perturbed so
that every physical quantity is assumed to be the sum of a mean and a fluctuating
component, later designated as primed quantity and assumed to be very small in
comparison to its basic state value. The small disturbances are assumed to be the

functions of the space as well as time variables

Following Spiegel and Veronis, the linearized perturbation equations of

motion, continuity, heat conduction and magnetic field are

p_ma_u = _a_p+lu lvz —i u', (3)
¢ or ox ¢ k,
' ' oh, '
p_ma_v:_a_p+ﬂ lVZ_L v'—i—i y—% )
¢ Ot oy ¢ k, 4z | Ox oy |
P W :_aﬁJrﬂ lVZ_L w'+£ ch, _ h, +gop,0', .(35)
¢ Ot oz ¢ k, 4z\ Oox Oz
a_u_i_a_v_i_%zoj (6)
ox oy Oz
h, _ _H|ov ow) (7
ot ¢| oy Oz
oh :
& _HW -(®)
ot ¢ Ox
oh, H ow
AL ..(9)
ot ¢ Ox
oh, Oh, Oh, _0, (10
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068" w' \
and E-‘r?(DTO-Fg/Cp):KVZe, -.(11)

where a dash denotes the perturbation quantity and K:K'/ P.C,x'.¢,k and pare
respectively the thermal conductivity, medium porosity, medium permeability and
the coefficient of viscosity. DT, —(— g / C p) is the excess over the adiabatic
gradient (— g / C, ) and the other symbols have their same meaning as in Spiegel and
Veronis.

We analyse the perturbations into normal modes, taking dependence of any

perturbation quantity f'(x, y, z,) of the form.

f'(x, V, z,t) :f(z)exp {i[kxerkyy— k;C tﬂ,

where &, and k, are the real wave numbers in x and y directions, k = \/k.” +k yz

and C, in general , is complex.

Now eliminating various physical quantities from the resulting equations and

non-dimensionalysing the resulting equations, using (k* K D*): d(k k D)

and (w ,C ): U—(W,C ), where d is the characteristic length and U, is the
0
characteristic velocity, we obtain after omitting the asterisks, the following non-

dimensional equations
k(- C=ik'R) Jv = D{-C =ik, R, )ow}

—s(p? —kz){— %}nkleel (D> -k J'w —Uj{kze (12)

X

+ikde0 Ce — Uodz(DTO +g/CP)w

, ..(13)
¢

wd 0" -i)o
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where
R H#7d R M
p = > e ’
klmeO pmdUO
HZ 2 Zd
= —? and J, = g(x¢2 .
An g p,, Us

The necessary boundary conditions are

w=0 at z=0 and d, Dw =0 at z=0, D*w=0 atz=d and 0 =0 at z=0 and d. ..(14)

Now multiplying the equation (12) by w* (complex conjugate of w) on both
sides and taking the conjugate of (13), multiplying by 0, and then integrating over the

range of z, we get

KR+ (kR —n)l, = %IﬁJokf@W*dZ, .(15)
" U,d*\DT, +g/C )
and —1, + 24U, T 01, g/ P)jew dz, (16)
¢x 28

where 1, = [{ D[+ 26 |Duf + ¥l oz
1= [lowf i iz
1, = [(péf +k°i6]" Jaz
and 1, = [|6] dz.
Now to climinate [6%" from cquations (15) and (16), we get

2 * Ud\DT, +g/C
_ Jok]3 + k dUOJOn 14 — 0 ( 0 g/ P) [kflRe—lll
oK oK

+(k'R) —n, —%12 . (17
n
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Again substituting 7 = n, +in, in the equation (17) and then equating real

and imaginary parts, we get

k*dU,J, U,d*\DT, + g/C
_L]ok]3 + 0 Onr 14 — 0 ( 0 g/ P) [kflRe—lll
K oK
Sn
“1p-1 v
+(k'R) —n,) 1, o 12} a8)
and
Kdu,J,  Ud (DT, +g/C,) s
n|———— I, + I\l-—¢|=0 (19)
g g I
Now, multiplying equation (18) by », and equating real and imaginary parts
we get
k*dU,J, U,d*\DT, +g/C
Sk, =00 (g2 g2 ) 1, w1, +g/C,) 'R0 1,
S S
'R n, —n? 0P, - SL | = 0 - (20)
U,d*\DT, + g/C
and | 2 o7, +/C,) KR+ Ry 20, ) 1, Y+ Sk | = 0 ..2D)

oK

4. Results and Discussion

Now we have some results and theorems:

Result 1: Equation (19) is interesting in the sense that where as it does not
allow oscillatory modes to exist in the absence of a magnetic field, there is a
possibility of oscillatory modes to exist in the presence of magnetic field, this

discussion holds for DT, + g/C, < 0.
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Result 2: It follows from equation (18) that unstable modes can exist only
when D7} +g/C, isnegative.

Theorem 1. For oscillatory modes whether stable or unstable under the
condition DT, +g/Cp < 0,n, and n, must lie inside the circle |n|2 =S.

Proof: Proof follows from equation (19).

Theorem 2. The necessary condition for instability is tha DI +g/Cp <0t

Proof: Proof follows from equation (18).

Theorem 3. If DT, +g/Cp > (0, then the modes are stable.

Proof: Equation (18) can be rewritten as
kdu,g,  UdDpT,+g/C,)  UdDT,+g/C,) s
n, I, + I+ —.1,
gx gx Px ‘n’

U,d* (DT, + g/C,) RPN U,d* (DT, + g/C,)
7 o 7

= J kI, + k'R,

Obviously >0 if DT, +g/C, >0.

Hence the modes are stable.

Theorem 4. If unstable modes are oscillatory then the necessary condition is

. Jokox,
U,d* ]DT0 +g/C, \

»

Proof : Let the modes be unstable and oscillatory so that », < 0 and n, #0.

Then we must necessarily have, in view of equation (21).

n.|—

1

2
e RTINSy R PR AT BN R

For oscillatory modes, the above equation becomes
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U;ZZ DT, +g/C, [k (R 1, +k R, 1,)

U,d*
oK

For the validity of the above equation, we must necessarily have

I,—J kI, =0

n}’

+ DT, +g/C,| 2

U

2
;—;’ DT, +g/C,| 2|n, |1, =, kI <O

n}’

Jokdxl,
Uyd*|DT,+g/C, |

r

or

which is the required condition.

Now multiplying by C on both sides of equation (12), also substituting

iC = n, and then dividing both sides by », we get
K RD? k2 Fw—(k 'Ry —n)D? ko =~ (D% — k> h 4 k6
n
.(22)
Also substituting k_=kand iC=n m equation (13) also dividing both

sides by x, we get

U d*\DT, C
kdUonjez A2 (DT, + g/ p)w L23)

D —k* +
oK

oK
Now we eliminate 0 from equations (22) and (23).
Multiplying equation (23) by J, &£ and substituting the value of J, £ 0 from

equation (22) in equation (23) we get
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R D -k PR - (D — k2 Fws S (D~ kP

n
+L;UO” [klRel (D> =2 Pw—{k Ry =)D =k o+ 2 (p? —kz)w}
i n
d’ C
_Y (D;:g/ p)JokW. (24)

Now multiplying equation (24) by w* (the complex conjugate of w) and

integrating over the range of z, we get

-1
kR, +[n R4S dUnR, ]12

n oK

J’_

U,d*\DT,+g/C
kdUO”(—mklRDl_ﬁjg =2 or, g ”)Jokl4 -(25)

gx oK

n
where 7, = | ODZW‘Z #3820 + 3k |Dw|] +k6\w\2jdz,
I = IODZW‘Z + 22D’ +k4’w‘2jdz’
1, = [(Dw] + k| )z
and 1, =[] dz
On simplification, equation (25) reduces to

an’ +3bn* +3cn+d = 0’ ..(26)

_ kdU,
oK

. dU.R;)
b:—l£12+ dU;Re I+ ; D 13}

where 4 I,
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kdU, U,d*\DT,+g/C
= l[klRelll +k R +—28T, +— (o, g ”)Jokl4
3 oK
and d=-S1I,,
Now, if n,,n,,n, are the roots of the equation (26), then
n +n,+n, >0. -(27)
mn,n; >0 -(28)
3C
and  mn,+ nyn,+ nspp = —. (29)
a

Now, we shall prove some important theorems:
Theorem 5 : The system is unstable under the condition C < 0.

Proof: It follows from equation (29) that if C < 0, then its R.H.S. is negative.
For L.H.S. to be negative, one or two roots should be negative necessarily, if all roots
are real of equation (29) and inequality (28), if this equation has a pair of complex
roots, then either the complex roots have negative real parts or otherwise the third

root should be negative.
Theorem 6 : Two disturbances grow and one decays under the condition C< 0.
Proof : Proof follows from inequality (28) and equation (29).
A Particular case : In the absence of magnetic field we must necessarily
have, d = 0. Thus equation (26) reduces to n(anz +3bn+3c) =0, assuming that

n+0,thenwehave an’+3bn+3c =0.

If n,,n, are the roots of the above equation, then we have

3b
a
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(3D

Theorem 7 :  The system is stable under the condition ¢ < 0.
Proof: Proof follows from equation (31) ie. if ¢ < 0, then one root is

positive and one is negative. Hence the system is stable.

Theorem 8 : For ¢ > 0, the system is unstable under the condition

3h*>4ac.

Proof: Proofis obvious.

Using the suitable transformation, equation (26) can be rewritten as

Z’+3HZ+G =0 .32
kdU, dU, R’ JU R
where Z=an+b=—>". _l I,+ 07 I+ oftp I, |
¢K ¢K ¢K
2
kdU,
G =a’d—3abc+2b’ = - o | s,
oK
,1 71
L L[ kU, ]2+dU0Re 12+dUoRD ./
30 ¢x oK dxc
kdU U,d*\DT,+g/C
[klRelllJrklRDller 057, ——2 ( 0 "8 ”)Jokl4]
K ¢K
dUR'  dUR} Y
_i ]2+ 0" ]2+ 0-YD 13
kdU, kdU,
and  H=ac—b>=~| S0\ gy kR M0 g
30 oéx drc

U d2 DT +ag/C dU R*l dU R—l 2
S (o, g p)J0k14 1 [ 4—0e J 40D ]
9 oK oK :

oK




Thermal instability of compressible fluid layer in a porous medium ... 247

Theorem 9 : The modes whether stable or unstable are non-oscillatory
under the condition (G2 + AH> < 0.
Proof: If G*14H°<0, then all the roots of the cubic equation (32) are

real and different. Hence the modes whether stable or unstable are non-oscillatory

under the condition (32 +4H3< 0.
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