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Abstract: The object of this paper is to establish four theorems for the
generalized fractional integration and differentiation of the generalized k-Bessel
function. It has been shown that the generalized fractional integrals and
derivatives of the generalized k-Bessel function are established in terms of
generalized Wright hypergeometric function. Some elegant results obtained by
Purohit et al.[8] and Agarwal et al.[1] are the special cases of the main results are
also pointed out.
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1. Introduction and Preliminaries

Recently, a new generalization of Bessel function called generalized k-Bessel function is
defined by Mondal [6] in the series as

K B
Woe(2) = Y=ot Gricrorio ~ m (1)
where k > 0, Re(v) > —1,c € R and '} (x) is the k-gamma function [2] defined as
o0 tk
T(x) = [, e * t*"1dt (x € C,k € R,Re(x) > 0) (2)
and it follows easily that
X1 x
M (x) =k ' T 3)

If we take k = 1and c =1 in (1), then W;,’fc reduce to the Classical Bessel function J,
(I3], 7.2 (2)) as (see also [7], [12])
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(_ )n z 2n+v
@) = Sy )

The generalized Wright hypergeometric function ,1, (z), for z € C, Complex a;, b; € C
and Real a;, Bj € R (i, Bj=0,i=1,2...,p;j =1, 2..., q) is defined by
P

(@, l)lp Hr(a+an) n
)= [ NN Z_| (5)
p¥q P¥a | (b, B)lq = qur(b+B ny

J_
Wright [13] introduced the generalized Wright function (5) and proved several theorems
on the asymptotic expansion of 3, (z) (for instance, see [13], [14]) for all values of the
argument z, under the condition:

Zf 1B Zz 14 > -1 (6)

An useful generalization of the hypergeometric fractional operators including the Saigo
operators [9], has been introduced by Marichev [4] (see details in Samko et al. [11], p —
194, (10.47) and whole section 10.3) and later extended and studied by Saigo and Maeda
[10] in terms of any complex order with Appell function F3(.) in the Kernel as follows:

Let a, ', B, B, vy €C and x > 0, then the generalized fractional calculus operators
involving the Appell function F;(-) are defined as follows:

(loﬁ“"ﬁ'ﬁ"yf) (x) = ;C(_:) f(x S LA A (a,a’B,B’.v: 1- ; 1- %) f®dt
0

(Re(y) > 0) (7)

(=B F) () =

r()f(t"‘)y LR (“ B,BLY;1—~ 1——) FO)dt

(Re(y) >0) (8)
(D™ ) @) = (I PP ) @) (Rer) > 0) ©)

AN o prho—py
- () G ) @

(Re(y) >0;k=[Re ()] +1)
and

(Dew BBy £)() = (1~ PPV f)(x) (Re(y) > 0) (10)

(d:) (1= e Pmprk oy +hg) o)
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(Re(y) >0,k =[Re ()] + 1)
These operators (7) — (10) reduce to the Saigo fractional calculus operators [9] as

(PP F) o = (177 ) @ reo (12)
(OB Y = (17 7)) (v e 0) (12)
(Do PP F) oy = (DI TPV f) () (Re () > 0) (13)
(DO EY ) = (DT TPV ) @) (Re () > 0) (14)

The left-hand sided and right-hand sided generalized integration of the type (7) and (8)
for a power function formulas (see [10], P-394, eq.(4.18) and (4.19) are given by

(]0010! BBy to—l) (x)

_ I'(c) T'(c+y—a—a'—B) T'(c+B'— a”) o—a—a'+y—1 (15)
I'(c+B) I'(c+y—oa—a’) T'(c+y—a'—B) ’

where Re (y) > 0,Re (6) > max{0,Re (a + a’+ B —y),Re (a'— B}
and (1.9* PPy eo=1) (x)

_ I'(l—o—y+a+a) T'(1—c+a+p'—y) T(1—6—P) s_g—a +y—1
- I'(1-o)) T'(1—o+a+a+p'—y) I'(1—c+a—P) !

where Re (y) > 0,Re (6) <1+ min{Re (-B),Re (¢ +a'—y),Re(a+ B —vy)}
2. Generalized Fractional Integration of generalized k-Bessel function

(16)

In this section, we establish two image formulas for the generalized k-Bessel function
involving Saigo-Maeda fractional integral operators (7) and (8), in terms of the
generalized Wright function. These formulas are given by the following theorems.

Theorem 1 Let a,a',B,B,v,v,0 €C,k > 0,c € Randx > 0 be such that Re(v) >
—1,Re (y) > 0and

Re (UTH) > max[0,Re (a + a’'+ B— y),Re(a’— B]. 17)
Then there holds the following formula

(1 [ wte ]) @0

N L '(O’+D 2) <a+v+ 2)
——ty—a—a'— —a— a'—
1 Pt y—a—a—B2),

v +
(2k)F (£+1,1),(¥+y—a— a’,Z),
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g+v ' f
(F+p-a2) —ex?
o+v , o+v , ' 4k
(G +r-a-p2)(5+p2)
Proof : By using (1), (7) and changing the order of integration and summation, we have

(155227 [ wk 0]) 0o

(18)

¢ 2n+%
cappy |21 v O ()
IO+ L Zn=0 Iy (nk+v+k) n! (x)

(—C)" (l)2n+% ' BB o+v 2 1
—_ \o0 2 a,a BBy  —+2n—
- anO I’y (nk+v+k) n! (IO+ Lk ) (X)

Now, using (1.3) and (1.15), we get

X OT+U+ y—a—a'-1 " F(”TH’+2n) F(‘%Uﬂ/—a— a'—B+2n)

- (Zk)% n=0 1"(%+1+n) F(GTH+y—a—a'+2n)
2 n
r(%-a+pr2n) (=)
T Cr—aprn) (pean)  n (19)

Interpreting the right-hand side of the above equation (19), in view of the definition (5),
we arrive at the result (18). This completes the proof of theorem 1.

If we take k = 1 and ¢ = 1 in (18), then generalized k-Bessel function VI/J‘C reduce to the
Classical Bessel function J,, we obtain the following known result given by Purohit et
al.([8], P-24, eq.(10)).

Corollary 1.1 Let a,a/, B,B’,y,v,a € C and x > 0 be such that Re(v) > —1,Re (y) >
0 and Re(c +v) > max[0,Re (a + a’'+ f— y),Re(a’— B)], then the following
formula holds true:

(1627 1eo =1, 0) @)

_xotirmerem ¥ (c+v,2),(c+tv+y—a—a'— B2),

= o ] @+ L), (c+v+y—a— a2),
(c+v+p'—a2) .—_xz] (20)
(c+tv+y—a'—-B2),(c+v+p,2)" 4]

In view of the relation (11) into account, then we get a formula concerning the left-sided
Saigo fractional integral operator (see [9], [10]) in the following corollary.
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Corollary 1.2 Let a,B,y,v,0 €C, k>0, c € Randx > 0 be such that Re(v) >
—1,Re (a) > 0 and Re (GTJ”’) > max[0,Re (B — y)], then the following result holds
true:

(1557 [ wto]) @

_ (F2).(F-p+r2) e
= (2k)‘1‘_) 23 (%+1,1),(61{2—[3,2),(%+a+y,2)’ | (21)

Further, if we set B = —a in above Corollary 1.2, then we obtain a formula regarding the
left-sided Riemann-Liouville fractional integral operator (see [5], [9]) asserted by the
following corollary.

Corollary 13 Let av,0€C, k>0, ceRandx >0 be such that Re(v) >
—1 and Re(a) > 0, then there holds the following formula:

(1 |67 wE0]) @

o+v
o+v i
Xk ( k '2) —cx?

= — Y2 |, o4 e | (22)
(2K)R (+11),C2+a2)

Theorems 2 Let a,a [3,[3',)/, v,0 € C,k>0,c € Rand x > 0 be suchthat Re(v) >
—1,Re (y) > 0and

Re (?) <1+ min[Re(—B),Re (a+a’'— y),Re(a + B —p)]. (23)

Then the following formula holds true:

r U 1
(I_a,azﬁ.ﬁ,y [tF_l Wi (?)D ()

o—V

x k tr—e-a-1 (1+a+a’—y—
=———— 3
L

g—V

,2),(1+a+ﬁ’—y—G;U,2),
(%+1,1),(1—G;v,2),

(1-p-=22.2) -
(1+“+“'+B'—V—%,2),(1+a_|3_‘fk;“,2) ' akxZ|

(24)

Proof : We can establish (24) by similar argument as in the proof of Theorem 1, using
(16) instead of (15). Therefore we omit the details.
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If we take k = 1 and ¢ = 1 in (24), then generalized k-Bessel function M(,f‘c reduce to the
Classical Bessel function J,, we obtain the following known result given by Purohit
et al. ([8], P-24, eq.(13)).

Corollary 2.1 Let a,a',B,B,y,v,0 € C and x > 0 be such that Re(v) > —1,Re (y) >
0and Re(c —v) <1+ min[Re(—B),Re (@ + a'— y),Re(a + B'—y)], then  there
holds the following result:

(e o o

:Jc"_”""’_”‘_""_1 " [(1+a+a’—y—a+v,2),(1+a+[3’—y—a+v,2),
2V 374 w+11),(1-0+0v,2),
(1—B—O’+U,2) __1]
A+a+a'+p' —y—0c+v,2),0+a—-B—0c+v,2) 42|

By using the relation (12) into account, then we get an integral formula concerning the
right-sided Saigo fractional integral operator (see [9], [10]) in the following corollary.

(25)

Corollary 2.2 Let a,B,¥,v,0€ C,k>0,c €Randx > 0 be such that Re(v) >
—1,Re (o) > 0and Re (%) <1+ min[ Re(B),Re (y)], then the following result
holds true:

(o [ ()

S (1+p-222),(14y-22,2) .
(2k)E 23 (%4_1,1),(1—Uk;v,z),(1+a+[3+y_"k;”,2)’ 4kx2 |

(26)

Further, if we put B =—a in (26), we obtain a formula concering the right-sided
Riemann-Liouville fractional integral operator (see [5], [9]) as in the following corollary.

Corollary 2.3 Let a,v,0 € C,k > 0,c € Rand x > 0 be such that Re(v) > —1 and
Re (a) > 0, then there holds the following formula:

o . (O]
e (1—0(—%,2) .
T ewF %2 (% n 1’1) ’ (1 _e, 2) F ez (27)

3. Generalized fractional Differentiation of generalized k-Bessel function

In this section, we establish two image formulas for the generalized k-Bessel function
involving Saigo-Maeda fractional differential operators (9) and (10), in terms of the
Wright hypergeometric function. These formulas are given by the following theorems.
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Theorems 3 Let a,a'B,B,y,v,0 € C,k >0,c € Rand x > 0 be such that Re(v) >
—1,Re (y) > 0 and

Re (%) > max[0,Re (y —a — a’'— B),Re(p — a)]. (28)

Then the following formula holds true:

(D [ wk @)]) o)

errata-1 (Uki,Z),(i—y+a+a + B 2)
Tl M ) (ena),
(ﬂ+a—[32) -_sz

(m—y+a+a 2) (——y+a+ﬁ2) S 9)

Proof: By using (1), (9) and changing the order of differentiation and summation, we
have

(D2 [ wt 0]) @

( )n ( )2n+k
_ a,a'BBy 73
- D0+ tk Zn =0 'y (nk+v+k) n! (x)

( )n ( )2n+1li
<) \3 aa'Bply , T¥i2n-1
- Zn =0T (nk+v+k) n! (D0+ t k ) ()

+
(=) (_) ‘ —a'—a,—B\—B,~y 2 ton—1
= S0 g (or” x ) @)

Now, using (3) and (15), we get

gtv

xT—y+a+a 1200 r(542n) r(S -y +a+ a+p+2n)
= n=0

(Zk)E F(k+1+n) F(U+U—B+2n)

o+v —ex?\"
F( +a— B+2n) ( Tk )

X F(U+U—y+a+a +2n) (G+U—y+a+[’) +2n) n!

o+v

(30)

Finally, using the definition of the generalized Wright hypergeometric function given by (5),
the above equation (30) leads to the result (29). This completes the proof of Theorem 3.

If we take k = 1 and ¢ = 1in (29), then generalized k-Bessel function Vl/v’fc reduce to the
Classical Bessel function J,, we get the following known result given by Agarwal et
al.([1], P-105, eq.(14)).
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Corollary 3.1 Let a,a',B,B",y,v,0 € C and x > 0 be such that Re(v) > —1,Re (y) >
O0and Re(c +v) >max[0,Re (y —a—a'— B),Re(B — )], then there holds the
following result:

(D27 [e1, 01) (o)

_xa+u—y+a+a’—1 l/) (0'-|-U, 2), (O’+U —y+a+a{’+ B”Z);
- 2v 3r4 w+1,1),(c+v-52),
(c+v+a—52) —x?
, A (31)
(c+tv—y+a+a,2),(ct+tv—y+a+p,2)’ 4

In view of the relation (13), we get a formula concerning the left-sided Saigo fractional
derivative operator (see [9], [10]) in the following corollary.

Corollary 3.2 Let a,B,y,v,0 €C,k >0, c €Randx > 0be suchthat Re(v) >
—1,Re (a) > 0 and Re (%) > max[0,Re ( y — B),Re(—a — B —V)], then the

following formula holds true:

(05" [67 wt@)]) @

_ x%w_l (Ukj'z)’(akﬁ-l—a-l_ B"‘V;Z) . —cx?
T ek (B+11), (2 +y2), E2+p2) (%2

Further, if we set B = —a in above Corollary 3.2, we obtain a formula concerning the
left-sided Riemann-Liouville fractional derivative operator (see [5], [9]) asserted in the
following corollary.

Corollary 3.3 Let a,u,6 €C,k >0, ce Randx >0 be such that (v) > —1,and
Re(a) > 0, then there holds the following result:
(b [67 Wik ®)]) @

o4v o+v

B (5°2) | —ex? 23
ax (L+11), @2 -a2) * )

k 1] l( k a, )

Theorems 4 Let a,a’,B,B,y,v,0 € C,k >0,c € Rand x > 0 be such that Re(v) >
—1,Re (y) > 0and

Re (%) <1+ min[Re(B"),Re(y —a—a'),Re(y —a’'—B)]. (34)

Then the following formula holds true:

(oz=ss7 i w () o
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:x%—y+a+a’—1 l/) (1—a—a'+)/—gk;v,2),(1_a’_B‘l'y_ak;v!z)'
@ T (3+11),(1-222),
(1 + B,_Uk;v'z) —c (35)

(1_“—“'—l3+)/—0k;”,2),(1—a'+gr_0k;v’2) Fdex?

Proof : A similar argument as in the proof of Theorem 3 will establish the result here. So
we choose to skip the detailed account of its proof.

If we put k =1 and ¢ = 1 in (35), then generalized k-Bessel function Wv’fc reduce to the
Classical Bessel function J,, we obtain the following known result given by Agarwal et
al. ([1], P-105, eq.(18)).

Corollary 4.1 Let a,a,B,B, y,v,0 € C andx > 0 be such that Re(v) >
—1,Re(y) >0and Re(c —v) < 1+ min[Re(B),Re (y —a —a’),Re(y —a’'—
1, then there holds the following result:

e [ ()

_ xoTvTytetad " [(1—a—a’+y—0+v,2),(1—a’—B+y—0+v,2),
- 3v4 w+11),(1-0+0v,2),

2‘U
1+B'—0+0v,2) 1

(1—a—a’—B+y—a+v,2),(1—a’+ﬁ’—a+v,2);m (36)

In view of the relation (14), we get a formula concerning the right-sided Saigo fractional
derivative operator (see [9], [10]) given in the following corollary.

Corollary 4.2 Let @«,B,y,v,06 € C,k>0,c €Randx > 0 be such that Re(v) >
—1,Re (o) > 0and Re(c —v) <1+ min[0,Re(—B),Re (a + y)], then there holds
the following formula :

(peor et wite ()]) 0

_aE " (1—B—$,2),(1+a+y—$,2) Y -
o (F+11),(1-222),a-p+y-22,2) *

Further, if we set B = —a in (37), we obtain a formula concering the right-sided
Riemann-Liouville fractional derivative operator (see [5], [9]) stated in the following
corollary.

Corollary 4.3 Let a,v,0 € C,k > 0,c € R and x > 0 be such that Re(v) > —1 and
Re (a) > 0, then the following results holds true :
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(o [+ w O))

T (1 +a-T22

x k

—C

el W (%+1,1),(1—%,2);‘“““2

(38)

4. Concluding Remarks

In the present paper, we have studied and obtain generalized fractional integral and
derivative formulas of the generalized k-Bessel function. The results have been developed
in terms of generalized Wright hypergeometric function with the help of Saigo-Maeda
fractional power function formulas. We can easily obtain many results of earlier work
done by Purohit et al.[8] and Agarwal et al.[1] as special cases of our main results.

Acknowledgement: The authors are thankful to the Referee for valuable comments and
suggestions.
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