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Abstract: The object of this paper is to establish four theorems for the 

generalized fractional integration and differentiation of the generalized k-Bessel 

function. It has been shown that the generalized fractional integrals and 

derivatives of the generalized k-Bessel function are established in terms of 

generalized Wright hypergeometric function. Some elegant results obtained by 

Purohit et al.[8] and Agarwal et al.[1] are the special cases of the main results are 

also pointed out.  
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1. Introduction and Preliminaries 

Recently, a new generalization of Bessel function called generalized k-Bessel function is 

defined by Mondal [6] in the series as 

 𝑊𝜐,𝑐
𝑘  𝑧 =  

(−𝑐)𝑛

Γk (𝑛k+𝜐+k)
 
(
𝑧

2
)

2𝑛+
𝜐
𝑘

𝑛!
∞
𝑛=0  (1) 

where 𝑘 > 0, 𝑅𝑒 𝜐 > −1, 𝑐 𝜖 𝑅 and Γ𝑘(𝑥) is the k-gamma function [2] defined as  

 Γk 𝑥  =  e− 
tk

k
∞

0
  𝑡𝑥−1 𝑑𝑡  𝑥 ∈ 𝐶, 𝑘 ∈ 𝑅, 𝑅𝑒 𝑥 > 0  (2) 

and it follows easily that  

 Γk(𝑥) = k
𝑥

k
−1 Γ(

𝑥

k
) (3) 

If we take 𝑘 = 1 𝑎𝑛𝑑 𝑐 = 1 in (1), then 𝑊𝜐,𝑐
𝑘  reduce to the Classical Bessel function 𝐽𝜐  

([3], 7.2 (2)) as (see also [7], [12]) 
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 𝐽𝜐 𝑧 =   
 −1 𝑛   

𝑧

2
 

2𝑛+𝜐

Γ 𝑛+𝜐+1 𝑛!
∞
𝑛=0  (4) 

The generalized Wright hypergeometric function 𝜓𝑝
 

𝑞
 (z), for z  C, Complex 𝑎𝑖 , bj  C 

and Real 𝛼𝑖 , j  R (i, j  0, 𝑖 = 1, 2..., p; j = 1, 2..., q) is defined by  

 𝜓𝑝
 

𝑞
 (z) = 𝜓𝑝

 
𝑞
  

(𝑎𝑖 , 𝛼𝑖)1,𝑝  

(𝑏𝑗 ,𝑗 )1,𝑞
; 𝑧 =   

𝑝
П

𝑖=1
Γ(𝑎𝑖+ 𝛼𝑖𝑛)  

𝑞
𝛱

𝑗=1
Γ(𝑏𝑗 + 𝑗  𝑛) 

 ∞
𝑛=0  

𝑧𝑛

𝑛!
 (5) 

Wright [13] introduced the generalized Wright function (5) and proved several theorems 

on the asymptotic expansion of 𝜓𝑝
 

𝑞
 (z) (for instance, see [13], [14]) for all values of the 

argument z, under the condition:  

  𝑗  
𝑞
𝑗=1 – 𝛼𝑖  

𝑃
𝑖=1  > −1 (6) 

An useful generalization of the hypergeometric fractional operators including the Saigo 

operators [9], has been introduced by Marichev [4] (see details in Samko et al. [11], p – 

194, (10.47) and whole section 10.3) and later extended and studied by Saigo and Maeda 

[10] in terms of any complex order with Appell function F3(.) in the Kernel as follows:  

Let 𝛼, 𝛼′, , ′,  C and 𝑥  0, then the generalized fractional calculus operators 

involving the Appell function F3(·) are defined as follows:  

 𝐼0+
 𝛼,𝛼 ′,,′,𝛾

𝑓  𝑥 =  
𝑥−𝛼

Γ γ 
   𝑥 − 𝑡 𝛾−1

𝑥

0

 𝑡−𝛼 ′ 𝐹3   α, 𝛼′  ,′,  ; 1 −
t

𝑥
, 1 −

𝑥

t
  𝑓 𝑡 𝑑𝑡  

 𝑅𝑒 𝛾 > 0  (7) 

 𝐼−
 𝛼,𝛼 ′,,′,𝛾𝑓  𝑥 =  

𝑥−𝛼 ′

Γ γ 
   𝑡 − 𝑥 𝛾−1

∞

𝑥

 𝑡−𝛼  𝐹3   𝛼, 𝛼′, ,′,  ; 1 −
𝑥

t
, 1 −

t

𝑥
  𝑓 𝑡 𝑑𝑡  

 𝑅𝑒 𝛾 > 0  (8) 

 𝐷0+
 𝛼,𝛼 ′,,′,𝛾

𝑓  𝑥 =  𝐼0+
 −𝛼′,−𝛼,−′,−,−𝛾

𝑓  𝑥        𝑅𝑒 𝛾 > 0  (9) 

=  
𝑑

𝑑𝑥
 
𝑘

 𝐼0+
 −𝛼 ′,−𝛼,−′+𝑘,−,−𝛾+𝑘

 𝑓  (𝑥) 

 𝑅𝑒 𝛾 > 0 ; 𝑘 =  𝑅𝑒  𝛾  + 1  

and  

 𝐷−
 𝛼,𝛼 ′,,′,𝛾𝑓  𝑥 =  𝐼_

− 𝛼 ′,−𝛼,− ′,− ,−𝛾𝑓  𝑥      𝑅𝑒 𝛾 > 0  (10) 

=  
−𝑑

𝑑𝑥
 
𝑘

 𝐼_
− 𝛼 ′,−𝛼,− ′,−  + 𝑘 ,− 𝛾 + 𝑘𝑓  (𝑥) 
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 𝑅𝑒 𝛾 > 0 , 𝑘 =  𝑅𝑒  𝛾  + 1  

These operators (7) – (10) reduce to the Saigo fractional calculus operators [9] as  

  𝐼0+
 𝛼,0,,′,𝛾

𝑓  𝑥 =  𝐼0+
 𝛾,𝛼−𝛾,−  

𝑓   𝑥      𝛾 ∈ 𝐶  (11) 

  𝐼−
 𝛼,0,,′,𝛾𝑓  𝑥 =  𝐼_

𝛾,𝛼 −𝛾,−𝑓   𝑥      𝛾 ∈ 𝐶  (12) 

  𝐷0+
 0,𝛼′,,′,𝛾

𝑓   𝑥 =  𝐷0+
 𝛾,𝛼 ′−𝛾,′−𝛾 

𝑓   𝑥     𝑅𝑒  𝛾 > 0  (13) 

  𝐷_
0,𝛼′,,′,𝛾𝑓   𝑥 =  𝐷_

𝛾,𝛼 ′−𝛾,′− 𝛾𝑓   𝑥             𝑅𝑒  𝛾 > 0  (14) 

The left-hand sided and right-hand sided generalized integration of the type (7) and (8) 

for a power function formulas (see [10], P-394, eq.(4.18) and (4.19) are given by 

 𝐼0+
 𝛼,𝛼 ′,,′,𝛾

 𝑡𝜎−1  𝑥  

 =
Γ σ  Γ(σ+γ−α−𝛼 ′−) Γ(σ+′− 𝛼′)

Γ σ+′  Γ σ+γ−α−𝛼 ′   Γ(σ+γ−𝛼′−)
 𝑥𝜎−𝛼−𝛼 ′+𝛾−1  , (15) 

𝑤ℎ𝑒𝑟𝑒 𝑅𝑒  𝛾 > 0, 𝑅𝑒  𝜎 > max 0, 𝑅𝑒  𝛼 + 𝛼′ + − 𝛾 , 𝑅𝑒 (𝛼′− ′)  

and  𝐼−
 𝛼,𝛼 ′,,′,𝛾𝑡𝜎−1  𝑥  

 =
Γ  1−σ−γ+α+𝛼′   Γ(1−σ+α+′−γ) Γ(1−σ−)

Γ 1−σ)  Γ 1−σ+α+𝛼′+′−𝛾   Γ(1−σ+α−)
 𝑥𝜎−𝛼−𝛼 ′+𝛾−1 , (16) 

𝑤ℎ𝑒𝑟𝑒 𝑅𝑒  𝛾 > 0, 𝑅𝑒  𝜎 < 1 + min  𝑅𝑒  – , 𝑅𝑒   𝛼 + 𝛼′− 𝛾 , 𝑅𝑒 (𝛼 + ′− 𝛾) . 

2. Generalized Fractional Integration of generalized k-Bessel function 

In this section, we establish two image formulas for the generalized k-Bessel function 

involving Saigo-Maeda fractional integral operators (7) and (8), in terms of the 

generalized Wright function. These formulas are given by the following theorems.  

Theorem 1 Let  𝛼, 𝛼′,,′, 𝛾, υ, 𝜎 ∈ 𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0 𝑏𝑒  such that 𝑅𝑒 υ >
−1,𝑅𝑒  𝛾 > 0 and  

 𝑅𝑒  
𝜎+υ

𝑘
 > max 0, 𝑅𝑒  𝛼 +  𝛼′ +  −  𝛾 , 𝑅𝑒(𝛼′−  ′) . (17) 

Then there holds the following formula  

 𝐼0+
 𝛼,𝛼 ′,,′,𝛾

 𝑡
𝜎
𝑘
−1 𝑊υ,𝑐

𝑘   𝑡   
 

(𝑥) 

=
𝑥
𝜎+υ
𝑘

+𝛾−𝛼−𝛼 ′−1

 2𝑘 
υ
𝑘

    𝜓3
 

4
   

 
𝜎 + υ

𝑘
, 2 ,  

𝜎 + υ

𝑘
+ 𝛾 − 𝛼 −  𝛼′−  , 2 ,

 
υ

𝑘
+ 1,1 ,  

𝜎 + υ

𝑘
+ 𝛾 − 𝛼 −  𝛼′, 2 ,
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𝜎+υ

𝑘
+ ′− 𝛼′, 2                                      

 
𝜎+υ

𝑘
+ 𝛾 −  𝛼′ −  , 2 ,  

𝜎+υ

𝑘
+ ′, 2 

  ;
−𝑐𝑥 2

4𝑘
  (18) 

Proof :  By using (1), (7) and changing the order of integration and summation, we have  

 𝐼0+
 𝛼,𝛼 ′,,′,𝛾

  𝑡
𝜎
𝑘
−1 𝑊υ,c

𝑘   𝑡    𝑥  

 =  𝐼0+
 𝛼,𝛼 ′,,′,𝛾

  𝑡
𝜎

𝑘
−1   

 −𝑐 𝑛    
𝑡

2
 

2𝑛+
υ
𝑘

Γk   𝑛k+υ+k  𝑛!
∞
𝑛=0   

 

(𝑥) 

 =  
(−𝑐)𝑛    

1

2
 

2𝑛+
υ
𝑘

Γk   𝑛k+υ+k  𝑛!
∞
𝑛=0    𝐼0+

 𝛼,𝛼 ′,,′,𝛾
 𝑡  

𝜎+υ

𝑘
+2𝑛−1  

 

(𝑥) 

Now, using (1.3) and (1.15), we get  

 =
𝑥

 
𝜎+υ
𝑘

+ 𝛾−𝛼− 𝛼 ′−1

(2𝑘)
υ
𝑘

 
Γ 

𝜎+υ

𝑘
+2𝑛  Γ 

𝜎+υ

𝑘
+𝛾−𝛼− 𝛼′−+2𝑛 

Γ 
υ

𝑘
+1+𝑛  Γ 

𝜎+υ

𝑘
+𝛾−𝛼− 𝛼 ′+2𝑛 

∞
𝑛=0  

 ×
Γ 

𝜎+υ

𝑘
−𝛼 ′+′+2𝑛  

Γ 
𝜎+υ

𝑘
+𝛾−𝛼 ′−+2𝑛 Γ 

𝜎+υ

𝑘
+′+2𝑛 

       
 
−𝑐𝑥2

4𝑘
 
𝑛

𝑛!
 (19) 

Interpreting the right-hand side of the above equation (19), in view of the definition (5), 

we arrive at the result (18). This completes the proof of theorem 1. 

If we take 𝑘 = 1 and 𝑐 = 1  in (18), then generalized k-Bessel function 𝑊υ,𝑐
𝑘  reduce to the 

Classical Bessel function 𝐽𝜐 , we obtain the following known result given by Purohit et 

a1.([8], P-24, eq.(10)). 

Corollary 1.1 Let 𝛼, 𝛼 ′,,′, 𝛾, 𝜐, 𝜎 ∈  𝐶 and 𝑥 > 0 𝑏𝑒 such that 𝑅𝑒 υ > −1,𝑅𝑒  𝛾 >
0 and 𝑅𝑒 σ + υ > max 0, 𝑅𝑒  𝛼 +  𝛼′ + −  𝛾 , 𝑅𝑒 𝛼′−  ′  , then the following 

formula holds true:   

 𝐼0+
 𝛼,𝛼 ′,,′,𝛾

  𝑡𝜎−1𝐽𝜐 𝑡   
 
(𝑥) 

=
𝑥𝜎+𝜐+𝛾−𝛼−𝛼 ′−1

2𝜐
    𝜓3

 
4
   

 𝜎 + 𝜐, 2 ,  𝜎 + 𝜐 + 𝛾 − 𝛼 −  𝛼′−  , 2 ,
 𝜐 + 1,1 ,  𝜎 + 𝜐 + 𝛾 − 𝛼 −  𝛼′, 2 ,

     

   𝜎 + 𝜐 + ′− 𝛼′, 2                                      

 𝜎 + 𝜐 + 𝛾 −  𝛼′ −  , 2 ,  𝜎 + 𝜐 + ′, 2 
  ;

−𝑥2

4
 . (20) 

In view of the relation (11) into account, then we get a formula concerning the left-sided 

Saigo fractional integral operator (see [9], [10]) in the following corollary. 
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Corollary 1.2 Let 𝛼,, 𝛾, 𝜐, 𝜎 ∈ 𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0 𝑏𝑒  such that 𝑅𝑒 υ >

−1,𝑅𝑒  𝛼 > 0 and 𝑅𝑒  
σ+υ

k
 > max 0, 𝑅𝑒   −  𝛾  , then the following result holds 

true: 

  𝐼0+
 𝛼,,𝛾

  𝑡
σ

k
−1 𝑊𝜐,𝑐

𝑘  𝑡   
 

(𝑥) 

 =  
𝑥
σ+υ

k
 − −1

(2𝑘)
υ
k

    𝜓2
 

3
     

 
𝜎+𝜐

𝑘
, 2 ,  

𝜎+𝜐

𝑘
−  + 𝛾 ,2 

 
𝜐

𝑘
+ 1,1 ,  

𝜎+𝜐

𝑘
− , 2 , (

𝜎+𝜐

𝑘
+ 𝛼 + 𝛾, 2)

; 
−𝑐𝑥2

4𝑘
  . (21) 

Further, if we set  = −𝛼 in above Corollary 1.2, then we obtain a formula regarding the 

left-sided Riemann-Liouville fractional integral operator (see [5], [9]) asserted by the 

following corollary. 

Corollary 1.3 Let 𝛼, 𝜐, 𝜎 ∈ 𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0   be such that 𝑅𝑒 𝜐 >
−1 𝑎𝑛𝑑 𝑅𝑒(α) > 0, then there holds the following formula:   

 𝐼0+
 𝛼   𝑡

σ
k
−1

 𝑊𝜐,𝑐
𝑘  𝑡   

 

(𝑥) 

 =    
𝑥
σ+υ

k
+α−1

(2𝑘)
υ
k

    𝜓1
 

2
     

 
𝜎+𝜐

𝑘
, 2 

 
𝜐

𝑘
+ 1,1 , (

𝜎+𝜐

𝑘
+ 𝛼, 2)

; 
−𝑐𝑥2

4𝑘
  . (22) 

Theorems 2 Let 𝛼, 𝛼 ′,,′, 𝛾, 𝜐, 𝜎 ∈ 𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0 𝑏𝑒  such that 𝑅𝑒 υ >
−1,𝑅𝑒  𝛾 > 0 and  

 𝑅𝑒  
𝜎−υ

𝑘
 < 1 + min   𝑅𝑒(−), 𝑅𝑒  α + 𝛼′ −  𝛾 , 𝑅𝑒(𝛼 +  ′− 𝛾) . (23) 

Then the following formula holds true:  

 𝐼−
 𝛼,𝛼 ′,,′,𝛾    𝑡

𝜎
𝑘
−1 𝑊υ,c

𝑘   
1

t
   

 

(𝑥) 

=
𝑥
σ−υ

k
+𝛾−𝛼−𝛼 ′−1

(2𝑘
𝜐

)𝑘

    𝜓3
 

4
   

 1 + 𝛼 + 𝛼′− 𝛾 −
𝜎 − 𝜐

𝑘
, 2 ,  1 + 𝛼 + ′− 𝛾 −

𝜎 − 𝜐

𝑘
, 2 ,

 
𝜐

𝑘
+ 1,1 ,  1 −

𝜎 − 𝜐

𝑘
, 2 ,

     

  
 1 − −

𝜎−𝜐

𝑘
, 2                                       

 1 + 𝛼 + 𝛼′ + ′− 𝛾 −
𝜎−𝜐

𝑘
, 2 ,  1 + 𝛼 − −

𝜎−𝜐

𝑘
, 2 

  ;
−𝑐

4𝑘𝑥2 . (24) 

Proof : We can establish (24) by similar argument as in the proof of Theorem 1, using 

(16) instead of (15). Therefore we omit the details. 
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If we take  𝑘 = 1 and 𝑐 = 1 in (24), then generalized k-Bessel function 𝑊υ,𝑐
𝑘  reduce to the 

Classical Bessel function 𝐽𝜐 , we obtain the following known result given by Purohit  

et a1. ([8], P-24, eq.(13)). 

Corollary 2.1 Let 𝛼, 𝛼′,,′, 𝛾, 𝜐, 𝜎 ∈  𝐶 and 𝑥 > 0 𝑏𝑒 such that 𝑅𝑒 υ > −1,𝑅𝑒  𝛾 >
0 and 𝑅𝑒 σ− 𝜐 < 1 + min   𝑅𝑒(−), 𝑅𝑒  𝛼 + 𝛼′ −  𝛾 , 𝑅𝑒(𝛼 + ′− 𝛾) ,  then there 

holds the following result:  

 𝐼−
 𝛼,𝛼 ′,,′,𝛾   𝑡𝜎−1𝐽𝜐  

1

t
   

 

(𝑥) 

=
𝑥𝜎−𝜐+𝛾−𝛼−𝛼 ′−1

2𝜐
    𝜓3

 
4
   

 1 + 𝛼 + 𝛼′ − 𝛾 − 𝜎 + 𝜐, 2 ,  1 + 𝛼 + ′− 𝛾 − 𝜎 + 𝜐, 2 ,
 𝜐 + 1,1 ,  1 − 𝜎 + 𝜐, 2 ,

     

   1 − − 𝜎 + 𝜐, 2                                      
 1 + 𝛼 + 𝛼′ + ′− 𝛾 − 𝜎 + 𝜐, 2 ,  1 + 𝛼 − − 𝜎 + 𝜐, 2 

  ;
−1

4𝑥2 . (25) 

By using the relation (12) into account, then we get an integral formula concerning the 

right-sided Saigo fractional integral operator (see [9], [10]) in the following corollary. 

Corollary 2.2 Let  𝛼,, 𝛾, υ, 𝜎 ∈  𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0 𝑏𝑒 such that 𝑅𝑒 υ >

−1,𝑅𝑒  𝛼 > 0 and  𝑅𝑒  
σ−𝜐

k
 < 1 + min   𝑅𝑒(), 𝑅𝑒   𝛾  , then the following result 

holds true:  

 𝐼−
 𝛼,,𝛾   𝑡

σ
k
−1

 𝑊𝜐,𝑐
𝑘  

1

t
   

 

(𝑥) 

=  
𝑥
𝜎−𝜐
𝑘

− −1

(2𝑘)
𝜐
𝑘

    𝜓2
 

3
   

 1 + −
𝜎−𝜐

𝑘
, 2 ,  1 + 𝛾 −

𝜎−𝜐

𝑘
, 2 

 
𝜐

𝑘
+ 1,1 ,  1 −

𝜎−𝜐

𝑘
, 2 , (1 + 𝛼 +  + 𝛾 −

𝜎−𝜐

𝑘
, 2)

;  
−𝑐

4𝑘𝑥2 . (26) 

Further, if we put  = −𝛼 in (26), we obtain a formula concering the right-sided 

Riemann-Liouville fractional integral operator (see [5], [9]) as in the following corollary. 

Corollary 2.3 Let  𝛼, 𝜐, 𝜎 ∈  𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0 𝑏𝑒 such that 𝑅𝑒 υ > −1 𝑎𝑛𝑑   
𝑅𝑒  𝛼 > 0, then there holds the following formula: 

  𝐼−
 𝛼   𝑡

σ

k
−1 𝑊𝜐,𝑐

𝑘  
1

t
  (𝑥)  

 =  
𝑥
𝜎−𝜐
𝑘

+𝛼−1

(2𝑘)
𝜐
𝑘

    𝜓1
 

2
   

 1 − 𝛼 −
𝜎−𝜐

𝑘
, 2 

 
𝜐

𝑘
+ 1,1 ,  1 −

𝜎−𝜐

𝑘
, 2 

 ; 
−𝑐

4𝑘𝑥2 . (27) 

3. Generalized fractional Differentiation of generalized k-Bessel function 

In this section, we establish two image formulas for the generalized k-Bessel function 

involving Saigo-Maeda fractional differential operators (9) and (10), in terms of the 

Wright hypergeometric function. These formulas are given by the following theorems. 
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Theorems 3 Let 𝛼, 𝛼′,,′, 𝛾, 𝜐, 𝜎 ∈ 𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0 𝑏𝑒  such that 𝑅𝑒 𝜐 >
−1,𝑅𝑒  𝛾 > 0 and  

 𝑅𝑒  
𝜎+𝜐

𝑘
 > max 0, 𝑅𝑒  γ− 𝛼 − 𝛼′ −  , 𝑅𝑒(− 𝛼 ) . (28) 

Then the following formula holds true:  

 𝐷0+
 𝛼,𝛼 ′,,′,𝛾

   𝑡
𝜎
𝑘
−1 𝑊𝜐,𝑐

𝑘   𝑡   
 

(𝑥) 

=
𝑥
𝜎+𝑣
𝑘

−γ+𝛼+𝛼 ′−1

 2𝑘 
𝜐
𝑘

    𝜓3
 

4
   

 
𝜎+𝜐

𝑘
, 2 ,  

𝜎+𝜐

𝑘
− 𝛾 + 𝛼 + 𝛼′ + ′, 2 ,

 
𝜐

𝑘
+ 1,1 ,  

𝜎+𝜐

𝑘
− , 2 ,

      

  
 
σ+𝜐

k
+ α− , 2                                      

 
𝜎+𝜐

𝑘
− 𝛾 + 𝛼 + 𝛼′, 2 ,  

𝜎+𝜐

𝑘
− 𝛾 + 𝛼 + ′, 2 

  ;
−𝑐𝑥 2

4𝑘
 . (29) 

Proof: By using (1), (9) and changing the order of differentiation and summation, we 

have  

  𝐷0+
 𝛼,𝛼 ′,,′,𝛾

  𝑡
𝜎

𝑘  𝑊𝜐,𝑐
𝑘   𝑡    (𝑥) 

 =  𝐷0+
 𝛼,𝛼 ′,,′,𝛾

  𝑡
𝜎

𝑘   
 −𝑐 𝑛    

𝑡

2
 

2𝑛+
𝜐
𝑘

Γk   𝑛k+𝜐+k  𝑛!
∞
𝑛=0   

 

(𝑥) 

 =  
(−𝑐)𝑛    

1

2
 

2𝑛+
𝜐
𝑘

Γk   𝑛k+𝜐+k  𝑛!
∞
𝑛=0    𝐷0+

 𝛼,𝛼 ′,,′,𝛾
 𝑡  

𝜎+𝜐

𝑘
+2𝑛−1  

 

(𝑥) 

 =  
(−𝑐)𝑛    

1

2
 

2𝑛+
𝜐
𝑘

Γk   𝑛k+𝜐+k  𝑛!
∞
𝑛=0    𝐼0+

 −𝛼 ′,−𝛼,−′,−,−𝛾
 𝑡  

𝜎+𝜐

𝑘
+2𝑛−1  

 

(𝑥) 

Now, using (3) and (15), we get  

 =
𝑥

 
𝜎+𝜐
𝑘

− 𝛾+𝛼+𝛼 ′−1

(2𝑘)
𝜐
𝑘

 
Γ 

𝜎+𝜐

𝑘
+2𝑛  Γ 

𝜎+𝜐

𝑘
−𝛾+𝛼+ 𝛼′+′+2𝑛 

Γ 
𝜐

𝑘
+1+𝑛  Γ 

𝜎+𝜐

𝑘
−+2𝑛 

∞
𝑛=0   

 ×
Γ 

𝜎+𝜐

𝑘
+𝛼−+2𝑛  

Γ 
𝜎+𝜐

𝑘
−𝛾+𝛼+𝛼 ′+2𝑛 Γ 

𝜎+𝜐

𝑘
−𝛾+𝛼+′+2𝑛 

       
 
−𝑐𝑥2

4𝑘
 
𝑛

𝑛!
 (30) 

Finally, using the definition of the generalized Wright hypergeometric function given by (5), 

the above equation (30) leads to the result (29). This completes the proof of Theorem 3. 

If we take 𝑘 = 1 𝑎𝑛𝑑 𝑐 = 1 in (29), then generalized k-Bessel function 𝑊𝜐,𝑐
𝑘  reduce to the 

Classical Bessel function 𝐽𝜐 , we get the following known result given by Agarwal et 

a1.([1], P-105, eq.(14)). 
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Corollary 3.1 Let  𝛼, 𝛼′,,′, 𝛾, 𝜐, 𝜎 ∈  𝐶 and 𝑥 > 0 𝑏𝑒 such that 𝑅𝑒 𝜐 > −1, 𝑅𝑒  𝛾 >
0 and 𝑅𝑒 σ + 𝜐 > max   0, 𝑅𝑒  γ− α− 𝛼′− β , 𝑅𝑒(β− α) , then there holds the 

following result:  

 𝐷0+
 𝛼,𝛼 ′,,′,𝛾

  𝑡𝜎−1𝐽𝜐 t   
 
(𝑥) 

 =
𝑥𝜎+𝜐−𝛾+𝛼+𝛼 ′−1

2𝜐     𝜓3
 

4
   

 𝜎 + 𝜐, 2 ,  𝜎 + 𝜐 − 𝛾 + 𝛼 + 𝛼′ + ′, 2 ,

 𝜐 + 1,1 ,  𝜎 + 𝜐 − , 2 ,
     

   𝜎 + 𝜐 + 𝛼 − , 2                                      
 𝜎 + 𝜐 − 𝛾 + 𝛼 + 𝛼′, 2 ,  𝜎 + 𝜐 − 𝛾 + 𝛼 + ′, 2 

  ;
−𝑥2

4
  (31) 

In view of the relation (13), we get a formula concerning the left-sided Saigo fractional 

derivative operator (see [9], [10]) in the following corollary. 

Corollary 3.2 Let  𝛼,, 𝛾, 𝜐, 𝜎 ∈ 𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0 𝑏𝑒  such that 𝑅𝑒 𝜐 >

−1,𝑅𝑒  𝛼 > 0 and 𝑅𝑒  
σ+𝜐

k
 > max 0, 𝑅𝑒    𝛾 − β , 𝑅𝑒(−𝛼 − − 𝛾) , then the 

following formula holds true:   

  𝐷0+
 𝛼,,𝛾

  𝑡
σ

k
−1 𝑊𝜐,𝑐

𝑘  𝑡   
 

(𝑥) 

 =    
𝑥
σ+𝜐

k
+−1

(2𝑘)
𝜐
k

    𝜓2
 

3
     

 
𝜎+𝜐

𝑘
, 2 ,  

𝜎+𝜐

𝑘
+ α +  + 𝛾 ,2 

 
𝜐

𝑘
+ 1,1 ,  

𝜎+𝜐

𝑘
+ 𝛾, 2 , (

𝜎+𝜐

𝑘
+ , 2)

; 
−𝑐𝑥2

4𝑘
   (32) 

Further, if we set  = −𝛼 in above Corollary 3.2, we obtain a formula concerning the 

left-sided Riemann-Liouville fractional derivative operator (see [5], [9]) asserted in the 

following corollary. 

Corollary 3.3 Let  𝛼, 𝜐, 𝜎 ∈ 𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0   be such that  𝜐 > −1, 𝑎𝑛𝑑 

𝑅𝑒(α) > 0, then there holds the following result:  

  𝐷0+
 𝛼    𝑡

σ

k
−1  𝑊𝜐,𝑐

𝑘  𝑡   
 

(𝑥) 

 =    
𝑥
σ+𝜐

k
−α−1

(2𝑘)
𝜐
k

    𝜓1
 

2
     

 
𝜎+𝜐

𝑘
, 2 

 
𝜐

𝑘
+ 1,1 , (

𝜎+𝜐

𝑘
− 𝛼, 2)

; 
−𝑐𝑥2

4𝑘
   (33) 

Theorems 4 Let  𝛼, 𝛼′,,′, 𝛾, 𝜐, 𝜎 ∈ 𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0 𝑏𝑒  such that 𝑅𝑒 𝜐 >
−1,𝑅𝑒  𝛾 > 0 and  

 𝑅𝑒  
𝜎−𝜐

𝑘
 < 1 + min   𝑅𝑒 ′ , 𝑅𝑒  𝛾 − 𝛼 − 𝛼′ , 𝑅𝑒 𝛾 − 𝛼′−   . (34) 

Then the following formula holds true:  

  𝐷−
 𝛼,𝛼 ′,,′,𝛾    𝑡

𝜎

𝑘
−1 𝑊𝜐,𝑐

𝑘   
1

t
   

 

(𝑥) 
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 =
𝑥
σ−𝜐

k
−𝛾+𝛼+𝛼 ′−1

(2𝑘
𝜐
)𝑘

    𝜓3
 

4
   

 1 − 𝛼 − 𝛼′ + 𝛾 −
𝜎−𝜐

𝑘
, 2 ,  1 − 𝛼′ −  + 𝛾 −

𝜎−𝜐

𝑘
, 2 ,

 
𝜐

𝑘
+ 1,1 ,  1 −

𝜎−𝜐

𝑘
, 2 ,

     

  
 1 + ′−

𝜎−𝜐

𝑘
, 2                                       

 1 − 𝛼 − 𝛼′−  + 𝛾 −
𝜎−𝜐

𝑘
, 2 ,  1 − 𝛼′ + ′−

𝜎−𝜐

𝑘
, 2 

  ;
−𝑐

4𝑘𝑥2  (35) 

Proof : A similar argument as in the proof of Theorem 3 will establish the result here. So 

we choose to skip the detailed account of its proof. 

If we put 𝑘 = 1 and 𝑐 = 1 in (35), then generalized k-Bessel function 𝑊𝑣,𝑐
𝑘  reduce to the 

Classical Bessel function  𝐽𝜐 , we obtain the following known result given by Agarwal et 

a1. ([1], P-105, eq.(18)). 

Corollary 4.1 Let  𝛼, 𝛼 ′,,′, 𝛾, 𝜐, 𝜎 ∈  𝐶  and 𝑥 > 0 𝑏𝑒  such that 𝑅𝑒 𝜐 >
−1,𝑅𝑒  𝛾 > 0 and 𝑅𝑒 σ− 𝜐 < 1 + min   𝑅𝑒 ′ , 𝑅𝑒  𝛾 − 𝛼 − 𝛼′ , 𝑅𝑒 𝛾 − 𝛼′ −
  , then there holds the following result:  

 𝐷−
 𝛼,𝛼 ′,,′,𝛾   𝑡𝜎−1𝐽𝜐  

1

t
   

 

(𝑥) 

=
𝑥𝜎−𝜐−𝛾+𝛼+𝛼 ′−1

2𝜐
    𝜓3

 
4
   

 1 − 𝛼 − 𝛼′ + 𝛾 − 𝜎 + 𝜐, 2 ,  1 − 𝛼′ −  + 𝛾 − 𝜎 + 𝜐, 2 ,

 𝜐 + 1,1 ,  1 − 𝜎 + 𝜐, 2 ,
     

   1 + ′− 𝜎 + 𝜐, 2                                      
 1 − 𝛼 − 𝛼′−  + 𝛾 − 𝜎 + 𝜐, 2 ,  1 − 𝛼′ + ′− 𝜎 + 𝜐, 2 

  ;
−1

4𝑥2  (36) 

In view of the relation (14), we get a formula concerning the right-sided Saigo fractional 

derivative operator (see [9], [10]) given in the following corollary. 

Corollary 4.2 Let  𝛼,, 𝛾, 𝜐, 𝜎 ∈  𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0 𝑏𝑒  such that 𝑅𝑒 𝜐 >
−1,𝑅𝑒  𝛼 > 0 and 𝑅𝑒 σ− 𝜐 < 1 + min   0, 𝑅𝑒(−), 𝑅𝑒   𝛼 + 𝛾  , then there holds 

the following formula :  

  𝐷−
 𝛼,,𝛾   𝑡

σ

k
−1 𝑊𝜐,𝑐

𝑘  
1

t
   

 

(𝑥) 

 =  
𝑥
𝜎−𝜐
𝑘

+−1

(2𝑘)
𝜐
𝑘

    𝜓2
 

3
   

 1 − −
𝜎−𝜐

𝑘
, 2 ,  1 + α + γ−

𝜎−𝜐

𝑘
, 2 

 
𝜐

𝑘
+ 1,1 ,  1 −

𝜎−𝜐

𝑘
, 2 , (1 −  + 𝛾 −

𝜎−𝜐

𝑘
, 2)

;  
−𝑐

4𝑘𝑥2  (37) 

Further, if we set  = −𝛼 in (37), we obtain a formula concering the right-sided 

Riemann-Liouville fractional derivative operator (see [5], [9]) stated in the following 

corollary. 

Corollary 4.3 Let 𝛼, 𝜐, 𝜎 ∈  𝐶, 𝑘 > 0, 𝑐 ∈ 𝑅 and 𝑥 > 0 𝑏𝑒 such that 𝑅𝑒 𝜐 > −1 𝑎𝑛𝑑  

𝑅𝑒  𝛼 > 0, then the following results holds true :  
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  𝐷−
 𝛼   𝑡

σ

k
−1 𝑊𝜐,𝑐

𝑘  
1

t
   

 

(𝑥) 

 =  
𝑥
𝜎−𝜐
𝑘

−𝛼−1

(2𝑘)
𝜐
𝑘

    𝜓1
 

2
   

 1 + 𝛼 −
𝜎−𝜐

𝑘
, 2 

 
𝜐

𝑘
+ 1,1 ,  1 −

𝜎−𝜐

𝑘
, 2 

 ; 
−𝑐

4𝑘𝑥2  (38) 

4. Concluding Remarks 

 In the present paper, we have studied and obtain generalized fractional integral and 

derivative formulas of the generalized k-Bessel function. The results have been developed 

in terms of generalized Wright hypergeometric function with the help of Saigo-Maeda 

fractional power function formulas. We can easily obtain many results of earlier work 

done by Purohit et al.[8] and Agarwal et al.[1] as special cases of our main results. 

Acknowledgement: The authors are thankful to the Referee for valuable comments and 

suggestions. 
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