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1. Introduction 

The Wright function z)W 
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is defined by the series 
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If  >  1, the series (1) is absolutely convergent for all z  C, while for  = 1 this series 

is absolutely convergent for | z | < 1. Moreover, for  >  1, W, is entire function of z. 

The Wright functions was introduced by Wright in 1933 [28], and have been used widely 

in the asymptotic theory of partitions, in the Mikusinski operational calculus and in the 

theory of integral transforms of Hankel type. Recently these functions have appeared in 

the solution of partial differential equations of fractional order, it was found that the 

corresponding Green functions can be represented in terms of the Wright function (See 

[19,25]). 

If  is a positive rational numbers, then the Wright function W, can be represented in 

terms of more familiar generalized hypergeometric function (see, [11, [1]). In particular, 

when  = 1 and C), b
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can be 

expressed in terms of the generalized Bessel functions W,b,c , given as 
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Note that generalized Bessel functions 
cb,

W


is the solution of differential equation 

 0  w(z)b)1(cz(z)bzw' z)wz 22' '2   

for all z  C, z  0. Further, observe that function W,b,c permits the study of Bessel, 

modified Bessel, spherical Bessel and modified spherical Bessel functions together. It is 

clear that for c = 1 and b = 1 the function W,b,c reduces to J, Bessel function of the first 

kind of order , when c = 1 and b = 1 the function W,b,c becomes I, is modified Bessel 

function of the first kind of order . Similarly, when c = 1 and b = 2 the function W,b,c 

reduces to 


2j  where j is the spherical Bessel function of order , while if c =  1 

and b = 2, then W,b,c becomes  


2i  where i is the modified spherical Bessel 

function of order  (see[2]). Also the Wright function generalizes various simple 

functions like the Array function, Wittakar function, (Wright-type) entire auxiliary 

functions etc. For the details, we refer to [12,11]. 

 Recently, several researchers studied classes of integral operators involving the 

Bessel functions, to find different conditions such that the integral operator have certain 

geometric properties like univalency, convexity and starlikeness. In this context many 

results are available in the literature (see [6,10,13,14,20,27]). In this article, we aim to 

study univalency of certain integral operators involving the Wright function. 

 We denote by A, the class of all analytic functions f in the open unit disk   D = {z 

: | z | < 1 } having the normalization f(0) = 0; f 
'
(0) = 1 and have the form: 
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A function f  A is called starlike (with respect to origin 0), denoted by f  S* if tw  

f(D) whenever w  f(D) and t  [0,1]. A function f  A maps D onto a convex domain is 

called convex function and class of such functions is denoted by K. For a given 0   < 1, 

a function f  A is called starlike function of order , class of such function denoted by 

S*(), if R(z f'(z)/f(z)) > , z  D. Further, for    0   < 1, a function f  A is called 

convex function of order , class of such function denoted by K(), if 1+R(zf''(z)/f'(z)) > 

, z  D. It is well known that    S*(0) = S* and K(0) = K. A function f  A is called 

close-to-convex in D, if the range f(D) is close-to-convex, i.e. the complement of f(D) 

can be written as the union of non-intersecting half-times. Moreover, a function f  A is 



 

 

 

 

 

 

Geometric Properties of the Wright Functions 65 

said to be close-to-convex with respect to a fixed starlike function g (need not be 

normalized), denoted by Cg, if R (z f'(z)/g(z)) > 0, z  D. For more details about these 

classes can be found in [9]. 

Recently, several researchers studied families of analytic functions involving special 

functions f  A, to find different conditions such that the members of F have certain 

geometric properties like univalency, starlikeness or convexity in D. In this context many 

results are available in the literature regarding the hypergeometric functions [16,24,23], 

Bessel functions [1,2,3,4,5,15,21]. Recently author [22,7], have obtained certain 

sufficient conditions for the Wright function and Mittag-Leffler functions to be starlike, 

convex and close-to-convex. In continuation, we define a new normalization of Wright 

function W, ( > 1,   C) in D. Consider 
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and 
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where, the function z)u
cb,



studied recently in [1,15] and g(z) is investigated in 

[4,21,26]. 

2. Starlikeness and Convexity 

Theorem 1. If   1 and 

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  then W593070
8

331
is starlike in D. 

Proof. Observe that under the hypothesis the inequality Nn p),nn) 

holds, which is equivalent to 
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If z  D, then using (4), we get 
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Using (9), we obtain 
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Note that, under hypothesis  024 2
the along with (10) gives 
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which is equivalent to 


0/WR(zW '
This shows that the function W, is 

starlike in D. 

Remark 1. Note that for  = 1,  = +1, Lemma 1 is corresponding to the known result 

[26, Theorem 8]. 

Theorem 2. If    1,  > 0 are such that the inequality Nn nn) 

holds, then function W, satisfying the inequality 

D.  z
34

144
|z)W

34

124
2

2

2

2












 (12) 



 

 

 

 

 

 

Geometric Properties of the Wright Functions 67 

Proof. We observe that, the hypothesis (7) holds. Using (4), (7) and triangle inequality, 

we obtain 
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which is positive under the given condition on . Similarly 

  














 




 34

144

14

1

4

1
1|z)W|

2

2n

0n

 (14) 

which is positive. Thus the proof is complete. 

Theorem 3. If   1,  > 0 are such that the inequality Nn nn) 

holds, then 
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Proof. Using (4), (7) and triangle inequality, we get 
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3. Integral Operators Involving Wright Functions 

Lemma 1. (see[17]). Let  1 c1,|c| with C c0R( and C If h  A 
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Lemma 2. (see[18]). Let   C such that Re() > 0. If h  A satisfied 

 


 

1
(z)h'

(z)'zh'

Re(

|z1 2Re(

 

for all z  D, then for all   C such that Re ()  Re() the integral operator F(z) 

defined by (17) is analytic and univalent in D. 

We observe that, for  = 1, Lemma 4 is equivalent to the Becker’s criterion for 

univalency [8], which shows that, if f  A satisfying the inequality 

1|(z)(z)/f'f z |z1 ' '2  for each z  D, then f is univalent in D. 

In next theorem, we obtain conditions so that F is univalent in D. 
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Now using Lemma 1 and the triangle inequality, we get 
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which in view of Lemma 3 implies that, F,,, is univalent in D. 

Theorem 2. Let  >  1,  > 0.46166,   C with Re() > 0. Suppose also that these 

numbers satisfying the inequality 
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which in view of Lemma 4 implies that, G,, is univalent in D. 

  



 

 

 

 

 

 

70 J.K. Parajapat 

References 

[1] Baricz, A. Geometric properties of generalized Bessel functions, Publ. Math. 

Debrecen (2009), 73, 55-178. 

[2] Baricz, A. Geneeralized Bessel Functions of the First Kind, Lecture Notes in 

Mathematics, Springer, New York, 2010. 

[3] Baricz, A. and Poonusamy, S. (2010). Starlikeness and convexity of generalized  

Bessel functions, Integral Transform, Spec. Funct. 21(9), 641-653. 

[4] Baricz, A., Kupan, P.A. and R. Szasz. (2014). The radius of starlikeness of 

normalized Bessel function of first kind. Proc. Amer. Math. Soc. 142(6), 2019-

2025. 

[5] Baricz, A. and Szacz, R. (2014). The radius of convexity of normalized Bessel 

functions of the first kind, Anal. Appl. 12(5), 485-509. 

[6] Baricz, A. and B.A. Frasin (2010). Univalence of integral operators involving 

Bessel functions, Appl. Math. Lett. 23, 371-376. 

[7] Bansal, D. and Prajapat (2016). J.K. Certain geometric properties of the Mittag-

Leffler functions, Complex Var. Elliptic Equ. 61(3), 338-350. 

[8] Becker, J. (1972). Lownersche Differentialgleichung und quasikonform 

fortsetzbare schlichte Funktionen. (German) J. Reine Angew. Math. 255, 23-43. 

[9] Duren, P.L.(1983). Univalent Functions, Grundlehren der Mathematischen 

Wissenschaften, Band 259, Springer-Verlag, New York, Berlin, Heidelberg and 

Tokyo. 

[10] Frasin, B.A.(2010). Sufficient conditions for integral operator defined by Bessel 

functions, J. Math. Inequal. 4(2), 301-306. 

[11] Gorenflo, R., Luchko, Y. and Vainradi, F. (1999). Analytic properties and 

applications of Wright functions, Frac. Cal. Appl. Anal. 2(4), 383-414. 

[12] Kiryakova, V. (1994). Generalized Fractional Calculus and Applications, Vol. 

301 of Pitman Research Notes in Mathematics Series, Longman Scientific & 

Technical, Harlow, UK. 

[13] Arif, M. Raza.(2011). Some properties of an integral operator defined by Sessel 

functions, Acta Univ. Apulensis Math. Inform. 26, 69-74. 

[14] Deniz, E., Orhan, H. and Srivastava, H.M.(2011). Some sufficient conditions for 

univalence of certain families of integral operators involving generalized Bessel 

functions. Taiwanese J. of Mathematics 15(2), 883-917. 

[15] Mondal, S.R. and Swaminathan, A.(2012). Geometric Properties of Generalized 

Bessel Functions, Bull. Malays. Math. Soc. (2) 35(1), 179-194. 



 

 

 

 

 

 

Geometric Properties of the Wright Functions 71 

[16] Miller, S.S. and Mocanu, P.T.(1990). Univalence of Gaussian and confluent 

hypergeometric functions, Proc. Amer. Math. Soc. 110(2), 333-342. 

[17] Pescar, V.(1996). A new generalization of Ahlfors and Beckers criterion of 

univalence. Bull. Malays. Math. Sci. Soc. (2) 19, 53-54. 

[18] Pascu, N.(1987). An improvement of Beckers uivalence criterion, in : 

Proceedings of Commemorative Session Simion Stoilow, Brasov, 43-98. 

[19] Podlubny, I.(1999). Fractional Differential Equations. Academic Press, San 

Diego. 

[20] Porwal, S. and Breaz, D.(2014). Mapping Properties of an Integral Operator 

Involving Bessel Functions, Analytic Number Theory, Approximation Theory 

and Special Functions (Ed.: G.V. Milovanovic, M. Th. Rassias), 821-826. 

[21] Prajapat, J.K.(2011). Certain geometric properties of normalized Bessel 

functions, Appl. Math. Lett. 24, 2133-2139. 

[22] Prajapat, J.K.(2015). Certain geometric properties of the Wright functions, 

Integral Transform. Spec. Funct. 26(3), 203-212. 

[23] Ponnusamy, S. and Vuorinen, M.(2001). Univalence and convexity properties for 

Gaussian hypergeometric functions, Rocky Mountain J. Math. 31(1), 327-353. 

[24] Ruscheweyh, St. and Singh, V.(1986). On the order of starlikeness of 

hypergeometric functions, J. Math. Anal. Appl. 113, 11. 

[25] Samko, S.G., Kilbas, A.A. and Maridhev, O.I.(1993). Fractional Integrals and 

Derivatives: Theory and Applications. Gordon and Breach, New York. 

[26] Szasz, R. and Kupan, P.A.(2009). About the univalence of the Bessel functions. 

Stud. Univ. Babes-Bolyai Math. 54(1), 127-132. 

[27] Ularu, N.(2013). The univalence of some integral operators using Bessel 

functions, Math. Vesnik 65(4), 547. 

[28] Wright, E.M.(1933). On the coefficients of power series having exponential 

singularities. J. London Math. Soc. 8, 71-79. 


