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Abstract: In this study, numerical solution to the unsteady laminar mixed 

convection boundary layer flow through porous medium past a stretching vertical 

surface is presented .The time dependent forms of the stretching velocity and the 

sheet surface temperature have been assumed with both partial slip velocity and 

temperature slip boundary conditions. The governing partial differential 

equations are transformed into ordinary differential equations using similarity 

transformations, and then solved numerically. The effects of the various pertinent 

parameters are examined on the velocity field, temperature field and entropy 

generation during mixed convection flow, and discussed. 

Key Words: Slip, porous medium, vertical stretching sheet, entropy generation, 

mixed convection. 

 
1. Introduction 

In many industrial manufacturing processes, such as, production of metal or polymer 

sheets and in their many practical applications e.g. in packaging industry etc. the fluid 

dynamics due to shrinking and stretching surfaces is important when these surfaces 

undergo heating. Several researchers are studying the viscous fluid flow over such 

surfaces and the associated heat transfer problems because of their wide applications in 

various areas, such as Aerodynamics, paper production, glass blowing and drawing 

artificial fibres , and in particular polymer industry where polymer sheets extruded from a 

die by drawing them through a quiescent viscous fluid. Since the pioneering work of 

Crane[16] who investigated the steady boundary layer two-dimensional viscous flow due 

to a stretching sheet in a quiescent fluid, many researchers examined various new aspects 

of their classical problem of stretching sheet, e.g. Wang[29], Grubka and Bobba[18], 

Mcleod and Rajgopal[22], Ali[1], Elbashbeshy[17], Chamkha and Issa[8] ,Cortell[15], 

Ariel[4], Ariel et al.[5], Ali and Magyari[2], Rashidi and Gaji[26], Ishak et el.[20], Patil 

et el.[25], Chauhan and Agarwal[9], Chauhan and Olkha[12], Vyas and Srivastava[28], 

Chauhan et al.[14,13]. 
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Most of the studies that deal with the convection in porous medium at various flow 

thermal situations and boundary conditions are restricted to the analysis of First-law of 

thermodynamics. However, a Second -law analysis is important in determining the form 

of irreversibility in terms of entropy generation. In fact, thermodynamic irreversibility is 

encountered in all heat transfer processes, and different sources, such as heat transfer and 

viscous dissipation are responsible for entropy generation which destroys the work 

availability of a thermal system. Bejan[6] examined and discussed the entropy 

generation, and showed that the optimal design of an engineering thermal system can be 

achieved by its minimization. In view of this, several researchers, such as Mehmud and 

Fraser[23], Hooman et al.[19], Chauhan and Kumar[10], Komurgoz et al.[21] have 

examined heat transfer effects incorporating entropy generation in their studies. Tamayol 

et al.[27] examined entropy generation in a porous medium over a permeable stretching 

wall with different power-law thermal boundary conditions. Chauhan and Rastogi[11] 

investigated entropy generation due to heat transfer, fluid friction and magnetic field 

during flow through porous medium over a non-isothermal stretching sheet.  

The aim of this investigation is to study the unsteady boundary layer viscous fluid flow 

and heat transfer past a vertical stretching sheet placed in a fluid saturated homogenous 

highly porous medium, with partially slip boundary conditions. The unsteadiness, in the 

velocity field and temperature field, is due to the time-dependent stretching velocity and 

the surface temperature of the sheet. The governing partial differential equations are first 

transformed into ordinary differential equations using similarity transformations and then 

solved numerically. The effects of various physical parameters, such as unsteadiness 

parameter, slip parameters, permeability of the porous medium, Prandtl number, 

buoyancy parameter, and viscosity ratio parameter, on the flow field, temperature field 

are examined and discussed graphically. In this analysis, entropy generation due to heat 

transfer and fluid friction in porous medium have also been included in the presence of 

the buoyancy force and slip boundary conditions, which further contributes to the 

existing studies conducted by other researchers in similar stretching sheet problems. 

2. Formulation of the Problem  

We consider a mixed convection unsteady laminar boundary layer flow through a porous 

medium adjacent to a vertical stretching sheet .The vertical stretching sheet coincides 

with the plane 0x  in the upward direction and the porous medium flow is considered 

in the region 0x . The x -axis is taken along the stretching sheet and the y - axis is 

taken normal to it in the outward direction into the fluid. It is assumed that for time 0t  

the fluid flow and heat flow are steady .The unsteady flows start at ,0t  and the 

vertical stretching sheet moves in its own plane keeping the origin fixed with a velocity 

),( txU , which varies both along the sheet, x  and with time, t .It is defined as follows: 
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where a  and c  are positive constants (with 0a , 0c , 1ct ),which measure the 

stretching rate and the unsteadiness respectively, and both have dimension time
-1

 . 

The surface temperature distribution ),( txT also varies with x  and t  both and it is 

defined as follows: 

2)1(
),(

ct

bx
TtxT


    (2) 

where, T , the ambient temperature; and b  , is a constant having dimension 

temperature/length. Here,  TtxT ),( is for heating and  TtxT ),(  for cooling of 

the sheet, which correspond to assisting and opposing flows respectively. 

The x momentum equation is based on the Brinkman model, and the energy equation, 

on the local thermal equilibrium assumption (Brinkman[7]; Nield and Bejan[24]). Under 

the Boussinesq and boundary layer approximations, for unsteady flow and temperature 

distribution through highly porous medium, the governing partial differential equations 

for the present problem may be written as follows: 
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The corresponding boundary conditions for the present problem are given by  

at 0y ,       
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where,u  and v  are the velocity components in x and y directions respectively; T , the 

temperature ;  , the viscosity of the clear fluid ;  , the effective viscosity of the fluid in 

the porous medium; 0K , the permeability of the porous medium;  , the density; pC  , 

the specific heat at the constant pressure; k , the effective thermal conductivity which 
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depends on the thermal conductivities of the fluid and the porous matrix; 1L  and 2L , the 

velocity and temperature slip parameters;  / , the viscosity ratio; g the 

acceleration due to gravity;   the thermal expansion coefficient; and  / , the 

kinematic viscosity. 

Let us introduce the similarity transformations, following Andersson et al.[3] and Ishak et 

al.[20] as follows: 
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Substituting the above similarity transformations into the partial differential equations (3) 

to (5) and the boundary conditions (6) , we obtain the following dimensionless system of 

ordinary differential equations , 
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And the corresponding boundary conditions as follows  
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3. Numerical Solution 

For the numerical solution of the present two- point boundary value problem consisting 

of the set of non linear ordinary differential equations (7) and (8) with the boundary 

conditions (9) , it is reduced to a system of first order differential equations by defining 

new variables. The numerical solution of BVP is obtained by using MATLAB BVP 

solver bvp4c. The asymptotic boundary conditions at   are replaced by those at a 

large but finite value of  as a standard practice in the boundary layer analysis, where no 

considerable variation in velocity, temperature etc. occur .The numerical procedure is 

repeated until we obtain the results up to the desired accuracy 10
-6

 in all cases. 

4. Entropy Generation  

The irreversible aspect of the Second law of thermodynamics for the convection flow 

through porous medium has been studied in this section. The convection process is 

inherently irreversible. Following Bejan[6] the dimensionless form of entropy generation 

for viscous fluid flow through porous medium is given as follows: 
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Bejan number  Be  is defined as the ratio of the entropy generation due to heat transfer 

to the total entropy generation  NS .  

5. Discussion 

The unsteady boundary layer flow through a porous medium adjacent to a vertical 

stretching sheet with heat transfer has been investigated with velocity and temperature 

partial slip boundary conditions. In this study, entropy generation analysis have also been 

conducted and discussed. In figures 1-3, the variation of axial velocity )(f   with   has 

been plotted for different values of the physical parameters such as, the permeability 

parameter K , the mixed convection parameter , and the partial velocity slip parameter

1 . As expected, an increase in the permeability of the porous medium enhances the 

flow in the boundary layer since as permeability parameter K increases, the Darcy’s 

resistance force decreases hence flow increases. Further, it is clear that the velocity 

component )(f   increases with the increase in the value of the mixed convection 

parameter , since in the case of assisting flow  0 , the buoyancy force behaves as 
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favourable pressure gradient to the flow. However, for the opposing flow  0 , the 

buoyancy force reduces the flow in the boundary layer. It is noted that, the velocity slip 

parameter 1 , causes a decrease in the flow for all values of   in the boundary layer. 

Figures 4-6, illustrate the temperature distribution )( with  for various values of 

pertinent parameters. It is clear that temperature )( decreases with an increase in the 

value of Prandtl number Pr , at all values of , and therefore the thermal boundary layer 

thickness decreases. It is observed that with the increase in the value of positive 

convection parameter  the fluid temperature decreases, while reverse effect is observed 

for negative convection parameter  .It is found that the temperature rises in the flow 

domain with the increase in the value of the parameter 1 , however a reverse effect is 

seen by increasing the value of the parameter 2 .  

 
Fig1. Velocity profiles )(f   versus 

 
for 1.25,φ1,Pr1,λ1,A 

 
0.1αα 21   

 
Fig2. Velocity profiles )(f   versus   

for 1,Pr1,K1,A  0.1αα1.25,φ 21   
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Table 1 illustrates the variation of the non-dimensional rate of heat transfer )0('  at 

the stretching sheet for various values of the pertinent parameters. It is observed that the 

effect of slip parameters 1  or 2 , is to reduce the rate of heat transfer from the sheet to 

the fluid in porous medium. However the parameters Pr , A , K  or   causes an increase 

in the rate of heat transfer at the stretching sheet . Further it is noticed that the effect of 

the positive mixed convection parameter   is to increase the rate of heat transfer at the 

sheet while negative mixed convection parameter causes reverse effect at the sheet. For 

some particular values of the parameters, the result of the present study are also 

compared with those of Grubka and Bobba[18], Ali[8], Ishak et al.[20], shown in the 

table, to verify the accuracy of the present numerical approach. It found that our results 

are in excellent agreement with those reported by other researchers.  

 
Fig3. Velocity profiles )(f   versus 

 
for 1.25,φ1,Pr1,λ1,K 
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Fig4. Temperature profiles )(  versus 

 

for 1.25,φ1,λ1,K1,A 
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Fig5. Temperature profiles )(  versus   

for 1.25φ1,λ1,Pr1,K1,A   0.1αα 21   
 

 

Fig6. Temperature profiles )(  versus   
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Table 1: Variations of (0)θ , and comparison with results of existing studies for 

1φ,K0,αα 21   

 

In thermal-flow systems entropy production is associated with thermo-dynamic 

irreversibility, which is common to every type of heat transfer process; therefore, the 

efficiency of such type of systems can be improved by minimizing it. In this study, we 

have investigated the effects of various physical parameters on the entropy generation 

number and NS  and the Bejan number Be . In figure 7, the total entropy generation NS  

is plotted against  for different values of the Brinkman number Br .It is seen that NS  

increases with the increase in the value of Br  for a given . In fact, Br  determines the 

relative importance of the viscous dissipation effect and the viscous fluid friction 

increases with the increase in Br value hence NS increases by it. It is also found that the 

effect of the viscosity ratio parameter   is to increase the entropy generation number NS

. However, figures 8 and 9 show that the effect of the unsteadiness parameter A , or the 

permeability parameter K , or the velocity slip parameter 1 , or the temperature slip 

parameter 2  is to reduce the entropy generation number NS . 
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Fig 7. NS  vs  for

1,λ1,1PrK1,A 
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Fig8. NS  vs η for 
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Bejan number is the ratio of the entropy generation due to heat transfer to the total 

generation, so its range is 10  Be . 5.0Be  Indicates that the irreversibility due to 

heat transfer dominates, with 1Be  as the limit at which the irreversibility is solely due 

to heat transfer. On the other hand when Be is near zero, means fluid friction 

irreversibility dominates. Figures10-13, illustrate variation of Bejan number with  for 

various parameters. It is noticed that Bejan number Be  decreases significantly with the 

increase of Brinkman number Br .Since the effect of Br  is to increase the viscous 

dissipation, hence Be  which is the ratio of 1NS to NS , decreases. Its value is maximum, 

i.e.1, when 0Br  because in that case the contribution of fluid friction irreversibility is 

zero. The effect of unsteadiness parameter A , the viscosity ratio parameter , or the 

temperature slip parameter 2 , is also to reduce the Bejan number Be . However, the 

velocity slip parameter 1  causes an increase in the Bejan number Be . 

 

 

Fig 10. Be vs  for

1,K1,λ1.25,φ1,A 

0.1αα1,Ω0.2,X1,Pr 21   

 

Fig 11. Be vs   for 
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Fig 12. Be vs   for ,1Pr1,Br1,A 
 

,0.2X1.25,φ1,K1,λ   0.1α1,Ω 2   

 

Fig13. Be vs   for 1,Pr1,Br1,A   
,1λ   0.2,X1.25,φ1,K   0.1α1,Ω 1   

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1



B
e


1
=0,0.1,0.3,0.5,0.7

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1



B
e


2
=0,0.1,0.3,0.5,0.7



 

 

 

 

 

 

Slip Effects on Unsteady ... 61 

References 

[1] Ali, M.E. (1994), Heat transfer characteristics of a continuous stretching surface. 

Heat Mass Transf 29, 227-234. 

[2] Ali, M.E., Magyari, E(2007), Unsteady fluid and heat flow induced by a 

submerged stretching surface while its steady motion is slowed down gradually. 

Int J Heat Mass Transf 50,188-195. 

[3] Andersson, H.I., Aarseth, J.B., Dandapat, B.S. ,(2000), Heat transfer in a liquid 

film on an unsteady stretching surface. Int J Heat Mass Transf 43,69-74. 

[4] Ariel, P.D. (2006), The flow of an elastico-viscous fluid past a stretching sheet 

with partial slip, Acta Mech., 187, 29-35. 

[5] Ariel, P.D., Hayat ,T., and Asghar, S (2006), Homotopy perturbation method and 

axisymmetric flow over a stretching sheet, Int. J. Nonlinear Sci. Numer. Simul., 

7, 399-406. 

[6] Bejan, A., Entropy generation minimization ,CRC Press, NewYork, 1995. 

[7] Brinkman, H. (1947), A calculation of the viscous force exerted by a flowing 

fluid on a dense swarm of particles, Appl. Sci. Res. A1,27-34. 

[8] Chamkha, A.J and Issa, C. (1999), Mixed Convection effects on unsteady flow 

and heat transfer over a stretched surface, Int. Commun. Heat Mass Transfer, 26, 

717-727. 

[9] Chauhan, D.S, Agarwal, R (2011), MHD flow through a porous medium adjacent 

to a stretching sheet: numerical and an approximate solution. Eur. Phys. J. Plus 

126(5). Doi:10.1140/epjp/i2011-11047-3. 

[10] Chauhan, D.S. and Kumar V.(2009),Effects of slip conditions on forced 

convection and entropy generation in a circular channel occupied by a highly 

porous medium: Darcy extended Brinkman-Forchheimer model, Turkish J. Eng. 

Env. Sci., 33, 91-104. 

[11] Chauhan, D.S. and Rastogi, P. (2011),Heat transfer and entropy generation in 

MHD flow through a porous medium past a stretching sheet, Int. J. of Energy and 

Tech., 3(15),1-13. 

[12] Chauhan, D.S., and Olkha, A. (2011), Slip flow and heat transfer of a second 

grade fluid in a porous medium over a stretching sheet with power law surface 

temperature or heat flux, Chemical Engineering Communications, 198(9),1129-

1145. 

[13] Chauhan, D.S., Agarwal, R. (2014), Magnetohydrodynamic flow and heat 

transfer in a porous medium along a stretching cylinder with radiation: homotopy 

analysis method Afrika Matematika, 25,115-134. 

[14] Chauhan, D.S., Agarwal, R., Rastogi, P. (2012), Magnetohydrodynamic slip flow 

and heat transfer in a porous medium over a stretching cylinder: homotopy 

analysis method, Numer. Heat transfer. Part A., 62(2), 136-157. 



 

 

 

 

 

 

62 Dileep Singh Chauhan and Vinita Khemchandani 

[15] Cortell, R. (2005), Flow and heat transfer of a fluid through a porous medium 

over a stretching surface with internal heat generation /absorption and 

suction/blowing .Fluid Dyn.Res.37, 231-245. 

[16] Crane, L.J. (1970), Flow past a stretching plate. Z Angew Math Phys., 21,645-

647. 

[17] Elbashbeshy,  E.M.A. (1984), Heat transfer over a stretching surface with 

variable surface heat flux , J. of Phys. D: Appl. Phys. 31(16),1951-1917. 

[18] Grubka, L.J., Bobba, K.M. (1985), Heat transfer characteristics of a continuous, 

stretching surface with variable temperature. ASME J Heat Transf 107,248-250. 

[19] Hooman, K., Gurgenci, H. and Merrikh, A.A. (2007), Heat transfer and entropy 

generation optimization of forced convection in a porous saturated duct of 

rectangular cross-section , Int. J. Heat and Mass transfer ,50,2051-2059. 

[20] Ishak, A., Nazar, R., Pop, I (2009),Boundary layer flow and heat transfer over 

unsteady stretching vertical surface, Meccanica, 44(4), 369-37. 

[21] Komurgoz, G., Arikoglu, A., Turker, E., and Ozkol, I (2010) Second Law 

analysis for an inclined channel containing porous-clear fluid layers by using the 

Differential Transform Method, Numerical Heat Transfer, Part A: Applications, 

57(8), 603-623. 

[22] Mcleod, J.B., Rajgopal, K.R. (1987), On the uniqueness of flow of a Navier 

Stokes fluid due to a stretching boundary, Arch. Rat. Mech. Anal. 98,385-393. 

[23] Mehmud, S. and Fraser, R.A. (2005), Flow, thermal ,and entropy generation 

characteristics inside a porous channel with viscous dissipation, Int. J. of Thermal 

Sciences, 44, 21-32. 

[24] Nield, D.A., and Bejan, A. convection in porous media, Springer, New York, 

2006. 

[25] Patil, P.M., Roy, S., and Chamkha, A.J. (2010), Mixed Convection flow over a 

vertical power-law stretching sheet, Int. J. Numer. Methods Heat Fluid Flow, 20, 

445-458. 

[26] Rashidi, M.M. and Ganji, D.D (2009), Homotopy Perturbation combined with 

Pade approximation for solving two dimensional viscous flow in the extrusion 

process, Int. J. Non linear Sci. 7, (4)387-394. 

[27] Tamayol, A., Hooaman, K., and Bahrami, M. (2010), Thermal analysis of flow in 

a porous medium over a permeable stretching wall . Transp. Porous Med. DOJ 

10.1007/s 11242-010-9584 –x. 

[28] Vyas, P. And Srivastava, (2012) On dissipative radiative MHD boundary layer 

flow in a porous medium over a non-isothermal stretching sheet, J. Appl. Fluid 

Mech, 5(4),23-31. 

[29] Wang, C.Y. (1984), The three dimensional flow due to a stretching flat surface, 

Phys. Fluid, 27, 1915-1917. 


