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Abstract: Singh and Srivastava [9] have studied n-normed structure of [P by
introducing a new n-norm||.,.,..,.[[, on it and have observed

that (ll’, .., .. ||p)is not complete in general. Here we shall investigate some
sufficient condition for a Cauchy sequence to be convergent in the

n-normed space (1%, ][ .,., ...,. [, )and some new results on Cauchy sequences.
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1. Introduction

The concept of 2-normed spaces was initially investigated by Gahler [3] in the mid of
1960’s. Since then this theory has been developed in many directions including its
generalization to n-normed spaces by endowing a linear space with n-norm. For
instance see Misiak [8], Malceski [7], Gunawan [4,5,6] and Acikgoz [1].

Definition 1.1: Let X be a vector space over K(= R or C) of dimensiond = n (n =

2). A non-negative real valued function ||.,., ...,.|| defined on X™ satisfying the four
conditions:
(Ny) ||« %%, ...,x"|| = 0ifand onlyif x,x?, ..., x™ are linearly dependent ;

(N2) ||« %%, ..., x™|| is invarientunder any permutation of x*, x?, ..., x™ ;
(N3) ||axt, 2%, ... x| = |al|[x, %2, ..., x"||;

(Ng) [|x* +y, 2%, x| < |28 2%, x| + ||y, 22, ... x| ; for all x¥, %%, ..., x™, y €
X and for all a € K is called an n-norm on X , and the pair (X, ||.,.,...,.||) is called
an n-normed space.
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Definitions 1.2: Let (X,]|.,.,...,.|) be an n-normed space. A sequence (x’)jozo in X is

said to be a Cauchy sequence in X if ||x! — x!
allal,a?, .. a1 e X.

Lal,a?,...,a" 1| -0 asll - ofor

(x’);o: , I said to be convergentat x € X (x is called the limit point of the sequence) if

|x! —x,a',a?,...,a" | > 0asl - wforallal,a? ..,a®! € X.

An n-normed space (X, ||.,., ...,.||) is called an n-Banach space (or complete n-
normed space) if every Cauchy sequence in X converges to an element of X.

Here, we shall consider the well known sequence space IP, 1 < p < oo; where

0

P = {x = (%)% leiP’ <wandx; €EK; i =0,1,2,..

i=0
With norms
Ixll, = Cizolx; )P 1)
and
lIxlls = g%, ] (2)

we know that (17, .]l,) is a Banach space while (17, || .||,) is not a simply normed
space.

For our convenience and need, we shall denote the set of whole numbers as N =
{0,1,2,3,4, ... } will also be written in the form of a sequence N = (0,1,2,3,4, ...) as well
as in the form of n — consecutiveterms notation [ Moreover this paper is in
continuation of [9] therefore we shall follow the notation used therein] as:

N = (nl, nl+1,..,nl+ (- 1))7):0
Where "n" is fixed positive integer and refer to the integer “n” of n-normed space.

LetN = (M , Mg 41, ooy Mg +(n—1) =0 D€ @ rearrangement of the sequence N. In [9],
we have seen that (17, ][ .,., ...,.[l,,) is an n-normed space, but not complete where

llxt, 22, .., x|,

sup{ﬁl,fz, ...,f"| :

x1, %2, ..., x"are parallel rearrangements of x!, x?

, ... X" respectively }. (3)



On Some Cauchy Sequences ... 109

1
1 1 1 P\ p
I xmnk xmnk +1 7 xmnk +(n-1) I
1= = 2 2 2
and |E1, xz, ,x"| = Zf=0 det xmnk xmnk+1 xmnk+(n—1) ‘ ; (4)
n n n
xmnk xmnk +1 7 xmnk +(n-1)
=t el b t o
X = (xmnk'xmnk +1’ '"xmnk +(n—1))k:O ’

t t t t o, _
X = (xnl'xnl+1' ""xnl+(n—1))l=0 ;U= 1'2' - n

As we know that expansion of a determinant of order n consists of sum of n! terms,
among which each term is again a product of n terms belonging to distinct rows and
columns. Now using (1)-(4) together with Minkowski inequality, we get

lxt, 22, x|, < nd 1| 1272 (| oo oo 167 (] o ®)
where 1y, 7y, ..., 7, is any permutation of 1,2,...,n and ||x™¢||,,,.. means either ||x™¢|,
or ||x™¢||, is taken freely.

During our study foru = (u;);Zg,v = (v;)iLy € IP we shall writew.v = (u;. ;)%
which is the term wise (or co-ordinate wise) multiplication of sequences u and v.

Main Results

We know that, whenever (x")7_, is a Cauchy sequence in(I?,]|.[l,), then for each
fixed i € N, the sequence (x] )y, is a Cauchy in K, where x; is the ith term of x™. We

are going to present a similar result in (l", .., .. ||p).

Theorem 2.1: If (x™);"—, isa Cauchy sequence in the n-normed space (l", | I ||p), then
foreachfixed i € N, the sequence (x] );—, isalso Cauchy sequence in IK.
Proof: Letal,a? ..,a™ 1€ P . Forj=1,..n—1, & = (a{ll, ...,a£l+(n_1))‘f=0 is
defined as follows:
ai:{l ; ifi=j or n+j
l 0; otherwise

Since (x");y~, is a Cauchy sequence in the n-normed space(I?,][ .., ...,.[I,)then for
every givene > 0,3 N € N such that

|x™ — x5, al, ..., a"—lllp <¢e forallr,s > N.

But from (3), we get:

¥ —%,al,...,.a"v Y < |lx" —x%,al,..,a" 1|, < eforall r,s > Nand forallN (6)

Leti=nl+t;0<t<n-—1is taken arbitrarily. Then if we consider N' = {i=nl+
t,t+1,t+2,.. ,n—1,n+1,.. ,n+t, ..}, that is, in the rearrangement N’ of N,
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the first n — consecutiveterms arei =nl+¢t,t+1,t+2,.. ,n—1,n+1,.. ,n+
t. Now referring to (6) forall r,s = N we get:

=5 =s=1 =pn-1
|x'r -x"a, .., a" | = (|x] —xf|P +1)/P < &; wheret > 0.
which implies that |x{ —x7| < eforallr,s >N

Bui = nl +t, t was taken arbitrarily, therefore for all i € N, taking N accordingly, and
using (6) we can easily show that for each i € N we get the same N € N for which

|xI — x| < e forallr,s > N @
This exhibits that for each fixed i € N the sequence (x; );— is a Cauchy sequence in KK.

It is well known that if(x")7_, is a Cauchy sequence in(1,||.||,) anda € IP
then (ax")7_, is a Cauchy sequence in(?, || .||, ). We now prove the similar result for
the n-normed space (I7,]].,., ..., l,) with the help of following Lemma.

Lemma 2.2: If (x")%_, is a Cauchy sequence in the n-normed space (I,1[,., ., Il,,)
then  (a'.a®..a™'x")"_ is a Cauchy sequence in(,|l.II,);
forall al,a?,...,a” 1 € IP, where al.a®..a™1.x" is defined as coordinate wise
multiplication of the vectors al, a?, ...,a™ 1, x".

Proof: Suppose al,a?,...,a™ ! are arbitrary vectors inIP , for our convenience we
denote a.x” = (al.a?...a® 1. x") = (a;x]){2,; where

a=(a)7, = (a}.af ...a’{‘_l)io fora® = (af)2, andt =1,2,...,n — 1.

Now for j = 0,1,..,n — 1; define w'r = (u{r) , as follows:
1=

Jr

{aix[ ; wheneveri = j (mod n)
i

0; otherwise
This shows that

ax" =u’ +ulr + -ty (8)
and
ax” —axs = (u¥ —u%) + (ulr —uls) + -+ W —uL) ©)

We now prove that for each j=0,1,..,n—1,(wr)

in(, 11 .1I,).

For any j, define b/ = (b{t) . t=1,2,..,n—1as follows:
i

(0]
T

0 is a Cauchy sequence

i

t . o
for t>], TS LCONERR LS t(mo.d ")
0 ; otherwise
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) t o r =
and for t <j, b{t = {a(L—t)H 415 ifi+1=t(modn) (10)
0o ; otherwise

Now, since (x7)22, is a Cauchy sequence therefore for a given e > 0, 3 N/ such that
forallr,s > N/ , we have

2 — 5, 7%, B, BT < e (11)

But, taking N=N = (nl,nl+1,..,nl + (n— 1)), and considering (3), (4), (10)
and (11) we see that for all r,s > N/.

s b bt B!
» 1
/ Xni — Xpp xrrll+(n 1)—x§z+(n—1)\ \p
I 0 bll b] - I
= \E det nl nl+(n 1) ) )
=0 G K s
j j
bnl bnl+(n—1)

1
14
<Z |(xnl+j nl+})anl+j nl+j - nl+] p) = ”uh_u]s”p < &

This shows that (ulr)rzo is a Cauchy sequence in(2?, || . ||,,) foreveryj = 0,1,...,n — 1.
Thus, for given § > 0 there exists N/ such that for all r,s > N/ , we have
Jr — s )
|wr —u ”p <9/ .

Taking N = max{ N/ : j = 0,1, ...,n — 1} and using (9) for all ,s > N we have
n—1
lax” — ax®||, < Z”ujr — ufS||p <$

— (gl o2 -1 © i
and hence, a.x” = (a'.a®...a""1.x") _ isa Cauchy sequence in(2?, | .I,)).
Here, we state the result of [9] as following Lemma:

Lemma 2.3: If (x!) ” is a Cauchy sequence in (#,]l.|l,) then (x%)” is a Cauchy

sequence in n-normed space (lp, l.,.,...,. ||p) also.
Theorem 2.4: If (x")2, is a Cauchy sequence in the n-normed space (I%,1.,-, . II,,)
then, (a a’..a"lx ) is a Cauchy sequence in the n-normed space

(., 1,) foralla?, a2 avler.
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Proof: In view of Lemma 2.2 and Lemma 2.3 proof easily follows.

To discuss about the converse of Lemma 2.2 and Theorem?2.4, consider the following
example.

Example 2.5: Let us define a sequence (x"),—, inIP where forallr € N;
x" = (6)iZoand [Ix"|l, = 1. (12)
Suppose al,a?,..,a™ lare arbitrary vectors inlP. For our convenience, we
denote a.x” = (al.a? ...a® 1. x") = (a;x]),; where
a= (a2 = (af.af .. a?_l)zo forat = (a})2, andt =1,2,..,n — 1.
Now in view of (12), for all r € N we get
ax"=al.a®.a"v1.x"=(0,0,..,a,0,..);
llax"|l, = |a, |
and forallr,s € N

(la P + lag|P)P 5 ifr # s

ax” — ax®||, = {
I Iy 0 ;ifr=s

(13)

Now, a € I because lall, < ||a1||p. ||a2||p...||a"‘1||p<oo , therefore for every
given £ > 0,3 N € N such that

Shap <o

i=N

which implies that

(lar? + lag|?) < Y2ylailP < €P ; forallr,s > N (14)
therefore
lax™ — ax®||, < ¢ ; forallr,s=N (15)

Thus, (ax")y2, = (al.a? ...a"‘l.;vcr):o:O is a Cauchy sequence in(?,||.],). But
al,a?,..,a" 1€ IP were taken arbitrarily therefore, (al.a?..a™1.x")” s a
Cauchy sequence in(1P, ||.||p) and hence Cauchy sequence in the n-normed space
(®,1.,., .., ll,)also, for all at,a?, ...,a™ 1 € IP.

Clearly by definition of the sequence (x™);—, We see that
lx" — x%||, = 21 sforr#s

This shows that (x")5~, is not a Cauchy sequence in (7, | . |I,,) .
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Next, for t = 1,2,...,n — 1 let us define b* = (bt) such that

{1; ifi=t

bt =
0 ; otherwise

i

Let € = % is given then for all N = n , taking a rearrangement N = (N,1,2,...,n—
1,0,n,n+1,..,N—1,N +1,..) We have;

|7N _ 7N+1’g1' ."’3n—1| =1 (16)

Now from (16) and in view of (3), for all N > n we have:

xN — xN1,pL pZ,  pn1||, > 1
P =2

This shows that (x");—, is not a Cauchy sequence in then-normed space
(., . -TI,)also.
Thus in view of above example, we have the following remark.

Remark 2.6: In general if (x");-, is a sequence in (l”,ll.llp) such that for
allal,a®..,a" 1 e ¥, (a'.a® ...a"‘l.xr):o=0 is a Cauchy sequence in (17, ]| .||,,) and

hence Cauchy sequence in the n-normed space (l", .,.) .. ||p)also then;
(i) (x")5=o need not be a Cauchy sequence in(?, || .1|,) ;
(i) (x");—pneed not be a Cauchy sequence in then-normed space
(@,1.,., ..., Il,)also.
In [9], we found that every Cauchy sequence need not converge in then-
normed space(l”, ||.,.,...,.||p). Here, our effort is to investigate some sufficient

condition for the convergence of a Cauchy sequence.

Theorem 2.7: Let (x");°, is a Cauchy sequence in the n-normed space(lp l.,.,.. ||p)
if there exists M > 0 such that for allr € N ; || x" ||, < M, then (x")}%, converges in

the n-normed space(?, || ., ., ... ||p)

Proof: let (x"){2, is a Cauchy sequence in the n-normed space(Z,][.,., .. ||p)

therefore by (7) of theorem 2.1; for a givene > 0,3N € N such that for all r, s 2 N and
for all i € N we have:

x| — x| <e . 17

That is, for each fixed i € N, the sequence (x]);—, is Cauchy in K, let x] — x; in K.
Letting s — oo, in (17); for all r > N and for all i € N we get:

|x] —x;| <€ . (18)
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Define x = (x;);2,. We shall first show that x € IP. Assume that x & IP = for every

given K > 0, 3T € N such that:
T 1/p
(Zw) > K
i=0

Taking, K = M + 1, we have:

(ST ol )P > M+ 1 (19)
Now taking € = W and takingr = N in (18), for all i € N we get:
1
|x{v - xi| < W (20)
Now, from (19) and (20), and then using Minkowski Inequality (finite form), we get:
1
T
(Ser) (Zm )+ |) (Zuxl - xN)r’) (Zwr’)
i=0
<lim
2
Which contradicts (19), therefore our assumption is wrong and hence x € IP.
Claim: x" - xin (lp h.,., .., ||p)
Let € > 0 is given, then from (18); 3N € N such that for all r = N,
lx" —xll < € . (21)
Hence, in view of (5) and (21); x" - x in (l" .., .. ||p)
Theorem 2.8: Let (x");2, is a Cauchy sequence in the n-normed space (l” l.,.,.. ||p)

if there exists M > 0 such that for all 7 € N; || x"||,, < M , then (x");_, need not be Cauchy
sequence in (17, || . II,,).-

Proof: let us take a sequence (x");—, InlP , where:

x° = (0,0,...) andx* = (0,0, ...)

For r = 2; x" = (x]);{Z, is defined as follows:

1 .
Ifr=2m,thenx[={m1/1’ ; fori<m—1

0 ; fori>m
And
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-1 .
for, r=2m+1; x7 :{m p forism—1

0 ; fori=m
Obviously, by the definition of the sequence (x");—y, |[x" —x°|l, = 0asr,s —
oo therefore in view of (5), (x");1, is a Cauchy sequence in then-
normed space(?, [ .,., ...,.Il,). Again, for allr e N; |[x"|l, < 1while for every
N € N, we have:

|22V — x2N+1| =2
P

which shows that (x™)y2, fails to be a Cauchy sequence in (17, | . I,,).

Theorem 2.9: Let (x")i%, is a Cauchy sequence in the n-normed space(?, [ ..., ...,.[l,,)
then (x™);2, need not be bounded in (17, || . |I,,).

Proof: let us define the sequence (x),~, inlP such that x™ = (X}, X7y 41, -, Xy +(n_1));’°=0
Where,
1; fori=0,1
xj = 11% ; forl<i<r

0 ; fori=zr+1

1 1
,(r+1)1/p,...,(5)1/p,0,0,...), for r < s. Now, as we

studied in above theorem, we can easily find that above defined sequence is Cauchy
sequence in(I?, 1l ., ., ...,.II,), but not bounded in (1, || .1I,,).

Here, we obtain x™ —x° = (0, ...,0

Discussion and Conclusion

In this paper, we have investigated characteristics, behaviors of Cauchy sequences in IP
with respect to normed space and n-normed space defined by us in [9]. We have
presented counter examples for the proof of converse part of some theorems. These
results differ in many aspects to those who find in [6].
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