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Abstract : In the present paper, we have considered the metric of a n-

dimensional Finsler space with 4
th
 root metric L

4
 = 

4
 + 

4
 and examined the 

convexity of the indicatrix, S3- likeness of v-curvature tensor, the co-efficient G
i
 

[of the geodesic spray of the Finsler Space] and (v) h-torsion tensor has been 

working out in terms of generalised 4-th order Christoffel symbols. 
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1. Introduction 

 The theory of m-th root metrics has been first developed by Shimada [7] as an 

interesting example of Finsler Metrics, immediately following M. Motsumoto and S. 

Numata's theory of cubic metrics[6]. By introducing the regularity of metric various 

fundamental quantities as a Finsler metric could be found. In particular, the Cartan 

connection of a Finsler space with m-th root metric could be discuss from a theoretical 

stand point. 

 Recently the m-th root metric have begun to be applied to theoretical Physics but 

the result of our investigations are not yet ready for acceding to the demands of various 

applications. 

 In the present paper we are considering 4-th root metric of the form L
4
 = 

4
 + 

4
 

where 
2
 = aij(x)y

i
y

j
 and 

2
 = ai(x)y

i
. 

2. The general theory of n-dimensional Finsler spaces with m-th root metric 

 We consider the n-dimensional Finsler space (M,L) equipped with the m-th 

(m>3) root metric. 
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 L
m
 = ai1i2...im(x

1
,x

2
,...x

n
)y

i1
y

12
...y

im
 ...(1) 

where the suffixes run from 1 to n and the ai1i2...im(x
1
,x

2
,...,x

4
) are the components of a 

symmetric tensor field covariant of order m and are the functions of position alone. 

 We denote this Finsler space (M,L) by 𝐹𝑚
𝑛 . 

 We define the symmetric tensors âi, âij and âijk as follows ([3],[4],[5]); 

 L
m-1

âi = aij1j2j3...jm-1y
j1

y
j2
...y

jm-1
 ...(2) 

 L
m-2

âij = aijk1k2...km-2y
k1

y
k2

...y
km-2

 ...(3) 

 𝐿𝑚−3âijk = aijk s1s2…sm −3
ys1ys2 … ysm −3 

Differentiating the expression (1) by y
i
 and using the definition (2), we get ([3],[4],[5]): 

 li = âi ...(4) 

Next differentiating (2) w.r.t. y
i
, we get 

 gij = (m – 1)âij – (m –2)âiâj ...(5) 

 and hij = (m – 1)(âij – âiâj) 

Throughout this paper, we suppose that det(gij) ≠ 0. 

Using (5), we get the results given by Motsumoto [4,5]. 

Differentiating (3) and (5) by y
k
, we get 

 2LCijk = (m – 1)(m – 2)(âijk – âijâk – âjkâi – âikâj + 2âiâjâk) ...(6) 

Now we define the symmetric tensor â
ij
 and â

i
 by 

 (â
ij
) : = (âij)

-1
 and â

i
 := â

ij
 âj, respectively. 

Transvecting (3) and (2) by â
i
a

j
 and â

i
 respectively and using the formula (4), we get âiâ

i
 = 

lil
i
 = 1. 

We denote the inverse matrix of (gij) by (g
ij
). Then we get the results given by Matsumoto 

[3,4,5] 

 g
ij
 = {â

ij
 + (m – 2)â

i
â

j
}/(m – 1) ...(7) 

using (7), we get l
i
 = â

i
. 

Finally we will calculate Ci = Cijkg
jk
, using (6) and (7), we get 

 2LCi = (m – 2)(âijka
jk
 – nâi). 

It is well-known that the formula 

 Ci = k(log|g|), where g = det(gij), holds. 

Proposition 2.1. [7] In the Finsler space Fm
n , the formula Ci = 0 holds goods if and only if 

det(âij) is a function of the position (x
i
) alone. 
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 Using (1) and 𝐺𝑖 =  
1

4
   

𝜕2𝐿2

𝜕𝑥 𝑟𝜕𝑦 𝑟 𝑦𝑟 −
𝜕𝐿2

𝜕𝑥 𝑖 , wet get 

 𝐺𝑖 =  
1

2
   

2

𝑚
− 1 𝐿𝑚−1â

∂ai1i2…im

∂xr yi1 yi2 …… . yim yr +  

𝐿2−𝑚 ∂ai1i2…im

∂xr yi1 yi2 …… . yim yr −
1

𝑚
𝐿2−𝑚 ∂ai1i2…im

∂xr yi1 yi2 …… . yim . 

Definition 2.1. The symbols {i1, i2, ....... im;i} are defined by 

 i1, i2 , …… . im ; i =
1

2 m − 1 
{
∂aii2…im

∂xi1
+

∂aii3…im i1

∂xi2
+

∂aii4…im i1i2

∂xi3
+ 

 
∂aii 1…im −1

∂x im
−

∂aii 1i2…im

∂x i } ...(8) 

We call {i1,i2, ..... im;i) the Christoffel symbols of m-th order. 

 Then, we get the results given by Matsumoto [3,4] 

 mL
m-2

âirG
r
 = {00.....0;i), ...(9) 

where 

 {00.....0;i) = {i1i2i3.....im;i}y
i1
y

i2
.....y

im
 

From (8), we get 

 
∂ai1i2…im

∂x i  = {ii2i3.....im;i1}+{ii3.....imi1;i2} + ....... + 

 {ii1i3.....im-1;im}–(m–2){i1i2...im;i} ...(10) 

Using (9) and (10), we get 

 
∂G i

∂xk =
1

m
L−(m−2)âir  

∂(00…..0;r)

∂xk − m
∂(Lm −2ars )

∂xk Gs  ...(11) 

Now from (9), we have 

 𝐺𝑖 =
1

m
L−(m−2)âir 00 … . .0; r , ...(12) 

Differentiating (9) by y
j
 and using 

∂(Lm −2aijk )

∂y1  = (m – 2)L
m–3

âijk, we get 

  𝑚 − 2 Lm−3âirj Gr + Lm−2âir Gj
r =  00 … . .0j; i  ...(13) 

Differentiating (13) by x
k
, we have 

 m − 2 
∂Lm−2âirj

∂xk
+  m − 2 Lm−3airj

∂Gr

∂xk
+

∂(Lm−2âir )

∂xk
Gj

r + 

Lm−2air

∂Gr

∂xk
=  

∂{00 … . . 0j;i}

∂xk
 

From the above equation, we get  
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 Lm−2air

∂G j
r

∂xk =
∂{00…..0j ;i }

∂xk −  m − 2 
∂Lm −3âirj

∂xk Gr − 

  m − 2 Lm−3airj
∂Gr

∂xk −
∂(Lm −2âir )

∂xk Gj
r  ...(14) 

Solving the equation (13) for Gj
r , we get 

 Gj
r = L−(m−2)âir {(00. . . . .0j; r) − (m − 2)Lm−3ârsj Gs . ...(15) 

Differentiating (13) by y
k
 and using 

∂(Lm −3âijk )

∂yi = (m − 3)Lm−4âijkl  we have, 

 𝑚 − 2  𝑚 − 3 Lm−4âirjk Gr +  𝑚 − 2 Lm−3âirj Gk
r  

+ 𝑚 − 2 Lm−3âirk Gj
r + Lm−2âir Gjk

r =  m − 1 {00 … . .0jk; i} 

Solving the equation for Lm−2âir Gjk
r , we get 

 Lm−2âir Gjk
r =  𝑚 − 1  00 … . .0𝑗𝑘; 𝑖 −  𝑚 − 2  𝑚 − 3 Lm−4âirjk Gr −

 m − 2 Lm−3âirj Gk
r − (m − 2) Lm−3âirk Gj

r  ...(16) 

 Now we shall show that the (v)h - torsion tensor Rjk
r  can be represented by the 

Christoffel symbols of m-th order. 

The (v)h - torsion tensor Rjk
r  is defined by, Rjk

r  = π jk {
∂Gr

∂xk − Gk
s Gsj

r , where the symbol 

π jk stands for the exchange of the suffices j and k, and subtraction of them. Transvecting 

the above equation by Lm−2âir , we get  

 Lm−2âir Rjk
r = π jk {Lm−2âir

∂G j
r

∂xk − Gk
s Lm−2âir Gsj

r  ...(17) 

Substituting (14) and (16) in (17), we get 

Lm−2âir Rjk
r = π jk {

∂ 00 … 0j; i 

∂xk
−  m − 2 

∂Lm−3âirj

∂xk
Gr − 

 𝑚 − 2 Lm−3âirj

∂Gr

∂xk
−

∂(Lm−2âir )

∂xk
Gj

r − Gk
s  m − 1  00 … . .0sj; i − 

 m − 2 (m − 3)Lm−4âirsj Gr −  m − 2 Lm−3âirs Gj
r − (m − 2)Lm−3âirj Gs

r  

Summarizing the above discussion, we get 

Theorem 2.1. [7] The (v)h - torsion tensor Rjk
r of the n-dimensional Finsler space Fm

n with 

the m(>3)-th root metric is represented using the Christoffel symbols of m-th order as 

follows : 

Lm−2âir Rjk
r = π jk {

∂ 00 … 0j; i 

∂xk
−  m − 2 

∂Lm−3âirj

∂xk
Gr − 
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 𝑚 − 2 Lm−3âirj

∂Gr

∂xk
−

∂(Lm−2âir )

∂xk
Gj

r − Gk
s  m − 1  00 … . .0sj; i − 

 m − 2 (m − 3)Lm−4âirsj Gr −  m − 2 Lm−3âirs Gj
r − (m − 2)Lm−3âirj Gs

r  

where 
∂Gr

∂xk  , G
r
 and Gj

r  are as (11), (12) and (15) respectively. 

 Further more, using the derivation 
δ

δxk − Gk
s (

∂

∂ys ), we have 

Lm−2âir Rjk
r = π jk {

∂ 00 … 0j; i 

∂xk
−  m − 2 

∂Lm−3âirj

∂xk
Gr − 

 𝑚 − 2 Lm−3âirj

∂Gr

∂xk
−

1

m − 1

δ

δxk
(
∂(Lm−1âi)

∂xj
)} 

π jk {
δ

δxk
( 00 … . .0j; i −  m − 2 Lm−3âirj Gr −

1

m − 1

∂(Lm−1âi)

∂xj
}. 

using 

∂Lm−1âi

∂xj
=  j000 … . .0; i +  m − 1  ji000 … . .0; 0 −  m − 2 {i000 … . .0; j} 

we get 

Lm−2âir Rjk
r = π jk {

δ

δxk
(
m − 2

m − 1
 j000 … . .0; i +

m − 2

m − 1
{j000 … . .0; j} 

− ji000… . .0; 0 −  m − 2 Lm−3âirj Gr)} 

Therefore, we can rewrite theorem 2.1 as 

Theorem 2.2. [7] The (v)h - torsion tensor Rjk
r  of the n-dimensional Finsler space Fm

n  

with the m(>3)-th root metric is represented using the Christoffel symbols of m-th order 

as the equation (18). 

3. The Condition for the Space to be Positive definite 

We consider the Finsler space (M,L), where 𝐿 =  𝛼4 + 𝛽44
, 

2
 = aij(x)y

i
y

j
 and  = 

bi(x)y
i
. Since L =  in case of  = 0, we mainly consider the case of  ≠ 0 in this paper. 

putting 𝑠 =



, we get 

 L = (s),(s) =  1 + 𝑠44
 ...(19) 

We know that the fundamental tensor 𝑔𝑖𝑗 =
1

2

∂2L2

∂y i ∂y3. We shall check whether the matrix 

(gij) of the Finsler space (M,L) is positive definite or not. We have examined for the +ve 

definiteness of the metric (gij). It is the following Chern and Shen's lemma. 
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Lemma 3.1. [1] 𝐿 = 𝛼  



  is a Minkowski norm for any Riemannian metric  and 1- 

form  with |||| < b0 if any only if  = (s) satisfies the following conditions: 

 (s) > 0, ((s) – s'(s)) + (b
2
 – s

2
)"(s) > 0 ...(20) 

where s and b are arbitrary numbers with |s| < b < b0. 

After that, in [2], B.L. Lovas defined a Finsler-Minkowski norm as follows: 

Definition 3.1. A Finsler-Minkowski norm on a vector space V is a function F:V  R 

that satisfies the following axioms: 

(F1)F() > 0 if  ≠ 0 (Positively); 

(F2) if ∈R is positive then F()=F() for all ∈V (Positive homogeneity) 

(F3) F is class of C

 over V \ {0}; 

(F4)E = ½F
2
, then for all p ∈ V \ {0} the symmetric bilinear form 

gp = E" (p) : V x V  R 

is non-degenerate and he proved. 

Theorem 3.1. The metric tensor g of a Finsler - Minkowski norm is positive definite. 

Lemma (3.1) follows from theorem (3.1) 

For the metric (19), we can take b0 as  and have only to check the two conditions in 

(20). 

The first condition in (20) trivially satisfies, since we have 

′ 𝑠 =  
𝑠3

(1 + 𝑠4)
3
4

 𝑎𝑛𝑑 "(𝑠) =  
3𝑠3

(1 + 𝑠4)
7
4

  

we get 

  𝑠 − 𝑠′  𝑠  + (𝑏2 − 𝑠2)"(𝑠) =  1 + 𝑠44
−

𝑠4

 (1 + 𝑠4)34
+ 

 𝑏2 − 𝑠2 
3𝑠4

  1 + 𝑠4 74
=

1

  1 + 𝑠4 74
{−2𝑠4 + 3𝑠2𝑏2 + 1} 

Since, we have 

−2𝑠4 + 3𝑠2𝑏2 + 1 =  −2{(𝑠2 −
3

4
𝑏2)2 −

9𝑏4 + 8

16
} 

therefore –2s
4
 + 3s

2
b

2
 + 1 > 0 if 𝑠2 <

3

4
𝑏2 +

1

2
 

9𝑏4

4
+ 2 which is always true for s

2
 < b

2
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Theorem 3.2. The matrix gij of the Finsler space (M,L), where L = 𝐿 =  𝛼4 + 𝛽44
 is 

always positive definite. 

4. The Christoffel symbol of fourth order 

For L
4
 = aijkly

i
y

j
y

k
y

l
, the symmetric tensors âijk,

 
âij and âi are defined as follows : 

 𝐿âijk =  aijks 1
ys1   ... (21) 

 𝐿2âij =  aijs 1s2
ys1 ys2  ... (22) 

 𝐿3âi =  ais1s2s3
ys1 ys2 ys3  ... (23) 

Since 
2
 = aijy

i
y

j
,  = biy

i
 and L

4
 = 

4
 + 

4
, we have 

 L
4
 = (aijakl + bibjbkbl)y

i
y

j
y

k
y

l
, ... (24) 

Comparing with, 

 L
4
 = aijkly

i
y

j
y

k
y

l
, we get 

 3aijkl = aijakl + aikajl + ailajk + 3bibjbkbl 

So, we get 

Lemma 4.1. For the quadratic metric L = 4
4
+

4
, where  = aij(x)y

i
y

j
 and  = bi(x)y

i
, 

the following equations holds : 

 aijkl = 1/3(aijakl + aikajl + ailajk) + bibjbkbl ...(25) 

where aijkl are the components of a symmetric tensor field covariant of order 4 defined by 

L
4
 = aijkly

i
y

j
y

k
y

l
. 

 L
3
âi = aijkly

i
y

k
y

l
 

 L
3
âi = ai0

2
 + bi

3
 

From the definition (22) and (25), we get 

 L
2
âij = aijkly

k
y

l
 

 L
2
âi = 1/3(aij

2
 + 2ai0aj0) + bibj

2
 

Now from the definition (1) and (5), we get 

 Lâijk = aijkly
1
 

 Lâijk = 1/3(aijak0 + aikaj0 + ai0ajk) + bibjbk 

Hence, we get 

Lemma 4.2. For the quartic metric 𝐿 =  𝛼4 + 𝛽44
, where  = aij(x)y

i
y

j
 and  = bi(x)yi, 

the following equations hold: 

 L
3
âi = ai0

2
 + bi

3
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 L
2
âij = 1/3(aij

2
 + 2ai0aj0)bibj

2
 

and 

 Lâijk = 1/3(aijak0 + aikaj0 + ai0ajk) + bibjbk 

where â1, âij and âijk are the symmetrical tensor defined by (21), (22) and (23) 

respectively. 

From (8) the Christoffel symbols of the fourth order is defined by 

 𝑖𝑗𝑘𝑙; 𝑝 =
1

6
{
𝜕𝑎𝑗𝑘𝑙𝑝

𝜕𝑥 𝑖 +
𝜕𝑎𝑘𝑙𝑝𝑖

𝜕𝑥 𝑗 +
𝜕𝑎 𝑙𝑝𝑖𝑗

𝜕𝑥 𝑘 +
𝜕𝑎𝑝𝑖𝑗𝑘

𝜕𝑥 𝑙 −
𝜕𝑎 𝑖𝑗𝑘𝑙

𝜕𝑥 𝑝 } ...(26) 

and from (12) the coefficient G
i
 of the geodesic spray is given by 

 G
i
 = ¼L

-2
â

ip
{0000;p} ...(27) 

where (L
-2

â
ij
) is the inverse of the matrix (L

2
âij). 

Calculation of L
-2

â
ij
 

Since L
2
âij = 1/3(aij

2
 + 2ai0aj0) + bibj

2
 

  âij = 1/3L
2
(aij

2
 + 2ai0aj0) + 1/L

2
bibj

2
 

since âjka
ik
 = 𝛿𝑗

𝑖  

So, 

 
1

3
 

1

𝐿2  𝑎𝑗𝑘
2â𝑖𝑘 + 2â𝑖𝑘𝑎𝑗𝑝 𝑎𝑘𝑞 𝑙

𝑝 𝑙𝑞 +
1

𝑙2 âik𝑏𝑗𝑏𝑘
2 = 𝛿𝑗

𝑖  ...(28) 

Contracting (4.8) with a
jh
 we get 

 
1

3
 𝐿−2â𝑖ℎ2 + 2𝑙ℎ â𝑖𝑘𝑎𝑘  +

1

𝐿2  â𝑖𝑘𝑏𝑘 𝑏
ℎ𝛽2 = 𝑎𝑖ℎ  ...(29) 

Contracting (28) with b
j
 we get 

 
1

3
 

1

𝐿2 𝑏𝑘â𝑖𝑘2 + 2 â𝑖𝑘𝑎𝑘 𝑎𝑗𝑏
𝑗  +

1

𝐿2  â𝑖𝑘𝑏𝑘 𝑏
ℎ𝛽2 = 𝑏𝑖 ...(30) 

Again contracting (28) with l
j
 then we get 

 â𝑖𝑘𝑎𝑘 =
3L3𝑙𝑖−â𝑖𝑘 𝑏𝑘

3

𝐿(2+2𝐿2)
 ...(31) 

using equation (31) in (30) we get 

 â𝑖𝑘𝑏𝑘 =
3L2𝑏 𝑖(2+2𝐿2)−6𝑎𝑗 b𝑗𝐿4𝑙𝑖

 2+2𝐿2  2+b22 −6𝐿𝑎3𝑏
𝑗𝛽3

 ...(32) 

using (32) in (31) 

â𝑖𝑘𝑎𝑘 =
3L2𝑙𝑖

 2 + 2𝐿2 
−

33

𝐿 2 + 2𝐿2 
 

3L2𝑏𝑖(2 + 2𝐿2) − 6𝑎𝑗 b𝑗𝐿4𝑙𝑖

 2 + 2𝐿2  2 + 3b22 − 6𝐿𝑎3𝑏
𝑗𝛽3

       . . . (33) 
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After using equation (32) and (33) in equation (29) and putting ajb
j
 = /L then we get 

L
-2

â
ij
 = 

3

𝛼2  a𝑖𝑗 −
1

{ 2+2𝐿2  2+3b22 −64 𝑥{2 2 + 3b22 𝑦𝑖𝑦𝑗 − 6𝛽3 𝑦𝑖𝑏𝑗 + 𝑦𝑗𝑏𝑖 +

3𝛽2 𝛼2 + 3𝐿2 𝑏𝑖𝑏𝑗 }  

Now we shall calculate {0000;p}. Using (25) and (26), we get 

 𝑖𝑗𝑘; 𝑙 =
1

6
{
2

3
(𝑎𝑖𝑗 𝛾𝑘𝑙𝑝 + 𝑎𝑖𝑘𝛾𝑗𝑙𝑝 + 𝑎𝑖𝑙𝛾𝑗𝑘𝑝 + 𝑎𝑗𝑘 𝛾𝑖𝑙𝑝 + 𝑎𝑗𝑙 𝛾𝑖𝑘𝑝 + 𝑎𝑘𝑙𝛾𝑖𝑗𝑝

+
1

3
 𝑎𝑖𝑝  

𝜕𝑎𝑘𝑙

𝜕𝑥 𝑗
+

𝜕𝑎𝑙𝑗

𝜕𝑥𝑘
+

𝜕𝑎𝑗𝑘

𝜕𝑥𝑙  + 2(𝑏𝑗𝑏𝑘𝑏𝑙𝑠𝑝𝑖 + 𝑏𝑖𝑏𝑙𝑏𝑘𝑠𝑝𝑗

 𝑖𝑗𝑘𝑙  

+ 𝑏𝑖𝑏𝑗𝑏𝑙𝑠𝑝𝑘 + 𝑏𝑖𝑏𝑗𝑏𝑘𝑠𝑝𝑙 ) +  2(𝑏𝑗𝑏𝑘𝑏𝑝𝑟𝑖𝑙 + 𝑏𝑗𝑏𝑙𝑏𝑝𝑟𝑘𝑖 + 𝑏𝑘𝑏𝑙𝑏𝑝𝑟𝑖𝑗
+ 𝑏𝑖𝑏𝑝𝑏𝑘𝑟𝑗𝑙 + 𝑏𝑖𝑏𝑝𝑏𝑙𝑟𝑘𝑗 + 𝑏𝑖𝑏𝑗𝑏𝑝𝑟𝑙𝑘  

where, 

𝛾𝑗𝑘
𝑖 =

𝑎𝑖ℎ

2
(
𝜕𝑎ℎ𝑗

𝜕𝑥𝑘
+

𝜕𝑎ℎ𝑘

𝜕𝑥 𝑗
−

𝜕𝑎𝑗𝑘

𝜕𝑥ℎ
) 

𝑏𝑖;𝑗

𝜕𝑏𝑖

𝜕𝑥 𝑗
− 𝑏ℎ𝛾𝑖𝑗

ℎ𝑎𝑛𝑑𝑏𝑗 ;𝑖 =
𝜕𝑏𝑗

𝜕𝑥𝑖
− 𝑏ℎ𝛾𝑗𝑖

ℎ  

𝑠𝑖𝑗 =
1

2
 𝑏𝑖;𝑗 − 𝑏𝑗 ;𝑖 =

1

2
(
𝜕𝑏𝑖

𝜕𝑥 𝑗
−

𝜕𝑏𝑗

𝜕𝑥𝑖
) 

𝑟𝑖𝑗 =
1

2
 𝑏𝑖;𝑗 − 𝑏𝑗 ;𝑖 =

1

2
 
𝜕𝑏 𝑖

𝜕𝑥 𝑗 −
𝜕𝑏 𝑗

𝜕𝑥 𝑖 − 𝑏ℎ𝛾𝑖𝑗
ℎ  and 

𝛾𝑗𝑘𝑙 =
1

2
[
𝜕𝑎𝑖𝑗

𝜕𝑥𝑘
+

𝜕𝑎𝑙𝑘

𝜕𝑥 𝑗
−

𝜕𝑎𝑗𝑘

𝜕𝑥𝑙
] 

there we get 

Lemma 4.3. For the quartic metric 𝐿 =  𝛼4 + 𝛽44
, where  = aij(x)y

i
y

j
 and  = bi(x)y

i
, 

the following equations holds: 

 𝑖𝑗𝑘𝑙; 𝑝 =
1

18
{2(𝑎𝑖𝑗 𝛾𝑘𝑙𝑝 + 𝑎𝑖𝑘𝛾𝑗𝑙𝑝 + 𝑎𝑖𝑙𝛾𝑗𝑘𝑝 + 𝑎𝑗𝑘 𝛾𝑖𝑙𝑝 + 𝑎𝑗𝑙 𝛾𝑖𝑘𝑝 + 𝑎𝑘𝑙𝛾𝑖𝑗𝑝 )

+  𝑎𝑖𝑝  
𝜕𝑎𝑘𝑙

𝜕𝑥 𝑗
+

𝜕𝑎𝑙𝑗

𝜕𝑥𝑘
+

𝜕𝑎𝑗𝑘

𝜕𝑥𝑙  + 6(𝑏𝑗𝑏𝑘𝑏𝑙𝑠𝑝𝑖 + 𝑏𝑖𝑏𝑙𝑏𝑘𝑠𝑝𝑗
𝑖𝑗𝑘𝑙

+ 𝑏𝑖𝑏𝑗𝑏𝑙𝑠𝑝𝑘

+ 𝑏𝑖𝑏𝑗𝑏𝑘𝑠𝑝𝑙 ) + 6(𝑏𝑗𝑏𝑘𝑏𝑝𝑟𝑖𝑙 + 𝑏𝑗𝑏𝑙𝑏𝑝𝑟𝑘𝑖 + 𝑏𝑘𝑏𝑙𝑏𝑝𝑟𝑖𝑗 + 𝑏𝑖𝑏𝑝𝑏𝑘𝑟𝑗𝑙
+ 𝑏𝑖𝑏𝑝𝑏𝑙𝑟𝑘𝑗 + 𝑏𝑖𝑏𝑗𝑏𝑝𝑟𝑙𝑘   

using equation (24) we get 

 0000; 𝑝 =
2

3
[𝛼2𝛾00𝑝 + 2𝑎0𝑝𝛾000 + 2𝛽2𝑠𝑝0 + 3𝛽2𝑏𝑝𝑟00] ...(34) 

using the value of L
-2

â
ij
 and equation (34) in (33) we get  
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G
i
 = 

3

4𝛼2  a𝑖𝑝 −
1

{ 2+2𝐿2  2+3b22 −64}
𝑥{2 2 + 3b22 𝑦𝑖𝑦𝑝 − 6𝛽3 𝑦𝑖𝑏𝑝 + 𝑦𝑝𝑏𝑖 +

3𝛽2 𝛼2 + 3𝐿2 𝑏𝑖𝑏𝑝}  𝑥 [
2

3
 𝛼2𝛾00𝑝 + 2𝑎0𝑝𝛾000 + 2𝛽3𝑠𝑝0 + 3𝛽2𝑏𝑝𝑟00 ] 

=
1

2𝛼2
[𝛼2𝛾00

𝑖 + 2𝛽3𝑠0
𝑖 + 3𝑏𝑖𝛽2𝑟00 −

1

  2 + 2𝐿2  2 + 3b22 − 64 
  

𝑥{6𝛽3  𝛼2 + 3𝑏2𝛽2 𝑟00 − 𝛼2𝛾00∗ − 𝛽3𝑠∗0 − 3𝛽2𝑏2𝑟00 𝑦
𝑖

+  3𝛽2 𝛼2 𝛼2 + 2𝐿2 𝛾00∗ + 2𝛽3 𝛼2 + 2𝐿2 𝑠∗0 + 3𝛽2 𝛼2 + 2𝐿2 𝑏2𝑟00

− 6𝛽4𝑟00 𝑏
𝑖}] 

where we put 𝑟00𝑝𝑏
𝑝 = 𝛾00∗ and 𝑠𝑝0𝑏

𝑝 = 𝑠∗0 

summarizing the above discussion we get 

Theorem 4.1. Let (M,L) be a Finsler space with an (,)-metric L = 𝐿 =  𝛼4 + 𝛽44
. The 

coefficients G
i
 of the geodesic spray of (M,L) are given by 

𝐺𝑖 =
1

2
𝛾00

𝑖 +
1

2𝛼2  2𝛽3𝑠0
𝑖 + 3𝑏𝑖𝛽2𝑟00 −

1

2𝛼2  2 + 2𝐿2  2 + 3b22 − 64 
 𝑥 

{6𝛽3(𝛼2𝑟00 − 𝛼2𝛾00∗ − 𝛽3𝑠∗0)𝑦𝑖

+  3𝛽2 3 𝑏2𝛽2 𝛼2 + 2𝐿2 𝛾00∗ − 2𝛽4 𝑟00 + 𝛼2 𝛼2 + 2𝐿2 𝛾00∗

+ 2𝛽3 𝛼2 + 2𝐿2 𝑠∗0)𝑏𝑖 } 

5. A Finsler space (M,L), where 𝑳 =  𝜶𝟒 + 𝜷𝟒𝟒
, which is S3-like space 

In[6], we consider S3-like Finsler spaces (M, (/)) and obtained 

Theorem 5.1. [6] Suppose that an (n > 4)-dimensional Finsler space (M, (/)) satisfy 

Ci ≠ 0. It is S3-like if and only if the function w(s) satisfy the differential equation. 

 w – sw' + (b
2
 – s

2
)w" = 0 ...(35) 

where s = / and 𝑤 =
′

−𝑠′
 

For a Finsler space (M,L), where 𝐿 =  𝛼4 + 𝛽44
 where we have 

 𝑠 =  1 + 𝑠44
 𝑎𝑛𝑑 ′  𝑠 =

𝑠3

(1 + 𝑠4)3/4
 

then we have w = s
3
 

 w – sw' + (b
2
 – s

2
)w" = 2s(3s

2
 – 4s

2
) ≠           for n > 1 

thus from theorem (35) we obtain 

Theorem 5.2. An n(>4) – dimensional Finsler space (M,L), where L = 𝐿 =  𝛼4 + 𝛽44
, is 

not S3-like. 
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6. The Curvature tensor 

Putting m = 4 in (18), we get 

𝐿2â𝑖𝑟𝑅𝑗𝑘
𝑟 = {𝑗𝑘 }{

𝛿

𝛿𝑥𝑘
 

2

3
 𝑖000; 𝑗 +

2

3
 𝑗000; 𝑖 −  𝑗𝑖00; 0 − 2𝑎𝑖𝑟𝑗 0𝐺

𝑟 } 

From (25) we have 

 𝑖000; 𝑝 =
1

6
{2 𝑎𝑖0𝛾00𝑝 + 𝛼2𝛾𝑖0𝑝 +   2𝑎𝑖𝑝𝛾000 + 4𝑎0𝑝𝛾0𝑖0 + 2𝑎0𝑝𝛾00𝑖 

+ 2 𝛽3𝑠𝑝𝑖 + 3𝑏𝑖𝛽
2𝑠𝑝0 + 6 𝛽2𝑏𝑝𝑟𝑖0 + 𝑏𝑖𝑏𝑝𝛽𝑟00 } 

and 

 𝑖𝑗00; 0 =
1

6
{
2

3
 𝑎𝑖𝑗 𝛾000 + 2𝑎𝑖0𝛾00𝑗 + 2𝑎𝑗0𝛾𝑖00 + 𝛼2𝛾𝑖𝑗 0 

+
1

3
 𝑎𝑖0 2𝛾00𝑗 + 4𝛾0𝑗0 + 𝑎𝑗0 4𝛾0𝑖0 + 2𝛾00𝑖 

+ 𝛼2 4𝛾𝑖𝑗 0 + 4𝛾0𝑗𝑖 + 4𝛾0𝑖𝑗   + 2 𝛽2𝑏𝑗 𝑠0𝑖 + 𝛽2𝑏𝑖𝑠0𝑗  

+ 2 2𝑏𝑗𝛽
2𝑟𝑖0 + 2𝛽2𝑏𝑖𝑟𝑗0 + 𝛽3𝑟𝑖𝑗 + 𝑏𝑖𝑏𝑗𝛽𝑟00 } 

Therefore we have 

2

3
 𝑖000; 𝑗 +

2

3
 𝑗000; 𝑖 − {𝑗𝑖00; 0} 

=
1

9
 2 𝑎𝑖0𝛾00𝑗 + 𝛼2𝛾𝑖0𝑗 + 𝑎𝑗0𝛾00𝑖 + 𝛼2𝛾𝑗0𝑖 

+ 2 2𝑎𝑖𝑗 𝛾000 + 2𝑎0𝑗𝛾0𝑖0 + 2𝛾0𝑖𝛾0𝑗0 + 𝑎0𝑗𝛾00𝑖 + 𝑎0𝑖𝛾00𝑗  

+ 6 𝑏𝑖
2𝑠𝑗0 + 𝑏𝑗

2𝑠𝑖0 + 6 𝛽2𝑏𝑗𝑟𝑖0 + 𝛽2𝑏𝑖𝑟𝑗0 + 2𝑏𝑖𝑏𝑗𝛽𝑟00   

−
1

18
[2 𝑎𝑗𝑖 𝛾000 + 2𝑎𝑗 𝑖𝛾00𝑖 + 2𝑎𝑖0𝛾𝑗00 + 𝛼2𝛾𝑗𝑖0 

+  𝑎𝑗0 2𝛾00𝑖 + 4𝛾0𝑖0 + 𝑎𝑖0 4𝛾0𝑗0 + 2𝛾00𝑗  

+ 𝛼2 4𝛾𝑗𝑖0 + 4𝛾0𝑖𝑗 + 4𝛾0𝑗𝑖   + 6 𝛽2𝑏𝑖𝑠0𝑗 + 𝛽2𝑏𝑗 𝑠0𝑖 

+ 6 2𝑏𝑖𝛽
2𝑟𝑗0 + 2𝛽2𝑏𝑗𝑟𝑖0 + 𝛽3𝑟𝑗𝑖 + 𝑏𝑖𝑏𝑗𝛽𝑟00 ] 

=
1

9
[3𝑎𝑖0𝛾00𝑗 + 3𝑎𝑗0𝛾00𝑖 + 3𝑎𝑖𝑗 𝛾000 + 2𝑎0𝑗𝛾0𝑖0 − 2𝑎𝑖𝑗 𝛾00𝑖 − 3𝛼2𝛾𝑖𝑗 0 + 3𝑏𝑖𝛽

2𝑠0𝑗

+ 3𝑏𝑗𝛽
2𝑠0𝑖 + 9𝑏𝑖𝑏𝑗𝛽𝑟00 − 3𝛽3𝑟𝑖𝑗 ] 

Next we shall calculate 2airj0G
r
. 

From (25) we have 

𝑎𝑖𝑟𝑗 0 =
1

3
 𝑎𝑖𝑟𝑎𝑗0 + 𝑎𝑖𝑗 𝑎𝑟0 + 𝑎𝑖0𝑎𝑟𝑗  + 𝑏𝑖𝑏𝑟𝑏𝑗𝛽 

Now putting 

 𝐺(𝑠) =
𝛽3

𝛼2 ...(36) 
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 𝐺(𝑦) =
6𝛽3(𝛼2𝑟00−𝛼2𝛾00∗−𝛽3𝑠∗0)

2𝛼2{ 𝛼2+2𝐿2  𝛼2+3𝑏2𝛽2 −6𝛽4}
 ...(37) 

 𝐺(𝑏) =
 𝛼2+2𝐿2 (3𝛽3𝑟00𝛼2−𝛼2𝛾00∗−2𝛽3𝑠∗0)

2𝛼2{ 𝛼2+2𝐿2  𝛼2+3𝑏2𝛽2 −6𝛽4}
 ...(38) 

then we have 

 𝐺𝑟 =
1

2
𝛾00

𝑟 + 𝐺(𝑠)𝑠0
𝑟 + 𝐺(𝑦)𝑦

𝑟 + 𝐺(𝑏)𝑏
𝑟  

therefore 

2𝑎𝑖𝑟𝑗 0𝐺
𝑟 =  

2

3
 𝑎𝑖𝑟𝑎𝑗0 + 𝑎𝑖𝑗 𝑎𝑟0 + 𝑎𝑖0𝑎𝑟𝑗  + 2𝑏𝑖𝑏𝑟𝑏𝑗𝛽 𝑥 [

1

2
𝛾00

𝑟 + 𝐺(𝑠)𝑠0
𝑟 + 𝐺(𝑦)𝑦

𝑟 + 𝐺(𝑏)𝑏
𝑟] 

=
1

3
[ 𝑎𝑗0𝛾00𝑖 + 𝑎𝑖0𝛾00𝑗 + 𝑎𝑖𝑗 𝛾000 + 3𝑏𝑖𝑏𝑟𝑏𝑗𝛽𝛾00

𝑟 ] 

+
2

3
𝐺(𝑠)[ 𝑠𝑖0𝑎𝑗0 + 𝑎𝑖0𝑠𝑗0 + 3𝑏𝑖𝑏𝑗𝛽𝑠𝑜] 

+
2

3
𝐺(𝑦)[ 𝑎𝑖0𝑎𝑗0 + 𝑎𝑖𝑗 𝛼

2 + 𝑎𝑖0𝑎0𝑗  + 3𝑏𝑖𝑏𝑗𝛽
2] 

+
2𝐺𝑏

3
[ 𝑏𝑖𝑎𝑗0 + 𝑎𝑖𝑗 𝛽 + 𝑎𝑖0𝑏𝑗  + 3𝑏𝑖𝑏𝑗𝑏

2𝛽] 

Hence we get 

 

Summarizing the about discussion, we get 

Theorem 6.1. Denoting the (v)h-torsion tensor of the n-dimensional Finsler space (M,L), 

where 𝐿 =  𝛼4 + 𝛽44
, by 𝑅𝑗𝑘

𝑟  , we get 
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where 

 

where G(s), G(y) and G(b) are defined in (36), (37) and (38) respectively. 
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