Journal of Rajasthan Academy of Physical Sciences
ISSN : 0972-6306; URL : http://raops.org.in
Vol.14, No.1, March, 2015, 101-113

THEORY OF FINSLER SPACES WITH SPECIAL 4-th
ROOT METRIC CONVEXITY OF INDICATRIX,
GEODESIC SPRAY, V-CURVATURE AND V(h)-
TORSION TENSORS

T.N. PANDEY and PRADEEP KUMAR

Department of Mathematics and Statistics, D.D.U. Gorakhpur University,
Gorakhpur (U.P.) - 273009

E-mail: tnp1952@gmail.com and pradeepshuklamath@gmail.com

Abstract : In the present paper, we have considered the metric of a n-
dimensional Finsler space with 4™ root metric L* = o* + B* and examined the
convexity of the indicatrix, Ss- likeness of v-curvature tensor, the co-efficient G'
[of the geodesic spray of the Finsler Space] and (v) h-torsion tensor has been
working out in terms of generalised 4-th order Christoffel symbols.
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1. Introduction

The theory of m-th root metrics has been first developed by Shimada [7] as an
interesting example of Finsler Metrics, immediately following M. Motsumoto and S.
Numata's theory of cubic metrics[6]. By introducing the regularity of metric various
fundamental quantities as a Finsler metric could be found. In particular, the Cartan
connection of a Finsler space with m-th root metric could be discuss from a theoretical
stand point.

Recently the m-th root metric have begun to be applied to theoretical Physics but
the result of our investigations are not yet ready for acceding to the demands of various
applications.

In the present paper we are considering 4-th root metric of the form L= o'+ p*
where o = az(x)y'y’ and B* = ai(x)y".
2. The general theory of n-dimensional Finsler spaces with m-th root metric

We consider the n-dimensional Finsler space (M,L) equipped with the m-th
(m>3) root metric.
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L™ = agip...im(X X2, XYy 2y (1)

where the suffixes run from 1 to n and the ayi...in(x*,X%....x*) are the components of a
symmetric tensor field covariant of order m and are the functions of position alone.

We denote this Finsler space (M,L) by EZ.

We define the symmetric tensors &;, &; and & as follows ([3],[4],[5]);

1A i1 i i

L™& = aijyjzia. jmay Y Y .(2)
25 = K1, k2 |\ km-2

L™ = Qijkake. km2y Y oY .(3)
33 = 1,52 -3

L™ 285 = ajjks;syosy sy Y Y

Differentiating the expression (1) by y' and using the definition (2), we get ([3],[4],[5]):

I = 4 ..(4)
Next differentiating (2) w.r.t. y', we get
gij = (m - 1)é.ij — (m —Z)é.ié.j (5)

and h;j = (m - 1)(&; — &44)
Throughout this paper, we suppose that det(g;) # 0.
Using (5), we get the results given by Motsumoto [4,5].
Differentiating (3) and (5) by y*, we get
2LCijc = (M — 1)(M — 2)(&ijk — & — &jdi — Qi) + 28i84a) ...(6)
Now we define the symmetric tensor 4" and &' by
(@") : = (&)™  and &' := & &, respectively.

Transvecting (3) and (2) by &'a and &' respectively and using the formula (4), we get 44’ =
Iill = 1.

We denote the inverse matrix of (g;) by (9"). Then we get the results given by Matsumoto
[3,4,5]

g’ ={a" + (m—2)a'a}/(m - 1) (7
using (7), we get I' = &',
Finally we will calculate C; = Cyg™, using (6) and (7), we get

2LC; = (m — 2)(&pa™ — na).
It is well-known that the formula

Ci = d(logV|g]), where g = det(gy), holds.

Proposition 2.1. [7] In the Finsler space Fy,, the formula C; = 0 holds goods if and only if
det(&;) is a function of the position (x') alone.
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%1%

Using (1) and G; = G) {(W) yr - %21} wet get

6= (G- 1) rmrazinyy o yiy 4]

[2-m 03iiy..im

L2 yilyiz _yim yr' _ 1 J2—m 93iyip..im

- iq i im

- e yly2 ... ...ym.

Definition 2.1. The symbols {iy, iy, ....... im;1} are defined by

_ 1 0aj, i O0aj, i i O, i
2(m—1) " oxl ox'2 0xI13

ipip

{il,iz, - lm, l}

031 im—q1  92iiqig..im }
daxim ox!

We call {iy,iy, ..... im:1) the Christoffel symbols of m-th order.

Then, we get the results given by Matsumoto [3,4]
mL"™?4;G" = {00.....0;i),
where
{00.....0:1) = {isiziz.....im; i By Y2y
From (8), we get

—a'};ﬁ;"““={nzls ..... i} iz i i} + oo +

{iigiz...o.ima;imp—(M=2){i1iz...im;i}
Using (9) and (10), we get

Gl 1 —(m—2) air {9(00....0;r) A(L™2ag) g
S = LA (HEReE — m St 6o

Now from (9), we have
Gl = éL—(m_z)éir{OO ....0;1},

- m-2,
Differentiating (9) by y’ and using W -

- (m — 2)L"™ %, we get
(m - Z)Lm_Béirj Gr + Lm_zéir-Gjr = {00 s 0], l}

Differentiating (13) by x*, we have

oL =24, aG"  9(L™%3,)
(m - Z)GTIH + (1’1’1 - 2)Lm_3airj a? + THGJF +
aG"  9{00.....0,;}
-2 _ j;i
Ve T T

From the above equation, we get
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.(8)

(9)

..(10)

(12)

(12)

.(13)
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_ 9G;  9{00....0; ; L™ =34,
LmZir ]J(: { k]"}—(m—Z) klrlGr_
ax ax ax

m—3. 0G' L™ Za;) p

Solving the equation (13) for Gi, we get
G = L™™=2)ar{(00.....0j;r) — (m — 2)L" 34,4 G". ...(15)

—34
M40

Differentiating (13) by y* and using ¢ P = (m— 3)Lm‘4éi]-kl we have,

(m - 2)(m - S)Lm_4éirjk G" + (m - Z)Lm_3éir]' G]r;
+(m — 2)L" 34 G + L™ %4, G, = (m — 1){00 .....0jk; i}
Solving the equation for L™ ~24;, k> We get
L™ 24, Gj, = (m — 1){00 .....0jk; i} — (m — 2)(m — 3)L™ 45 G" —
(m — 2)L™ 733, Gf — (m — 2) L™ 34,4 GJ ...(16)
Now we shall show that the (v)h - torsion tensor Ry, can be represented by the
Christoffel symbols of m-th order.

The (vV)h - torsion tensor Rjy is defined by, Rj, = n{jk}{zxi; — Gy Gy;, Where the symbol
Tgystands for the exchange of the suffices j and k, and subtraction of them. Transvecting
the above equation by L™~24,.., we get

r

—2a _os 9G] 24
L™ 24, Rjy, = mgip{L™ ZairaTlL—G]iLm 24, Gy ..(17)

Substituting (14) and (16) in (17), we get

9{00 ... 0j; i} OLM™ 34y,
—2a _ ’ )
L™™%4, Ry, = T~ (M= 2)—— 57— G =
aG"  A(Lm 24
(m - Z)Lm_zéirj ﬁ - %G; - Gls((m - 1){00 s .OSj; 1} -

(m — 2)(m — 3)L™ 4, G" — (m — 2)L" 34, G] — (m — 2)L™ 34, GE
Summarizing the above discussion, we get

Theorem 2.1. [7] The (v)h - torsion tensor Rj, of the n-dimensional Finsler space Fy, with
the m(>3)-th root metric is represented using the Christoffel symbols of m-th order as

follows :

8{00 ... 0j; i} L™ =33

Lm_zﬁirR;k = T[{]k}{ an - (m - 2) an - G" —
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.. 0G" o™ Zé) o
(m — 2)Lm 34, p T‘r — G} (m — 1){00 .....0sj; i} —
(m - 2)(1’1‘1 - 3)Lm_dréirsj G" - (m Z)Lm 3all"S - (m - 2)Lm_Béirj Gg
where in; , G"and Gf are as (11), (12) and (15) respectively.

Further more, using the derivation Sik — Gy, (aa—s), we have

. 0{00 ... 0j; i} OL™ 34y,

L™ 24, R}, = TGk (m—2) ok G
oG’ 1§ J(mly)
(m Z)Lm 3alr] ax kK _ 15? o) )}
) . e 1 9L 1y)

iy (i (100 ... 055 i} = (m — 2)L™ 385G — — T
using
JLm— 1'\

F = {j000 .....0; i} + (m — 1){ji000 .....0; 0} — (m — 2){i000 .....0; j}
we get

m—2 3 . m-—2 . .

L™724; Ry = T[{]k}{(S k( {]000 .0;1) + m{]OOO .05}

—{ji000.....0; 0} — (m — 2)Lm—3z31irj G")}
Therefore, we can rewrite theorem 2.1 as

Theorem 2.2. [7] The (v)h - torsion tensor Rj, of the n-dimensional Finsler space Fy,

with the m(>3)-th root metric is represented using the Christoffel symbols of m-th order
as the equation (18).

3. The Condition for the Space to be Positive definite

We consider the Finsler space (M,L), where L = Y/a* + B%, o® = ay(x)yy’ and B =
bi(x)y". Since L = a in case of B = 0, we mainly consider the case of B # 0 in this paper.

putting s = 5 we get

L = ad(s),d(s) = VI + s% ..(19)

2y,
We know that the fundamental tensor g;; = ; aal el We shall check whether the matrix

(gy) of the Finsler space (M,L) is positive definite or not. We have examined for the +ve
definiteness of the metric (g;). It is the following Chern and Shen's lemma.
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Lemma 3.1. [1] L = a¢ (g) is @ Minkowski norm for any Riemannian metric o and 1-
form B with ||B|l.. < bo if any only if ¢ = ¢(s) satisfies the following conditions:

d(s) > 0, ((5) — s¢'(5)) + (b° —5%)$"(s) > 0 .(20)
where s and b are arbitrary numbers with [s| < b < by.
After that, in [2], B.L. Lovas defined a Finsler-Minkowski norm as follows:

Definition 3.1. A Finsler-Minkowski norm on a vector space V is a function F:V — R
that satisfies the following axioms:

(FOF(v) > 0if v # 0 (Positively);

(F,) if AeR is positive then F(Av)=AF(v) for all veV (Positive homogeneity)

(F3) Fis class of C” over V \ {0};

(F4)E = ¥%F?, then for all p € V \ {0} the symmetric bilinear form

% =E"(p):VXV->R

is non-degenerate and he proved.

Theorem 3.1. The metric tensor g of a Finsler - Minkowski norm is positive definite.
Lemma (3.1) follows from theorem (3.1)

For the metric (19), we can take by as oo and have only to check the two conditions in
(20).
The first condition in (20) trivially satisfies, since we have

3 353

F(5) = —— and §'(s) = ——
(1+s%H)2 (14 sz
we get

st

V(@ +sH3 "

{—2s* + 35%b% + 1}

(4(5) = 54 () + (b2 = s)g'(s) = Y1+ -

st 3s* 1
YA +sY7 YA +sY

Since, we have

(b?

9p* + 8
16

3
—2s* +3s2p%2 + 1= —2{(s? - sz)z - }

4
therefore —2s* + 3s%0” + 1> 0 if s% < %bZ +% /% + 2 which is always true for s? < b?
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Theorem 3.2. The matrix g; of the Finsler space (M,L), where L = L = {/a* + p*is
always positive definite.

4. The Christoffel symbol of fourth order

For L*= aijklyiyjykyl, the symmetric tensors &j, &; and & are defined as follows :

Laj = ajs,y™ .. (21)
[P = ajjs 5, Y"1y .. (22)
L3§i = ai515253y51y52ys3 (23)

Since o = azy'y!, B = biy' and L* = o* + B*, we have

L* = (asaw + bibjbo)y'y'y ', .. (24)
Comparing with,

L* = aay'y'y'y', we get

3ajj = ajjak + aidy + Aidjk + 3bibjbiby
So, we get

Lemma 4.1. For the quadratic metric L = 4\o*+f*, where a. = Va(x)y'y! and B = bi(X)y',
the following equations holds :

aija = 1/3(ajan + aidy + aidj) + bibjbiby ...(25)
where ajy are the components of a symmetric tensor field covariant of order 4 defined by
L*= aijklyiyjykyl-

L% = ajay'y*y'

L% = a0’ + bp®
From the definition (22) and (25), we get

I—Zé-ij = aijklykyl

L% = 1/3(ao” + 2aiay) + bib;p’
Now from the definition (1) and (5), we get

Laijk = ajay’

Laijk = 1/3(aijaxo + aikdjo + aiodjk) + bibjbi
Hence, we get
Lemma 4.2. For the quartic metric L = i/a* + g%, where a = Va;(x)y'y and B = bi(X)y;,
the following equations hold:

Lsé.i = aio(lz + bi[,))3
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L% = 1/3(ayo” + 2aioajo)bib;B
and

Laij = 1/3(ajaxo + aidjo + aiodjk) + bibjbi

where &, &; and &y are the symmetrical tensor defined by (21), (22) and (23)

respectively.
From (8) the Christoffel symbols of the fourth order is defined by

.. 1 0ajp , i |, 0ap; |, Oapjk 0k
{l]kl,p}—g{ ox't + daxJ + axk + axl ax?’}

and from (12) the coefficient G' of the geodesic spray is given by
G' = ¥4L24"{0000;p}

where (L") is the inverse of the matrix (L%4;).

Calculation of L 2"

Since  L%&; = 1/3(ajo” + 2aiay) + bib;p’

= & = 1/3L%(ao” + 2ai0ajo) + 1/L°bib;B?

since  &a* = 8
So,
171 N N 1 . .
§[L_2 (aj 8%) + 25% ), akqlplq] +3 kb b f = 5
Contracting (4.8) with a" we get
S[L2ath @2 + 21 (4% q).)] + 5 (4% b )b" B2 = @'t
Contracting (28) with b’ we get

3 [ bea™ o + 2(a% a )a; b/ |+ (4% by )b" B2 = b

Again contracting (28) with I' then we get

sikgq, = 313114tk by 2
k L(a2+212)

using equation (31) in (30) we get

3L2b! (a2 +2L2)—6a;b/ 141!
(02+212) (a2 +b2 f*)—6Lazbi B3

éikbk =

using (32) in (31)
. 3 . o
3121 3B 3L%b' (a® + 2L%) — 6a;b/ L*1!

N _
“ T (@2 +215)  L(a? +212) [(o2 + 212) (o + 3b2F) — 6Lazbi 3

a a

...(26)

..(27)

..(28)

.(29)

..(30)

.(31)

.(32)

...(33)
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After using equation (32) and (33) in equation (29) and putting ajb’ = B/L then we get

L8’ = T a? [al] " {(02+212) (a2 +3b2 F)—6/ x(2(o? +3b*4)y'y/ — 683 (y'b +y/b') +

367 (a” +3L7)b'b}|

Now we shall calculate {0000;p}. Using (25) and (26), we get

o 12
{ijk; 1} = g{g (@ Yip + aVip + QuVjw + GrVap + GYip + AaVijp

dx/ ~ dx* = ox!

+ bibjblspk + bibjbkspl) + Z(bjbkbpril + bjblbprki + bkblbprij
+ bibpbkm + bl-bpblrkj + blb] bprlk

1 aakl aalj aa
s Z ay (S 4 220 + 2(b;bebysy + bibybys,;
)

where,

; aih aahj aahk aajk

Yie =73 Vaxk T axd T gt
db; _ 0b;
bj — F bhyl] andb;; 6 - bhy]l
1 1 ab db

Sij = ( i b ) c')x/ ax]i

(Zﬁ; ZZ) bhyU and

1 aaij aalk aa]k
Vit =5 5% T xl

2 0x dx)  Ox
there we get

Lemma 4.3. For the quartic metric L = y/a* + 8%, where o = Va;(x)y'y’ and B = bi(x)y',
the following equations holds:

N 1
{ijkl; p} = E{z(aij Yip + QiYjip + @QVikp + G Yip + GiVip + QaVijp)

aakl aalj 8
) ay (S8 Sk SO+ 60y bibisy + bibibesyy + bibybisyi
ijkl

+blb bkspl)+6(b bkb Ti1 +bblb ki +bkblb +bb ka}'l
+ byby b7 + biby b7y

using equation (24) we get
2
{0000;p} == [052)/00;9 + 2a0, Y000 + 2B%spo + 3B2byTo0] ..(34)

using the value of L 4" and equation (34) in (33) we get
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. 3 . 1 . . .
' = [ ~ R + B~ S )

i 2
BBZ(CZZ + 3L2)blbp}] X [g ((Zzyoop + 2a0py000 + ZBBS}?O + 3ﬁ2bp7'00)]

1

{(0? +212) (a2 + 3b24°) — 6}

x{6B°((a® + 3b2B*)190 — a*¥o0. — B3s.0 — 3B*b%10) Y’
+ 3% (a?(a® + 2L yoo. + 287 (@® + 2L)s.9 + 3% (a® + 2L*)b?ryg
— 6f%r90)b'}]

where we put 19, b? = yg0. and s,ob? = s,

Lo 3. i p2
ﬁ[a Yoo + 2B°sg + 3b' By —

summarizing the above discussion we get
Theorem 4.1. Let (M,L) be a Finsler space with an (a,)-metric L = L = Va* + p* The
coefficients G' of the geodesic spray of (M,L) are given by
1
X
2a2{(0? + 212 (a2 + 3b2) — 64"}

i 1 i 1 3l in2
G :EVOO +ﬁ(2ﬁ So+3bﬁ Too)—

{683 (a*r0 — a*Yoox — B>540)Y"
+ 3B%(3{b*B2(a® + 2LH)y0. — 2B*}ro0 + a? (a® + 2L*)ygo.
+ 23 (a? + 21%)s,9)b")}

5. A Finsler space (M,L), where L = y/a* + B*, which is Sz-like space

In[6], we consider Ss-like Finsler spaces (M, ad(B/a)) and obtained

Theorem 5.1. [6] Suppose that an (n > 4)-dimensional Finsler space (M, ad(B/a)) satisfy
Ci #0. It is Sz-like if and only if the function w(s) satisfy the differential equation.

w—sw'+ (b —s?)w" =0 ...(35)
_ _ ¢
where s =B/aand w = ey

For a Finsler space (M,L), where L = %/a* + 8% where we have

#(s) = 1+ s*and ¢’ (s) =

then we have w = s°
W —sW' + (b — s)w" = 25(3s% — 45%) # forn> 1
thus from theorem (35) we obtain

Theorem 5.2. An n(>4) — dimensional Finsler space (M,L), where L = L = /a* + 84, is
not Ss-like.

3

S
(d+ s
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6. The Curvature tensor
Putting m = 4 in (18), we get
A 5 (2 a1 2. . .
Lzaier’}c = H{ik}{gx_k (§ {i000; j} + 5{]000; i} —{ji00; 0} — ZairjoGr)}
From (25) we have

. 1
{i000;p} = g{z(aiOVOOp + a%yi0p) + (2ai, Y000 + 40, Yoi0 + 2a0pY00:)
+ 2(ﬁ3spi + gbiﬁzspo) + 6(‘82bpri0 + bibpﬁroo)}
and

12
{ijo0; 0} = g{§ [@; Y000 + 2ai0¥00; + 2a50¥i00 + @%Vij0]

1
+3 [ai0(2Y00; + 4¥0j0) + a0(4¥0i0 + 2¥00:)
+ a2(4yij0 + 4yoji + 4voy )]+ Z[ﬁzbjsm + ﬁzbiSOj]
+2[2b; B?1g + 2B%biTi0 + B31i; + bib; Brog |}
Therefore we have

2 2
5 11000; /3 + 2 {j000; i} - ji00; 0}

1
=9 [z{aioyooj‘ + a2Yi0j + a;0Y00: + 052)’;‘01‘}
+ 2{2a;;v000 + 2a0; Y010 + 2¥0:Yojo + Q0;Yo0i + GoiYoo; }
+6{b;Fs;0 + b; 510} + 6{B>by7i0 + BZbiT50 + 2b;b; Broo }]

1
BET: [2{a@;: Y000 + 24;:Y00i + 2ai0¥;00 + @*¥ji0}
+{a;0(2y00: + 4¥0i0) + aio(4v0j0 + 2¥00;)
+ a?(4yjio + 4voi; + 4voji )} + 6{B%biso; + BZb;so;}
+ 6{2b;B%1g + 28210 + BT + bib; Broo}]

[3aio¥oo; + 3i0¥00: + 3@ Yooo + 20 Yoio — 20;; Yoo: — 3a%Vij0 + 3biB% sy,
+ 3B B%s0; + 9b;b; Brog — 38711

Next we shall calculate 2a;;,G".

From (25) we have

O

1
Airjo = 3 [airajo +a; a0 + aioar}-] + b;b.b; B
Now putting
33
G(s) =2 .(36)

a?
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_ 63 (a®rgo—atygo—B3s.0)
G(y) - 2(12{((12+2L2)(a2+3b2ﬁ2)—6ﬁ4} (37)

(a +2L2)(3ﬁ3r00a —a VOO*—Z,B 540)
G(b) - 20{2{((12+2L2)((12+3b2ﬁ2) 6ﬁ4} (38)

then we have
1
GT = E)/go + G(s)56 + G(y)yr + G(b)br
therefore

2 1
2a;50G" = [g (arajo + ajayo + apa, ) + Zbibrbjﬁ] X [Eygo + GySo + Gy + Gpyb']
1 r
=3 [(a0¥00: + @ioYoo; + iYoo) + 3bibrb; Byo]

2
+§G(s)[(si0aj0 + a;0Sj0) + 3b;b; Bs,]

2 2 2
+§G(y)[(ai0ajo + al-ja' + aioaoj) + 3blb],8 ]

b
+T[(biaj0 +a; B + ayb;) + 3b;b;b?B)

Hence we get

1 2{i000; 5} + 2{;000;4} — {5i00;0} — 2a;j0G"
= 5[3%0’7001 + 3ajov00i + 3ai;Y000 + 2a50Y0i0 — @i5Y00i — 302 ijo + 3bi3%s0;
+ 3b;8%s0; + 9b;b;8ro0 — 383r:5] — 3[(ajo00i + @ioYooj + @ijY000)]
— bbb B — %[(sigam + ai0sj0) + 3bibjBso)
G(” [(ai0ajo + ai;ja® + aipaos) + 3b;b; 57
QG(b) [(b Q0 + (lijﬁ + (Liobj) o= 3blbjb2ﬁ]
%[2(1]07010 - 201]7001 3a®y50 + 3biB2s0; + 3bjB%s0; + 9b;b; Broo
= 9bbb ﬁ’)/go — 3,337"1']']
G—(J)zC; 2{(si0aj0 + alosjo) + 3b;b; 330 2
[(azoayo + @i’ + apao;) + 3b;b; ]

() [(b a;o + (Lmﬁ a5 alob ) + 3blb]b2ﬁ]

Summarizing the about discussion, we get

Theorem 6.1. Denoting the (v)h-torsion tensor of the n-dimensional Finsler space (M,L),

where L = {/a* + B%, by R}, , we get
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LPa, Ry, = T {523 (1000; 5) + 2(5000; i) — {5i00; 0} — 2arjoG"]}

where

2{i000; j} + 2{;000; i} — {5i00;i} — 2a;-joG"

= §[2a;0v0i0 — 2aijY00: — 3®Yij0 + 3b;82s0; + 3b;8%s0; + 9b;b;Bro0 —

9bz‘bj5’760 i 3537“11']

= QCZ;(S) [(Sioajo -+ ai()Sj()) -+ 3bibj,880]
2G
2—6—3(—1[(2%0&]-0 + CL,’jCYQ) -+ 3b1b]62]
s 3(b) [(biajo -+ aijﬁ -+ aiobj) + 3blb]b26]

where G, Gy) and G, are defined in (36), (37) and (38) respectively.
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