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Abstract : The purpose of the present paper is to find necessary and sufficient
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1. Introduction

Let F" =(M",L) be n-dimensional Finsler space on a differentiable manifold

M", equipped with the fundamental function L(x,y). Various changes of Finsler metric
have been studied recently in papers Shukla et al. [6,7,8,9,10,11]

The necessary and sufficient conditions for these changes to be projective have
been obtained. The condition for the space with the changed metric to be Douglas space
has been found out.

The generalized Matsumoto change of Finsler metric is given by

o Lm+1 .
L(X, y)=——,where=b.(Xy". (D)
(L-p)" '

In the present paper we have considered the transformation (1) in which bi(x) in B has
been replaced by h-vector bj(x,y) so that —J' is proportional to the angular metric tensor

hij-
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Let —J' =ph n where p is any scalar function of x,y and hij = gij —Eiﬁj. ...(2)

It has been shown by Shukla, Pandey and Joshi in [12] that

8kp:—%£k,forn>2,where6k :ik ..(3)
oy
We shall use the equation (3) without quoting it in the present paper.
. Lm+1
Let B=B.(X Y)y' be defined on the manifold M". Then L — ———is
' (L-B)"
called generalized Matsumoto change of Finsler metric by h-vector. If we write
m-+1
E:W and F" =(M", L) then the Finsler space F" is said to be obtained
(L-B)

from F" by a generalized Matsumoto change of Finsler metric by h-vector.

If m = 1, then the generalized Matsumoto change of Finsler metric by h-vector
reduces to Matsumoto change of Finsler metric by h-vector. The quantities corresponding

to F" will be noted by putting bar over those quantities.
The fundamental quantities of F" are given by
2,2 2
0y 5 2= L, L O

We shall denote the partial derivatives with respect to x! , "byo. ,5. respectively and
y byo,,o,

9, — .0

ij i

write
L =0LL =00LL. =000,L
i i ij i ] ijk i j k
Then L =1,Lth =L .
i i ij ij
The geodesic of F" are given by the system of differential equations
2, _
RSP xd—xj:o,
ds? ds

where G'(x,y) are positively homogeneous of degree two in y":
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. . K

2G' =g'(y'0.0 F-0 F)F=—

ir j 2

and g" is the inverse of g
Berwald connection BI” =(G;k,Gij,0) of Finsler space is given by (Matsumoto [2]).
. i
G _G i :g
j 8yj > Tk ayk '

The Cartan connection CI” :(Fjik,Gij,Gijk) is constructed from L with the help of

following axioms given by Matsumoto [2]

1. Cartan connection CI is v-material;

2 Cartan connection CI is h-material;

3 The (v) v torsion tensor field S of Cartan connection vanishes;
4. The (h) h torsion tensor field T of Cartan connection vanishes;
5 The deflection tensor field D of cartan connection vanishes;

The h-and v-covariant derivatives with respect to Cartan connection are denoted
by |« and | respectively. It is clear that the h-covariant derivative of L with respect to BT"
and CI is the same and vanishes identically. Furthermore, the h-covariant derivatives of
Li, Lj with respect to CI" are zero. We shall write

2rij :bi/j + bj/i’zsij :bi/j _bj/i'

2. The difference tensor D'
The generalized Matsumoto change of Finsler metric by h-vector is given by

Lm+1
L-p"
where B:bi (x y)y' and bi(X, y) is an h-vector.

L= (4

We may put

G'=G'+D' (5
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Then G;:G‘j+D‘jandG' G' +D'Jk,

where D' =9 .D'andD' =6 D'
j j jk K j

The tensors Di, Dij and Dijk are positively homogneous in y' of degree two, one and

zero respectively.
To find D' we deal with equation Ly = 0, (Matsumoto [1]):

0Ly =Ly Gy — LRy — L Fy =0 ...(6)
Since 0. B b from (4), we have
(a) Ei =pL, +qb,, (D
(b) Eij =L +nBALL, L, —B(L;b; +Lb)+Lbb ],
©) 5,-Ei =pd L, +w(BL, —Lb,)0,L+n(Lb, ~BL,)0 B+d0 b,

2
@ oL, =no,L, d{vLij—ﬁ—z}(B—mB—BL)LiLj

_%(mB+ 2L)(L b, +L b)~(B+mp+L)b,b }0, L

+¢{(pL2—B)(L—B)Lij+2%(L+B)LiLJ—)
—(B+mpB+L) (Libj + iji)+(m+2)IJ:)ibj}8kB
+\|1(BLJ. - IJ:)j)ain +y(BL, - IJ:)i)aklj

+n(Lb, —=BL ), b, +n(Lb, —BL,)d, b
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2
(e) Eijk = uLijk +n[{%_pLZBJ(Li ij + LJ_Lik + LkLij)
L>-B)bL, +bL +b L L
+(p _B)( i jk+ j i|(+ Kk |J)]+¢[ B+T

Bi(l-m) 3p°
(Liijk+LkLibj+Lkbi)+{ 2L LLL,

—(L+B+mp)(Lbb +Lb b +L bb)+(m+2)Lbbb, 1,

where we have used:

Lm — m(m + )L™
L” 2 m(m +1)BL"
p=——"t[L-BMm+)+pmL ], o =——""—
(I—_B)mH' (L_B)m+3
_ L BAL=B) pLL-B?]  m(m+1pL™
V= PPLL =)+ m+n [V (L_pm

Since Eij/k =0in F", after using (5), we have

T 1 r r 1T r c r r c r _
akLij_Lijr(Gk+Dk)_Lrj(Fik+ Dik)_(ij+ Djk)_o’

where I_:J.ik - Fjik = CD;k. (Park [5]).
Substituting in the above equation the values of 6kEij,Eirand Eijr from (7) and using
(6), and then contracting the equation thus obtained with y*, we get

2Eierr +Eerir +EirD; —[(I){(L—B)(pL2 —B)Lij

+(2B +%JLiLj —(L+B+ mB)(Libj + iji)
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+(M+2)Lb b T+nl(Lh, —BL (=S, )
—~(Lb =BL)(ry +S)l+ap L +2pqL L G" =0, (8

. ik i
where ‘0’ stands for contraction with y" viz I’j 0= rjkt T = rijy Yy
and we have used the fact that Dijkyk =C Dijkyk :Dij. (Matsumoto [2]):

Next, we deal with Ei/j =0, thatis

oL -L G'-LF' =0
| ir —j roij
Then, we have
'S 'S r r T r C rN _
6jLi —Lir(Gj+Dj)—Lr(Fij+ Dij)—O. ...(9)

Putting the value of 8jEi,EirandEr from (7) in (9) and using the equation
L. =0 L. —L. G"—L F' =0, and rearranging the terms, we get
i/j joi ir rj
ab,, =[uL, +n{B?LLL —B(L.b +L b))+ Lb,b }1D]
+[pL, +qb ] CDi’j +n(BL, —IJ)i)(rOJ. +Sy;)-
which afterusing 2r.. =b. +b. .,2S. =b. —b. ., wehave
ij i/j jli ij i/j jli
2qr, =[uL, +n{B*L'LL —B(Lb +L b)+b.b L}] D!
2 -1 r
Jr[uLjr +n{B“L Ler —[3(ijr —brbj)+b bjbr}]Di
cR/
+2[pLr +qbr] Dij +n[(BLi —IJ:)i)(rOj +Soj)

—(BL; —Lb )1y +S,)], ..(10)
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208, =[uL;, +n{BALLL —B(L,b +L b))+ Lbibr}]D;
211
~[uL, +n{B*L7L L ~B(L,b, ~b b,)+bb b }1D]

+#7I(BL, —Lb, )(ry; +S,) —(BL, —Lb )(r, +S,))], ..(11)

Subtracting (10) from (8) and contracting the resulting equation with y', we
obtain

21 r
[—MLjr —-n{B°L Ler —B(ijr + Lrbj)+li)jbr}]D
1
+En(Lbj—ﬁLj)roo+q fo; =[er+qbr]D;, ...(12)
Contracting (12) with y', we get
2[{L—B(m+1)}Lr+mIJ:)r]Dr :er00 ...(13)
Subtracting (11) from (8) and contracting the resulting equation with y', we get

[l +n{B?L'LL —B(Lb +L b)+Lb.b }]D’

:n{%sm +%(Lbi —BLi)roo} ..(14)

In view of LLir =0, — Li Lr, the equation (2.11) can be written as
Ag. D" ~[x{mm +1)p? — (L ~B)L—B-mp)

+pmL?)L—B)iL, +m(m +1)Bb. L D +n(Lb, —BL.)b D’

1
=0S;, +2 (LD =BL)TG, ..(15)
m-1 m-1
where % =———_[L—p(m+1) +pmL =
(L-p)™ (L-p)™

Contracting (15) Contracting with b; = g'b;, we get
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1
(—%}u Ler + Uerr = m'—Z(L—B)So +§m(m YL _Bz)roo’ -+(16)

where we have written S, for Sr b".The equation (13) and (16) constitute the system of
0

algebraic equation in LrDr and err whose solution is given by

B 2mL2{L—B(M+1)}S +{m(m +1)(b*L* —B%)+ mBV3r

D' ..(17
r 2U ()
and
mL[Ur _—2mL2S_]
LD = LUrg, o ...(18)
r 2U
where,

U =[m(m +1)(b°L* —=B*)+(L-B)YL-B-mp)+pL*(L-B)

V=[L-B(Mm+1) + pmL?].

Contracting (15) by g" and putting the value of L,D" and b,D" from (17) and (18)
respectively, we get

o _(|_—[3)'“+2(Vr00 —2mLs ]
2UVLM

i 1 i |, ML i
[anb +f{MQ—nBL}y }TSO’ -..(19)

|‘:y—i

where

Proposition 2.1. The difference tensor D'=G'-G' of generalized Matsumoto
change of Finsler metric by h-vector is given by (19).

3. Conditions to be projective change

The Finsler space F" is said to be projective to Finsler space F" if every

geodesic of F" is transformed to a geodesic of F". 1t is well known that the change
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L — Lis projectiveif G' =G' +P(x, y)y', where P(xy) is a homogeneous scalar

function of degree one in y', called projective factor (Matsumoto [3]).
Thus from (5) it follows that L — L is projective iff D' = Py'.

m+1
Now we consider that the Matsumoto change L — L =————Is projective. Then

from (19), we have
2 2
Pyi :(L—B)m+ (VrOO—ZmL SO)
2UuwL"

i1 — 0] mL2
|:T]L2bl+E{Mq—T]BL}yI:|+VSIO, ...(20)

Contracting (20) with yi(= gijyj) and using the fact that Sgy =0 and yiyi =2,

we get
mVr __—2L°%S
P= Mg 0]. .21
2U
Putting the value of P from (21) in (20), we get
m(m +1)(Vr  —2mL%S )(By' —L*b') =2mL*US] . ..(22)
Transecting (22) by b;, we get
2(L -B)S 2
r =&,whereA= B _p2 20 ..(23)
0 (m+1+A L
Substituting the value of roy from (3.4) in (3.2), we get
mS
=0 ...(24)
(m+1DA
Eliminating P and ro, from (24), (23) and (20), we get
. . S
i _ | i B i 0
S0 —(b _Fy jK ...(25)

The equation (23) and (25) gives the necessary conditions under which the
generalized Matsumoto change becomes a projective change.
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Conversely, if conditions (23) and (25) are satisfied, then putting these conditions
in (19), we get

Di rnsO

T (M+1)A

0

'ieD' =Py whereP=— 0
y Y (Mm+1)A

Thus F" is projective to F",
Theorem (3.1): The generalized Matsumoto change of a Finsler metric by h-vector of a
projective if and only if (23) and (25) hold good.

4. Douglas space transforming to a Douglas space

The Finsler space F" is called a Douglas space iff Giyj —Gjyi is
homogeneous polynomial of degree three in y' (Matsumoto [4]). We shall write hp(r) to
denote a homogeneous polynomial in y' of degree r.

If we put B = Diyj - Djyi , then from (2.16), we get

2,2 2
- o n(L=-P)™LWr . —2mLeS ) mL? . . .
BY =(b'y! -bly") o 4+ ——(Sy —Spy).  ..26)
2UWVL"™ U
If a Douglas space is transformed to a Douglas space by generalized Matsumoto change
(4) then B" must be hp(3) and vice-versa.

Theorem (4.1). The generalized Matsumoto change of Finsler metric by h-vector of a
Douglas space gives rise to a is a Douglas if and only if B" given byk (26) hp(3).
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