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1. Introduction 

 Let L)MF nn  be n-dimensional Finsler space on a differentiable manifold 

M
n
, equipped with the fundamental function L(x,y). Various changes of Finsler metric 

have been studied recently in papers Shukla et al. [6,7,8,9,10,11] 

 The necessary and sufficient conditions for these changes to be projective have 

been obtained. The condition for the space with the changed metric to be Douglas space 

has been found out. 

 The generalized Matsumoto change of Finsler metric is given by 

 





i

im

1m

x)yb  where
L

L
y)(x,L  …(1) 

In the present paper we have considered the transformation (1) in which bi(x) in  has 

been replaced by h-vector bi(x,y) so that 
j

i

y

b




is proportional to the angular metric tensor 

hij. 
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Let 
ijj

i h
y

b





, where  is any scalar function of x,y and 

jiijij
gh       …(2) 

It has been shown by Shukla, Pandey and Joshi in [12] that 

 
kkkk

y
  where2, n for  

L 





   …(3) 

We shall use the equation (3) without quoting it in the present paper. 

 Let 
i

i
y)yx,B  be defined on the manifold M

n
. Then 

m

1m

L

L
L






is 

called generalized Matsumoto change of Finsler metric by h-vector. If we write 

)LMF and 
L

L
L nn

m

1m







then the Finsler space 
nF is said to be obtained 

from F
n
 by a generalized Matsumoto change of Finsler metric by h-vector. 

 If m = 1, then the generalized Matsumoto change of Finsler metric by h-vector 

reduces to Matsumoto change of Finsler metric by h-vector. The quantities corresponding 

to 
nF will be noted by putting bar over those quantities. 

The fundamental quantities of F
n
 are given by 

 















jiijji

2

ijiiji

22

ij
g

yy

L
 Lh and 

y

L

yy

L

2

1
g   

We shall denote the partial derivatives with respect to 
ii

ii by  yx   respectively and 

write 

 L.L L,L L,L
kjiijkjiijii

   

Then  

ijij

1

ii
LhLlL  

The geodesic of F
n
 are given by the system of differential equations 

 







 0

ds

dx
 x,2G

ds

xd i

2

i2

 

where G
i
(x,y) are positively homogeneous of degree two in y

i
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2

L
FF)Fyg2G

2

jrj

riji    

and g
ij
 is the inverse of gij. 

Berwald connection  0GGB i

j

i

jk
of Finsler space is given by (Matsumoto [2]). 

 
k

i

ji

jkj

i
i

j y

G
G

y

G
G









 . 

The Cartan connection  i

jk

i

j

i

jk
GGFC  is constructed from L with the help of 

following axioms given by Matsumoto [2] 

1. Cartan connection C is v-material; 

2. Cartan connection C is h-material; 

3. The (v) v torsion tensor field S of Cartan connection vanishes; 

4. The (h) h torsion tensor field T of Cartan connection vanishes; 

5. The deflection tensor field D of cartan connection vanishes; 

 The h-and v-covariant derivatives with respect to Cartan connection are denoted 

by |k and |k respectively. It is clear that the h-covariant derivative of L with respect to B 

and C is the same and vanishes identically. Furthermore, the h-covariant derivatives of 

Li, Lij with respect to C are zero. We shall write 

 
j/ii/jijj/ii/jij

bb2sbb2r  

2. The difference tensor D
i
 

 The generalized Matsumoto change of Finsler metric by h-vector is given by 

 





m

1m

L

L
L  …(4) 

where y)x,b andy)yx,b
i

i

i
 is an h-vector. 

We may put 

 
iii DGG   …(5) 
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Then  i

jk

i

jk

i

jk

i

j

i

j

i

j
DGG and DGG  

where 
i

jk

i

jk

i

j

i

j
DD andDD   

The tensors 
i

jk

i

j

i D and DD  are positively homogneous in y
i
 of degree two, one and 

zero respectively. 

To find D
i
 we deal with equation Lij/k = 0, (Matsumoto [1]): 

 0FLFLGLL r

jkir

r

ikrj

r

kijrijk
  …(6) 

Since 
ii

b from (4), we have 

 (a) 
iii

qbpLL  …(7) 

(b)  

jiijjiji

12

ijij
bLbbLbLLLLLL  

(c) 
ijjiijiiijij

bqLLbLLbLLpL  

(d) 
ji2

2

ijijkijk
L3L)Lm

L
LLL 







 

  

 LbL)bmbLb2L)(Lm
L kjiijji




  

 



jiij

2 LLL
L

2LLL  

 
kjiijji

b2)LbmbLb(LL)m  

 
jkiiikjj

lLbLlLbL   

 
jKiiiKjj

bLLbbLLb  
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(e) 


















ijkikjjki

2
2

ijkijk
LLLLLLL

L
LL  

 












 


L

m
2LbLbLbL

2

ijkikjjki

2
 

 
kji

2

2

3

ikjikkji
LLL

L

3

L

m)1
bLbLLbLL







 




  

 
kjijikikjkji

bb2)LbmbbLbbLbbLmL  

where we have used: 

















2m

m

1m

1m

m

m

l

1)Lm(m

L

mL
q1)],mL

L

L
p  

3m

m
2

1m

m

L

L1)m(m
mL1)mL

L

L
 





  































2m

1m22

L

L1)m(m

1)m

L(L

L

L
L(L  

Since  n

ij/k
Fin 0L after using (5), we have 

 0DFDFLDGLL r

jk

cr

jk

r

ik

cr

ikrj

r

k

r

kijrijk
 

where  r

jk

ci

jk

i

jk
DFF (Park [5]). 

Substituting in the above equation the values of 
ijririjk

L andLL  from (7) and using 

(6), and then contracting the equation thus obtained with y
k
, we get 

 
ij

2r

jir

r

ijr

r

ijr
LLLDLDLDL2   

 












 


ijjiji

2

bLbLmLLL
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 
j0j0ii00ji

SrLLbrbLb2)m  

  0GLqL2LLqSrLLb r

ijrij0i0i0jj
 ...(8) 

where ‘0’ stands for contraction with y
k
 viz 

ji

ij00

k

jkj0
yyrrtrr   

and we have used the fact that  i

j

ki

jk

cki

jk
DyDyD (Matsumoto [2]): 

Next, we deal with  0L
i/j

that is 

  0FLGLL r

ijr

r

jirIj
 

Then, we have 

  0DFLDGLL r

ij

cr

ijr

r

j

r

jirij
 …(9) 

Putting the value of 
ririj

L andLL  from (7) in (9) and using the equation 

 0FLGLLL r

ijr

r

jiriji/j
and rearranging the terms, we get 

r

jriirriri

12

iri/j
DbLb bLbLLLLLb q  

 

 
0j0jii

r

ij

c

rr
SrLbLDqbpL  

which after using 
j/ii/jijj/ii/jij

bb2Sbb2r we have 

 
r

jriirriri

12

irij
D L}]bb bLbLLLLLr2q  

 

 
r

irjjrrjrj

12

jr
Dbb bbbbLLLLL  

 

 
0j0jii

r

ij

c

rr
SrLbLDqbpL2  

 
i0i0jj

SrLbL  …(10) 
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12

irij
DbLbbLbLLLLL2qS  

 

 
r

irjjrrjrj

12

jr
Dbb bbbbLLLLL  

 

 
i0i0jj0j0jii

SrLbLSrLbL  …(11) 

 Subtracting (10) from (8) and contracting the resulting equation with y
i
, we 

obtain 

 
r

rjjrrjrj

12

jr
DbLbbLbLLLLL  

 

  r

jrr0j00jj
DqbpLr qrLLb

2

1
 …(12) 

 Contracting (12) with y
j
, we get 

 
00

r

rr
Lr mDmLb1)}Lm2[{L   …(13) 

 Subtracting (11) from (8) and contracting the resulting equation with y
i
, we get 

 
r

riirriri

12

ir
DbLbbLbLLLLL  

 

 














00iii0
rLLb

2

1
S

1)m

LL
 …(14) 

In view of 
riirir

LLgLL the equation (2.11) can be written as 

  mLL1)m)mDg 2r

ir
 

 
r

rii

r

rii

2 DbLLbDLb1)m(mLLmL   

 
00iii0

rLLb
2

1
qS  …(15) 

where 














2m

1m
2

1m

1m

L

mL
mL1)mL

L

L
 

Contracting (15) Contracting with bi = g
ij
bj, we get 
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






 


00

222

0

2r

r

r

r
rL1)(bm(m

2

1
SLmLDubDLu 

L
 …(16) 

where we have written S0 for r

0r
bS The equation (13) and (16) constitute the system of 

algebraic equation in 
r

r

r

r
Db andDL whose solution is given by 

2U

V}rmL1)(bm(m1)}SmL2mL
Db 00

222

0

2

r

r


  …(17) 

and 

 



2U

S2mLmL[Ur
DL 0

2

00r

r
 …(18) 

where, 

  LLmLLL1)(b[m(mU 2222
 

  2mL1)m[L  V  

Contracting (15) by g
ij
 and putting the value of LrD

r
 and brD

r
 from (17) and (18) 

respectively, we get 
















i

0

2
ii2

m

0

2

00

2m

i S
V

mL
}yLq

L

1
bL

2UVL

S2mLVrL
D  …(19) 

where 
L

y
l

i
i  . 

Proposition 2.1. The difference tensor 
iii GGD  of generalized Matsumoto 

change of Finsler metric by h-vector is given by (19). 

3. Conditions to be projective change 

 The Finsler space 
nF is said to be projective to Finsler space F

n
 if every 

geodesic of F
n
 is transformed to a geodesic of nF It is well known that the change 
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 iii y)yP(x,GG if projective isLL where P(x,y) is a homogeneous scalar 

function of degree one in y
i
, called projective factor (Matsumoto [3]). 

Thus from (5) it follows that LL  is projective iff D
i
 = Py

i
. 

Now we consider that the Matsumoto change 
m

1m

(L

L
LL






is projective. Then 

from (19), we have 
















i

0

2
ii2

m

0

2

00

2m

i S
V

mL
}yLq

L

1
bL

UVL2

S2mLVrL
Py    …(20) 

Contracting (20) with  j

iji
ygy and using the fact that 0yS

i

i

0
 and  2i

i
Lyy

we get 

 



2U

S2Lm[Vr
P 0

2

00
 …(21) 

Putting the value of P from (21) in (20), we get 

  i

0

2i2i

0

2

00
US2mLbLyS2mL1)(Vrm(m  …(22) 

Transecting (22) by bi, we get 

 0b
L

 where
1m

S2(L
r 2

2

0

00








 





  …(23) 

 Substituting the value of r00 from (3.4) in (3.2), we get 

 



1)(m

mS
P 0

 …(24) 

 Eliminating P and r00 from (24), (23) and (20), we get 

 









 
 0i

2

ii

0

S
y

L
bS  …(25) 

 The equation (23) and (25) gives the necessary conditions under which the 

generalized Matsumoto change becomes a projective change. 
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 Conversely, if conditions (23) and (25) are satisfied, then putting these conditions 

in (19), we get 

 






1)(m

mS
P wherePyi.e.Dy

1)(m

mS
D 0iii0i

 

Thus 
nF is projective to F

n
. 

Theorem (3.1): The generalized Matsumoto change of a Finsler metric by h-vector of a 

projective if and only if (23) and (25) hold good. 

4. Douglas space transforming to a Douglas space 

 The Finsler space F
n
 is called a Douglas space iff 

ijji yGyG  is 

homogeneous polynomial of degree three in y
i
 (Matsumoto [4]). We shall write hp(r) to 

denote a homogeneous polynomial in y
i
 of degree r. 

 If we put  ijjiij yDyDB then from (2.16), we get 








ii

0

ii

0

2

m

0

2

00

22m

ijjiij ySyS
U

mL

2UVL

S2mLVrLL
ybybB      …(26) 

If a Douglas space is transformed to a Douglas space by generalized Matsumoto change 

(4) then B
ij
 must be hp(3) and vice-versa. 

Theorem (4.1). The generalized Matsumoto change of Finsler metric by h-vector of a 

Douglas space gives rise to a is a Douglas if and only if B
ij
 given byk (26) hp(3). 
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