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1. Introduction
Let U be the open unit disk of the complex plane:
U={z:z€C and |z| < 1}.

Let H[U] denote the class of holomorphic functions in U. Fora € Cand n € N :=
{1l2l3l }l

let
Hla,n]l={f e H[U], f(z2) =a+a,z" +a,412" + -, z € U}, (D
and
c/Zn = {f € }[[U]' f(Z) =zZ+ a—n+1zn+1 + e ZE [U}- (2)

In particular, for n=1, we write A; = A.
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A function f(z) in A is said to be univalent in U if f(z) is one to one in U. Let S
denote the subclass of A consisting of univalent functions in U (see [4]).

Let
zf" (2)
and
. CoZf (@)
) —{feﬂ. R @ >0,ze[U}, .. (4)

respectively denote the class of convex and starlike functions in U.

Finding sufficient conditions of univalence, starlikeness, convexity of integral, derivative
and other operators is an important topic of research in Geometric Function Theory. In
recent years, several authors have investigated sufficient conditions for the univalence,
starlikeness and convexity of various linear and non-linear integral operators. For
example, Ularu [13] studied the following integral operator:

z . Vi , 4
K(z) = J(; Ty <fl(Z)> (gl- (t))m dt , .. (5)

V4

where the functions f;, g; € A and the parameters y;, n; (i = 1,2,3,...,n) are so
constrained that the integral (5) exists. Taking n=1, y; =y, fi =f and n; =0 in (5)
i-e the operator

R = [[(K2) a - ©

has been studied in [1]. On the other hand, Oros [11] (also, see [12]) obtained sufficient
conditions for convexity and starlikeness of operator given by

1 zZ
L (@ =F@) =~ fo FO'de (p 21z U). - (D

Recent expository work on this topic can also be found in ([1, 2, 3, 8, 9, 10]). Motivated
by aforementioned work, we introduce the following integral operator.

Definition 1.

Letf > 0beareal number and f be a function in A such that f@ #0inU.

z

Furthermore, suppose that his a function in }[1, 1] such that h(z) # 0 in U.
Define the integral operator I,(z) : A — A by

1 Z
I,(2) = ﬁz%fo [FORM®IFdt  (f € A; z€ ). - (8)
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We note that the totality of the function I, (z) is single-valued analytic and
belong to the class A.

For the choice of the functions h(z), we can take or any function satisfying h(0) = 1
and R{h(z)} > 0 or h(0) = 1 and J{h(z2)} > 0. As a consequent of Cauchy’s theorem,
every such function k, we can write h(z) = e9® where g € A. Therefore, throughout
this paper, we shall prefer to write

sinz
z

1(z) = %f:[f(t)eg(t)]ﬁdt (f € A; z€e). .. (9)

2. Preliminary

To prove our main result, we have to recall the following lemma.

Lemma 2.1. (see [5, 6, 7]) lety : C? x U — C satisfying the condition
RY(is, t;z) <0, (z€U)

—(1+s2
for s,t €R, t < —0F)

Ifp(z) =1+ piz+pyz2 +- satisfies
R{p(2), zp (2);2} > 0,
then
R{p(z)} >0 (z€U).
More general forms of this lemma can be found in [7].
3. Main Result

We determine the sufficient condition such that, for a function f € A, the image under
the new integral operator 1(z) is convex.

Theorem 1. Let f € A and 8 be a real number such that B = 1. If

z¢ (2) 1
ﬁn[1+ e > T (z € V), .. (10)
where
g9(z) B
¢(2) = (f(z),# .. (11)
VA

then the integral operator 1(z) defined by (9) is convex.
Proof. Letf,g € A sothat

f@2)=z+Yr_,a,z" (z € ),
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and
9g@2)=z+Y7_,b,z" (z € U).
Then from (9), we have

I(2) = %foz[(t + ayt? + ast® + ---)e(t+bzt2+b3t3+--.)]ﬁdt

= leﬁlfoz[(t +ayt? + azt’ + )1+ (t + byt? + byt3 + ) + )] dt

= 20t + (+ D + (ag +as + by +5) 63 +--~]ﬁ dt
= iiﬁlfoz(tﬁ + (az + DPAF 4+ - )dt
_ Bri[Pt | (ap+1)p2fH? ]
2# |p+1 B+2
=z+cz% +c3z3 + - . (12)

Thus, I1(2) € A.
Differentiating both sides of (9) with respect to z, we have
Bl(2) +21'(2) = (B + D(2) . (13)

where ¢(z) is given by (11). Differentiating both sides of (13) with respect to 'z' and
simplifying, we obtain

I'(2)|1 2 @) = D¢’ 14
(Z)( + o) +B>—(ﬂ+ )¢ (2) - (14)
Let

1 21" (2) U 15
p(z) =1+ o) (zel). .. (15)

Clearly, p(0) =1, p(z) =1+ p,z" + .
Making use of (15) in (14), we have
(@) + A1 (2) = (B + 1D (2). .. (16)

Since ' (z) # 0, p (z) # 0, p(2) + B # 0, so taking logarithmic differentiation on both
sides of (16) and multiplying resulting equation by z give

2 @) | 20’ (2) _ 29" (@)
'@ p@+  ¢'@

which implies

p(2) . z¢ (2)
A e Y A ey

(zeU). . (17)
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Using the given condition (10) in (17), we have

zp (2) _ 1 )
‘R[P( )+p(z)+ﬁ] > - B=1 z€0),

which is equivalent to

‘R[p(z)+pz(i%+%] >0 (z€U). .. (18)
Lety: C x U — C given by
(2,29 (2:2) = p(2) + (”)(3[3 b L (19)

Then (19) is equivalent to
RY(p(2),2p (2);2) >0 (z € V).
To prove our result, we can make use of Lemma 2.1.

Now we calculate

. 1
Ry (is, t; z) = [lS + lsw + ﬁ]

_ 1, t(B-is)
iR[ls+2ﬁ + sz+ﬁ2]

_ 1t

- 2B +52+B2

$2

1 /3(12 )
< ——

2B s2+pB2

_ (1-8%)s*
=26y =0 Bz

Therefore, it follows from Lemma 2.1 that
Rp(z) >0 (z€l),
which implies

21 (2)
I'(2)
Hence the result follows. Thus, the proof of Theorem 1 is completed.

R[1+52|>0 (zew).
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