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Abstract : In the present paper, a sufficient condition is established for which the 

image of a normalized analytic function under a well-known integral operator 

given by 

  𝐼 𝑧 =
𝛽+1

𝑧𝛽
   𝑓 𝑡 𝑒𝑔 𝑡  

𝛽
𝑑𝑡        𝑧 ∈ 𝕌  

𝑧

0
 

is convex univalent function. 

Keywords : Analytic functions, Univalent functions, Starlike functions, Convex 

functions, Integral operator. 

2010 Mathematics Subject Classification : 30C45 

 
1. Introduction 

 Let  𝕌 be the open unit disk of the complex plane: 

   𝕌 =  𝑧 ∶ 𝑧 ∈ ℂ  𝑎𝑛𝑑   𝑧 < 1 . 

Let ℋ[𝕌] denote the class of holomorphic functions in 𝕌. For 𝑎 ∈ ℂ 𝑎𝑛𝑑 𝑛 ∈ ℕ ≔
 1,2,3,…  , 

 let 

ℋ 𝑎, 𝑛 =  𝑓 ∈ ℋ 𝕌 ,   𝑓 𝑧 = 𝑎 + 𝑎𝑛𝑧
𝑛 + 𝑎𝑛+1𝑧

𝑛+1 + ⋯ , 𝑧 ∈ 𝕌 ,                … (1) 

and 

𝒜𝑛 =  𝑓 ∈ ℋ 𝕌 , 𝑓 𝑧 = 𝑧 + 𝑎𝑛+1𝑧
𝑛+1 + ⋯ , 𝑧 ∈ 𝕌 .                                  … (2) 

In particular, for n=1, we write 𝒜1 = 𝒜. 
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 A function 𝑓(𝑧) in 𝒜 is said to be univalent in 𝕌 if 𝑓(𝑧) is one to one in 𝕌. Let S 

denote the subclass of 𝒜 consisting of univalent functions in 𝕌 (see [4]). 

 Let 

𝒦 =  𝑓 ∈ 𝒜:   ℜ  1 +
𝑧𝑓 ′′  𝑧 

𝑓 ′ 𝑧 
 > 0;   𝑧 ∈ 𝕌                                                                    … (3) 

and 

𝒮∗ =  𝑓 ∈ 𝒜:   ℜ 
𝑧𝑓 ′ 𝑧 

𝑓 𝑧 
> 0;   𝑧 ∈ 𝕌 ,                                                                              …  4  

respectively denote the class of convex and starlike functions in 𝕌. 

Finding sufficient conditions of univalence, starlikeness, convexity of integral, derivative 

and other operators is an important topic of research in Geometric Function Theory. In 

recent years, several authors have investigated sufficient conditions for the univalence, 

starlikeness and convexity of various linear and non-linear integral operators. For 

example, Ularu [13] studied the following integral operator: 

Κ z =    𝜋𝑖=1
𝑛

𝑧

0

 
𝑓𝑖 𝑧 

𝑧
 

𝛾𝑖

 𝑔𝑖
′ 𝑡  

𝜂𝑖
 𝑑𝑡  ,                                                                           … (5) 

where the functions  𝑓𝑖 , 𝑔𝑖 ∈ 𝒜 and the parameters 𝛾𝑖 ,  𝜂𝑖   𝑖 = 1,2,3,… , 𝑛  are so 

constrained that the integral (5) exists. Taking n=1,  𝛾1 = 𝛾, 𝑓1 = 𝑓  𝑎𝑛𝑑  𝜂1 = 0 in (5)  

i-e the operator 

𝐹𝛾 𝑧 =    
𝑓(𝑡)

𝑡
 
𝛾𝑧

0

𝑑𝑡                                                                                                           … (6) 

has been studied in [1]. On the other hand, Oros [11] (also, see [12]) obtained sufficient 

conditions for convexity and starlikeness of operator given by 

𝐿𝛾 𝑓  𝑧 = 𝐹 𝑧 =  
𝛾 + 1

𝑧𝛾
 𝑓 𝑡 𝑡𝛾−1𝑑𝑡      𝛾 ≥ 1; 𝑧 ∈ 𝕌 .                                        … (7)

𝑧

0

 

Recent expository work on this topic can also be found in  ([1, 2, 3, 8, 9, 10]). Motivated 

by aforementioned work, we introduce the following integral operator. 

Definition 1. 

𝐿 𝑒𝑡 𝛽 > 0 𝑏𝑒 𝑎 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟  𝑎𝑛𝑑 𝑓 𝑏𝑒 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝒜 𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡 
𝑓 𝑧 

𝑧
≠ 0 𝑖𝑛 𝕌.  

𝐹𝑢𝑟𝑡𝑕𝑒𝑟𝑚𝑜𝑟𝑒, 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡𝑕𝑎𝑡 𝑕 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 ℋ 1, 1  𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡 𝑕 𝑧 ≠ 0 𝑖𝑛 𝕌.  

𝐷𝑒𝑓𝑖𝑛𝑒 𝑡𝑕𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝐼𝑕 𝑧 ∶  𝒜 → 𝒜 𝑏𝑦 

𝐼𝑕 𝑧 =
𝛽 + 1

𝑧𝛽
  𝑓 𝑡 𝑕 𝑡  𝛽𝑑𝑡        𝑓 ∈ 𝒜;   𝑧 ∈ 𝕌 .

𝑧

0

                                                     … (8) 
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We note that the totality of the function 𝐼𝑕 𝑧  is single-valued analytic and 

belong to the class 𝒜. 

For the choice of the functions 𝑕(𝑧), we can take 
𝑠𝑖𝑛𝑧

𝑧
 or any function satisfying 𝑕 0 = 1 

and ℜ 𝑕 𝑧  > 0  𝑜𝑟 𝑕 0 = 1 𝑎𝑛𝑑  ℑ 𝑕(𝑧) > 0. As a consequent of Cauchy’s theorem, 

every such function , we can write 𝑕 𝑧 =  𝑒𝑔(𝑧) 𝑤𝑕𝑒𝑟𝑒  𝑔 ∈ 𝒜.  Therefore, throughout  

this paper, we shall prefer to write 

𝐼 𝑧 =
𝛽 + 1

𝑧𝛽
  𝑓 𝑡 𝑒𝑔(𝑡) 

𝛽
𝑑𝑡        𝑓 ∈ 𝒜;   𝑧 ∈ 𝕌 .

𝑧

0

                                                      … (9) 

2. Preliminary  

To prove our main result, we have to recall the following lemma. 

Lemma 2.1. (see [5, 6, 7]) let 𝜓 ∶  ℂ2 × 𝕌 → ℂ satisfying the condition 

ℜ𝜓 𝑖𝑠, 𝑡; 𝑧 ≤ 0,   (𝑧 ∈ 𝕌) 

for  𝑠, 𝑡 ∈ ℝ, 𝑡 ≤  
− 1+𝑠2 

2
. 

 If 𝑝 𝑧 = 1 + 𝑝1𝑧 + 𝑝2𝑧
2 + ⋯    𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 

ℜ 𝑝 𝑧 , 𝑧𝑝′ 𝑧 ; 𝑧 > 0, 

then  

ℜ{𝑝 𝑧 } > 0  (𝑧 ∈ 𝕌) . 

More general forms of this lemma can be found in [7]. 

3. Main Result 

We determine the sufficient condition such that, for a function 𝑓 ∈ 𝒜, the image under 

the new integral operator 𝐼(𝑧) is convex. 

Theorem 1. 𝐿𝑒𝑡 𝑓 ∈ 𝒜 𝑎𝑛𝑑 𝛽 𝑏𝑒 𝑎 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑠𝑢𝑐𝑕 𝑡𝑕𝑎𝑡 𝛽 ≥ 1.  𝐼𝑓  

ℜ 1 +
𝑧𝜙′′  𝑧 

𝜙′ 𝑧 
 >  −

1

2𝛽 
     𝑧 ∈ 𝕌 ,                                                                                 … (10) 

where 

𝜙 𝑧 =
 𝑓 𝑧 𝑒𝑔 𝑧  

𝛽

𝑧𝛽−1
,                                                                                                           … (11) 

𝑡𝑕𝑒𝑛 𝑡𝑕𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑜𝑝𝑒𝑟𝑎𝑡𝑜𝑟 𝐼 𝑧  𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 (9) 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥. 

𝑷𝒓𝒐𝒐𝒇.    𝐿𝑒𝑡 𝑓, 𝑔 ∈ 𝒜 𝑠𝑜 𝑡𝑕𝑎𝑡  

  𝑓 𝑧 = 𝑧 +  𝑎𝑛𝑧
𝑛∞

𝑛=2  𝑧 ∈ 𝕌 , 
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and  

  𝑔 𝑧 = 𝑧 +  𝑏𝑛𝑧
𝑛∞

𝑛=2  𝑧 ∈ 𝕌 . 

Then from (9), we have 

 Ι 𝑧 =  
𝛽+1

𝑧𝛽
   𝑡 + 𝑎2𝑡

2 + 𝑎3𝑡
3 + ⋯ 𝑒 𝑡+𝑏2𝑡

2+𝑏3𝑡
3+⋯  

𝛽
𝑑𝑡

𝑧

0
 

 =  
𝛽+1

𝑧𝛽
   𝑡 + 𝑎2𝑡

2 + 𝑎3𝑡
3 + ⋯  1 +  𝑡 + 𝑏2𝑡

2 + 𝑏3𝑡
3 + ⋯ + ⋯  𝛽𝑑𝑡

𝑧

0
 

  =  
𝛽+1

𝑧𝛽
  𝑡 +  𝑎2 + 1 𝑡2 +  𝑎2 + 𝑎3 + 𝑏2 +

1

2!
 𝑡3 + ⋯ 

𝑧

0

𝛽
𝑑𝑡 

  =  
𝛽+1

𝑧𝛽
 (𝑡𝛽 +  𝑎2 + 1 𝛽𝑡𝛽+1 + ⋯)𝑑𝑡
𝑧

0
 

  =  
𝛽+1

𝑧𝛽
 
𝑧𝛽+1

𝛽+1
+

(𝑎2+1)𝛽𝑧𝛽+2

𝛽+2
+ ⋯  

= 𝑧 + 𝑐2𝑧
2 + 𝑐3𝑧

3 + ⋯                                                                                                         … (12) 

Thus, Ι 𝑧 ∈ 𝒜. 

  Differentiating both sides of (9) with respect to z, we have 

𝛽Ι 𝑧 + 𝑧Ι′ 𝑧 =  𝛽 + 1 𝜙 𝑧                                                                                             … (13) 

where 𝜙 𝑧  is given by (11). Differentiating both sides of (13) with respect to 'z' and 

simplifying, we obtain 

I′ 𝑧  1 +
𝑧I′′  𝑧 

Ι′ 𝑧 
+ 𝛽 =  𝛽 + 1 𝜙′ 𝑧                                                                          … (14) 

Let 

𝑝 𝑧 = 1 +
𝑧Ι′′  𝑧 

Ι′ 𝑧 
         𝑧 ∈ 𝕌  .                                                                                        … (15) 

Clearly, 𝑝 0 = 1, 𝑝 𝑧 = 1 + 𝑝𝑛𝑧
𝑛 + ⋯ . 

Making use of (15) in (14), we have 

 𝑝 𝑧 + 𝛽 Ι′ 𝑧 =  𝛽 + 1 𝜙′ 𝑧 .                                                                                      … (16) 

Since Ι′ 𝑧 ≠ 0, 𝑝′ 𝑧 ≠ 0, 𝑝 𝑧 + 𝛽 ≠ 0,  so taking logarithmic differentiation on both 

sides of (16) and multiplying resulting equation by z give 

  
𝑧Ι′′  𝑧 

Ι′  𝑧 
 +

𝑧p ′  𝑧 

𝑝 𝑧 +𝛽
=

𝑧𝜙 ′′  𝑧 

𝜙 ′  𝑧 
 

which implies 

𝑝 𝑧 +
𝑧p′ 𝑧 

𝑝 𝑧 + 𝛽
= 1 +

𝑧𝜙′′  𝑧 

𝜙′ 𝑧 
    𝑧 ∈ 𝕌  .                                                                     … (17) 
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Using the given condition (10) in (17), we have 

  ℜ 𝑝 𝑧 +
𝑧p ′  𝑧 

𝑝 𝑧 +𝛽
 >  −

1

2𝛽
    𝛽 ≥ 1;   𝑧 ∈ 𝕌 , 

which is equivalent to  

 ℜ 𝑝 𝑧 +
𝑧p ′  𝑧 

𝑝 𝑧 +𝛽
+

1

2𝛽
 > 0     𝑧 ∈ 𝕌 .                                                               … (18) 

Let 𝜓: ℂ × 𝕌 → ℂ given by 

𝜓 𝑝 𝑧 , 𝑧𝑝′ 𝑧 ; 𝑧 = 𝑝 𝑧 +
𝑧𝑝′ 𝑧 

𝑝 𝑧 + 𝛽
+

1

2𝛽
 .                                                                 …  19  

Then (19) is equivalent to 

  ℜ𝜓 𝑝 𝑧 , 𝑧𝑝′ 𝑧 ; 𝑧 > 0      𝑧 ∈ 𝕌 . 

To prove our result, we can make use of Lemma 2.1. 

Now we calculate 

  ℜ𝜓 𝑖𝑠, 𝑡; 𝑧 = ℜ  𝑖𝑠 +
𝑡

𝑖𝑠+𝛽
+

1

2𝛽
  

   = ℜ 𝑖𝑠 +
1

2𝛽
+

𝑡 𝛽−𝑖𝑠 

𝑠2+𝛽2   

   =
1

2𝛽
+

𝑡𝛽

𝑠2+𝛽2 

   ≤
1

2𝛽
−

𝛽 
1+𝑠2

2
 

𝑠2+𝛽2  

   =
 1−𝛽2 𝑠2

2𝛽 𝑠2+𝛽2 
   ≤ 0    𝛽 ≥ 1 . 

Therefore, it follows from Lemma 2.1 that 

  ℜ𝑝 𝑧 > 0      𝑧 ∈ 𝕌 , 

which implies  

  ℜ 1 +
𝑧Ι′′  𝑧 

Ι′  𝑧 
 > 0    𝑧 ∈ 𝕌 . 

Hence the result follows. Thus, the proof of Theorem 1 is completed. 
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