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Abstract : The stress-intensity factors and the crack shape are obtained in closed
form by using Fourier transform method. The Griffith-crack is opened by thermal
stress in an infinite orthotropic strip whose edges are parallel to crack axis.
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1. Introduction

A considerable progress, in the field of air-craft and machine structures,
mainly with gas and steam turbines, have given rise to numbers of problems in which
thermal stresses play an important and frequently even a primary role. The advent of
modern composite-material, which are easily amenable to weight-to-strength ratio has
facilitated the aerospace industry. The composite materials are made by layers of
matrix and of fibres.

Bandopadhya and Murthy [5] have proved experimentally that if the number
of layers in a composite material exceeds six, then the medium of composite material
can be considered as orthotropic medium. The same was proved analytically by
Sharma [8]. Therefore, the problem is of practical importance.

Singh [9] has solved a Griffith-crack opened by thermal stress in an
anisotropic medium. Author [1-4] had solved for three and four Griffith-cracks
opened by thermal stress is an infinite orthotropic medium and in an infinite strip
whose edges as are perpendicular to crack-axis.

The title problem can be thought of that where there is an infinite row of
Griffith-cracks of length 2c and equispaced with distance 26, see figure 1. Then we
choose one Griffith-crack (any one) and take x-axis parallel to crack axis and y-axis
passing through middle of the crack and perpendicular to x-axis, see figure 2, with the
boundary conditions prescribed in figure.

It is assumed that the medium is such that elastic properties are not effected
by temperature distribution. It is also assumed that the work done by elastic
movement, too, does not effect the temperature distribution. Elastic symmetry
coincides with co-ordinate axes. The medium is in plane-strain condition.
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Figure 1 : VERTICAL ROW OF GRIFFITH CRACKS OPENED BY HEAT SOURCE WHICH ARE
REDUCED TO AN INFINITE ORTHOTROPIC STRIP.
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Figure 2 : GEOMETRY OF CRACK OPENING WITH THERMAL STRESS AND
BOUNDARY CONDITIONS IN AN INFINITE STRIP.
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The physical problem, as shown in figure 1 & 2, is translated into mathematical
model of mixed-boundary value problem, as

Gy (X,£8) = 0,U, (X, £8) = 0, 6, (%,0)=0,0<|x|<o0 1)-(2)
u, (x,0)=0,b<[x < o,,(x,0)=0,0<|x <b (3)-(4)

Thus we are to solve the problem of mixed-boundary value given by (1)-(4) over the
domain [-8,8]w (—0,00) . But the symmetry of geometry and the symmetry of orthotropy

coinciding with co-ordinate axes in the problem above is reduced to the following :

Oy (%,8) =0,uy (X,8) =0, 5,,(x,0)=0,0< x <0 (5)-(6)
uy(x,0)=0,b<x<o0 ’GW(X,0)=0,0SX<b (7)-(8)
The domain of solution is now [0,8]w[0,). We checked throughout as given by
Burniston [6], That

u, (x,0)>0, 0<|x/<b (9)

Which means that crack faces do not meet each other otherthan at crack tips. We have
divided the physical quantities at a general point (x, y) of the medium into two namely
[A] Heat Problem [B] Elasticity Problem.

o (6 Y) =05 (6 Y) +0 D (x y), T =%y (10)
u 6 Y) =4 060 y) + U@ (), i =Xy (12)
The boundary conditions for heat distribution are given as

Gy (%,8)=0,ul" (x,8)=0,0< x <0 (12)
G, (%,0)=0,0<x<00 u,M(x,00=0,0<x<w (13)-(14)

Thus the boundary conditions (5)-(8), after using (10)-(11) and (12)-(14) in (5)-(8),
reduce to the following conditions for elasticity problem.

0,5 (%,8) =0,u,@(x,00=0, 6,,(x,00=0, 0<x<o0 (15)-(16)
0, @ (x0)=0, b<x<e ©,0(x0)=-0,"(x0) 0<x<b (17)-(18)

The plan of the paper is as follows : in section 2, the problem is formulated. The mixed-
boundary value problem is reduced to triple integral equation whose solution is also
given in section 3. The solution of Fredholm integral equation is given in section 4.

The physical quantities are given in section 5. An example of special heat source is given
in section 6, section 7 presents discussion and conclusion.
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2. Formulation of Problem
HEAT PROBLEM

The solution of heat problem is obtained by taking appropriate finite Fourier transform
with respect to variable y and Fourier transforms with respect to variable x of equation of
equilibrium, in absence of body force along with transform of stress-strain relations, too,
as
oG oc
DO Y0 —2+—F=-0 (19)
OX oy OX oy

With stress-strain relations as,

Ox 1 ay -3, 0 | & ky
Cyy 00 0 by €y 0
L g6 |

Where T satisfies the equation
o 0
k,— +k,— [T =bQ(x, 21
(16)(2 Zasz Q( y) ( )

a1 ~ g are elastic constants

ky =0t (393 —835) K =0y (B2 —85), 00 =585, — aty (22)

oy and o, are the coefficients of linear expansions along x and y axes, respectively.
Q(x,y) is known function of temperature.

() = 20 (1,0) + 23 [“sin(ex) o8P &, )i 23)
¢ 0 15 sc

U (x,y) = %il [ cos@0sin(p,y)ul? &, py)d, 24)

Uiz) (& Py) =Qqc (&, pn)ﬁz[k3 pr% + klbézalla% pﬁ | U (25)

Ul (€ Pn) = Quc (& Pr) PalKz (62805865 +bPR) +KyE* M, (26)

Making use of stress-strain relations (20) and the displacement components (23) — (26).
We get stress components corresponding to heat problem as,
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ol (x,y) = %c&ia (£,0) %ic@m (&, Pn) COS(EX) COS( Py Y)Y (&, Pp)dE (27)
n=1

o) () = 20 (6.0 + o 3 [ Qul P COSEICOS(PY) (6 PG (28)
n=1

E(r;«):c & py)= |:k1 pr% (ﬁzka + pﬁ)balz +k; pr% (§2k11 - pr%klz)]/w

ote (& ) =| ko P5 (k,E%0) + by P (€2Kyy — Pikay) /W

Sy (6 ¥) =— Zj Quc (& Pp)Sin(&)sin(p,y)oly (&, py) (29)

(h) y (& Ps)= e i/%/, Po) [(ks +k,)EPE + klé(ézbo + pr?allaﬁﬁ) +KaPn( pr%bo + éagzaee)]

kg = ksky, Ky = Ksky, ks = 5865 — g
Ke = 2015855865 —bay,, K7 =Dyan,as,

(30)
kg = a5 —bap, =—K,kig =byay;
kg =Kig — 2891815366, k1 =Dpay,
W(E, py) = Pn +2Bipie’ + By&*, (31)
a. nm
2B, = (22, +a4) /211, B, =2 Ph=—1 (32)
a o

We can obtain stress components by using (23)-(28) along with stress-strain relation (20).
ELASTICITY PROBLEM

The solution of elasticity problem is obtained by the method of Kushwaha [7]. The
displacement components are assumed as

P (xy) =2 [ o yy -2t Hsin(©0d (39
P 0Y) =2 [ g H 99y~ E2 @ + )M yeos(0)0 (34)
With H as

(n+1)+H(E YY) = Acos(rh&y) + Bsinh(rEy) +ccosh(r,&y) + Dsinh(r,&y) (35)
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Where A, B, C and D are four arbitrary constants to be determined and r? and r? are
two real roots of

r*—2B,r’+B, =0 (36)

The stress-components are given as below

off) (x,y) = =2 [ "€ cos(2)H (&, y)de 37)

ol (x,y) = —% j: &2 sin(&x)[ Ar; sin(r, &y) + 1B cosh(&r y) + r,C sinh(&r,y) + r, D cosh(&r, y)1d&

(38)
H (&, y) isgiven by (35).
3. Reduction to and Solution of Dual Integral Equation Reduction

The boundary conditions for heat problem given by (12)-(14) and relations in (24) and
(29) given that there satisfied identically. The boundary conditions given by (15)-(16) for
elasticity problem and relations (34), (37) and (38) lead to

Ab, + Bb, + b,C + Db, = 0, A + Bbg +b,C + Db = 0,B = — 2D (39)
h

Thus we get three arbitrary constants in terms of fourth. We will solve A, B, C in terms
of D. And b;s’ is are given as,

by = oy, b, = oybg, by = ayb; by = ajby
bs = r; sinh(&rd), by = 1, cosh(&rd), b, =1, sinh(r,ES), by = r, cosh(&r,d)
ai’:ai_aﬁb‘vai:allriz_a12’i:1’2 (40)

The mixed-boundary conditions (17) —(18) and using (39)-(40) for constants A, B and C
in terms of D.

" D(&) cos(éx)dE = 0,b < X < o (41)
Js

[, €Dy (&) cos(2x)d = +7(1, — )iy (x,0) (42)

And thus writing
ED(E) = d(&) in (41) - (42) and a little manipulation, we get

jo‘”q)(g)cos(gx)d ()=0,b<x < (43)
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J, 6(&)cos(&x)dg = Fy(x),0 < x <b (44)
R+ 2 (1 =)o) (x,0) = [ e (€)M, (&) cos(2x)d (45)
bo by

M =—+—=-1 46
1@ =0 (46)

by = byb, —bybs by = 1y (B, — babg ) — (bby — byby)

by, =bsbs —byb; by, =1y (bybs =bybg) — (bsh, —bybg) (47)

hy=rln

SOLUTION OF INTEGRAL EQUATION

The solution of dual integral equation (43) — (44) is obtained by the method of Srivastava
and Lowengrub [10]. We assume the trial solution as

m(8) = 2], g(Dsin(E)at (48)

With no loss of generality g(0) =0
Now we substitute (48) in (43) and use the integral

Ioo sin(&x) cos(&t)dé _ {zji i Z :
0 & 1

0 X <t

The equation is satisfied identically. Then we use (48) in (44) then use the method of
Srivastava and Lowengrub, we get,

2t b

10 =m[% ® + [, K (D g(a)da (49)
Jo? —x26(M (x,0)

M= %

b /bz 2
K (o, 1) :joﬁ.Hl(a,x)dx

(50)

Hy (a,x) = [ M (&)sin(Ea) cos E(&x)dg
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Thus, the physical problem is reduced to Fredholm integral equation of second kind given
by (49). In next section we will solve this Fredholm integral equation by the Method of
approximation.

4. Solution of Fredholm Integral Equation of Second Kind

First we approximate M (&) in terms of {6‘1} from (46), then use this in third of (50)
and evaluating the integral we get H; (o, x) which will be substituted in second of (50)
and evaluating the integrals K (a,t) will be evaluated.

Hy (o) = S w(en X K) Ry (K) (51)
k=0
Ps(k)=0a3(p, —p3)+03P — K (0y — )R

P2ZZZW*P3=ZZ ]2k+2

m=0i=0 [(I +1)r, + mr,

P4:ZZ 2k+2’P5:ZZ 2k+2

m-oi-o [l + (M+1)r, ] m=oi-o [(I +1)r + (M +1)r, ]
k
\V(a1X,k) — 22a2k+1—2r 2R+1C2rx2k
r=0
o3 =N (oy —ap)2R0y,
04,0, ,04 aregiven in (40). And then

2, (-1 Py (k) & _
K((X,,t) — z 2i+2 Za2k+l 2r 2k+1cx(k,t) (52)
0 (28) =

ﬁbZkJm
Ma (k1) = | 0 5+ (0 =) (0
Jrb2k-2 % (53)
I (1) = 2(k —1)! +t2|2k—2(t)
0,0<t<b
() =—y T ,t>b
242 —b?
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Thus the Fredholm integral equation (49) is given as

(-1)* pg (K) o
m/b A°(t)+;}§ oz &4

AL(t) = I;g(oc)Kl(a,t;k)doc

g(t) =

K(a,t, k) — 0(2k+l_2r2k+1C2rM2 (k,t)
M, (k,t) is given by first of (53).
Now we shall assume that

at) =3 g (1)5 (55)
i=0

Substituting (55) in (54) and then comparing the coefficients of {5~'} on both sides of
equation, we get

Ay (1) B B tB,
go (1) = m,ﬁh(t) =0,9,(t) = —n =
B,

05(t) =0,04(t) = ————.,05(t) =0

’ ’ nb? —t2 °
With
B, = TRy 0By By = [, Vb7 — o} (x,0)ox

3
:g{(st _2t2)<B2%+B3>+P6 (0)+ 3 P6 (0)} (56)

Bs = f; x2\b? — x? () (x, 0)dx

Now using the values of g; (t) is (55), we get
t B> Elt)
9t) = —F/— AO(t)+6_2+8_4 (57)

We retained the terms upto &> only.

5. Physical Quantities

The physical quantities, which are of interest in fracture design parameters, are crack
opening displacement and components of stress in the neighbourhood of crack-tips.
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CRACK OPENING DISPLACEMENT

The crack opening displacement is obtained from the value of integral (43) for
0<x<b, and itis given as

ul® (x,0) = [ayt, (12 - 7 )—1]jxb g(t)dt,0 < x <b
Using the value of g(t) from (57) and then evaluating the integrals we get

R (x) 21342 F (x )}

u§‘”(x,0)=[nanrz(ff”22)]_{J PR a)d“(ﬁ ; [le 3

(58)
T, (x,&) = b"2F, , (x) + a®T, , (x, ), nisodd.
P(x)—— o\ (,0)
Eo b? — x? x"f1 n—1
00 = T 2 (X)
1 b2 _ X2

mlog By (X, 0), i (x) = -

Ba = g (bSBz + B3b2 ) R (1) + Pe (O)}

T, (X,0) =—

[ 3
Baz =§ (%Bz +B3]P6 (1)}

B, (x, &) = [ayb? —x2 + xylb2 — a2 T2 /(0 — x2)b?

Thus knowing u§e) (x,0), after evaluating integrals numerically, we can polot this which
will show crack shape
STRESS COMPONENTS

In the viscinity of crack tips Oyy (x,0) is zero, therefore, cs(y‘j,) (x,0) will be evaluated.
As we know that

o,y (%,0) =l (x,0) + o) (x,0)
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The second term in above experession is due to heat. This term will be evaluated when
heat distribution is taken as an example. We will evaluate only cg,'j) (x,0).

Itis given as

ofy) (x,0) = 2 [ "Ep(2)M (2) cos xat

- ZI;O €0(&) cos(&x) + EJ: ED(E)M, (&) coséxd (59)
n T
bo b
MiS) =M ==, 60
1(€) (€) b, + » (60)
Now using (48) is (64) we get,
o) 00,0) = )12

M; () = [ " 9 (t)My (&) sin(&t) cos(&x) dedt

Using g(t) from (57) in above and observing that singularity will appear in first term
only, therefore,

e Bz , Ba(x)
% (.0 = _n—\/)(ZX—CZ[AO(X) AR } Mt b < o

STRESS-INTENSITY FACTORS
The Stress-intensity factors at crack tips are defined as,

K, = Iing«\/x—bcyy(x,O)
—nm«/ —boly) (x, 0)_—\/7{A0(b) B B%(b)} (62)

AN EXAMPLE OF HEAT DISTRIBUTION

We consider the point heat source of equal strenfths Qo and acting at (0, £5, ), see figure 3,
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cj'\‘:) (x,8)=0= U;h) (x,8),0< x| <o
y-axis
%’ (0,8,)
Gg;'(x. 0)=0,0< x| <o
< R
(7/$_% 0) X-axis
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Figure 3 : BOUNDARY CONDITIONS FOR SPECIAL POINT HEAT SOURCE.
3(x)
Q(x,y) =Q 5 [8(y —8,)—(8(y+8),0<[8]<8 (63)
Then, from above
QCC (E.:! Pn ) = QO COS( Pn 61) (64)

Thus o{)) (x,0) is evaluated through (28)
given as

, (64) and thus evaluating the integrals, and

k _ _
ol (x,0) = Qoby {b“/k—l Ry (BX, 08,) + b, ;Y 2Ry (B, X, 8, ) + byry /2
2

R, (B3x,08;)],b < x <0

R, (X, y) = cosh x — cos y

! k ! !
B =q\/k—7z,l32 =gyl Bs = ayr, by =
1
kZbl = kgkz ) Bl - kzkloBz - klklZB3
bz = k2k9D1 - k2k10D2 - k1k12D3
ba = k2k9F1 - k2k10F2 - k1k12 F3

T

(65)

4
3560
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1 K, (k +1,) k2
Bl = !BZ = 111 L ,B3 = L
(ky +1) (n — k) (kg =) — k) n(n—k)
Lk +1) k2(r, — ) + (k2 = r2)
D, =B, D, - 1K+ 1 D, = 1 (L —h 1 —h
(n—r)k —n) R —n)(n—k)
k -1 ik —n)

F = F, =
Yk i)k —n)(E-R) " 7 (k) - 1)

_ rp(np —rn)n _k1)+(r12 —k12)—2k12(r2 -1)

F
L -n)n—k)

rf : r22 are two real roots of (36). B, and B, (x) are to be evaluated through (61) and
(56).
6. Discussion and Conclusion

DISCUSSION

Dividing the physical problem into two parts, at a general point (x, y), namely (A) Heat
Problem (B) Elasticity Problem then using Fourier transform which reduces partial
differential equation into ordinary differential equations. The use of boundary conditions
reduce the problem to dual integral equation. And solution of dual integral equation
reduces to Fredholm integral equation of second type.

Fredholm integral equation is solved by the method of approximation interms of
{6}, 5 is half width of the strip.

The effect of orthotropy over physical quantities is through thermal stresses. Thermal
stresses are developed by heat sources/sinks. In the present research endeavour we
considered heat sources only.

CONCLUSION
@ This method can be applied to anisotropic elastic strip also.

(2) We can solve the problem of n-Griffith cracks, too, in orthotropic or anisotropic
medium.

3 If heat is prescribed over crack faces only ie., heat sources/sinks are absent, then
solve after making the right hand side of (21) as zero and different boundary.
Conditions in place of (12)—(14).
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