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1. Preliminaries

So far, a bulk number of resecarch works have been done on various types
of paranormed spaces. The notion of paranormed space is closely related to linear
metric space , see Wilansky [25]. The studies of paranorm on sequence spaces were
mitiated by Maddox [15] and many others. Bhardwaj and Bala [3], Parashar and
Choudhary [16], Pahari [17,18], Srivastava et al [22,23, 24| and many others further

studied various types of paranormed spaces of sequences and functions.
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Before proceeding with the main results, we recall some of the basic notations

and definitions that are used in this paper.

Definition 1: A paranormed space (S, &) is a linear space S with zero element
Btogether with a function &:S — Ry (called a paranorm on S) which satisfies the

Jfollowing axioms:
PNy E(0)=0; PNy & (s)= £ (=s), forall s € S
PN;:E(s+6H)< E(s)+ E(f), forall s f € S; and
PNy: Scalar multiplication is continuous

1e., if < y, > is a sequence of scalars with y, — y asn — o and < s,> a

sequence of vectors with &(s,— s) = 0 asn — o then &(y,s,— ) = 0asn — .
Note that the continuity of scalar multiplication is equivalent to
(1 if £(s,)— 0 and y,—>vas n— oo, then & (v,s,) — 0as n — o; and

(i) ify, > 0asn > ccand s be any element in S, then & (y, s) —> 0, (see

Wilansky [25]).
A paranorm is called total if & (s) = 0 implies s = 0, (see Wilansky [25]).
Definition 2: Let S be a normed space over C, the field of complex numbers. Let a(S)

denotes the linear space of all sequences s = < s, > with sy €8, k >1 with usual

coordinate wise operations
e, st i=<s;tt>andys =<ys,> forall s,7 e o (S)and ye C.

We shall denote o (C) by o . Any linear subspace of o is called a sequence space.
Furtherif y=<y;,> e® and s € o (5), we shall write 75 =<vy,5,>.

Definition 3: A sequence space S is said to be solid if s = < s> e€Sand y=<y >

a sequence of scalars with |y <I, forallk >1, then ys=<ys,> €S
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In studying various properties of a vector valued sequence space (see, [6]) , we
have the following definitions:
Definition 4: A normed space S - valued topological sequence space V(S) equipped

with the linear topology J is said to be a GK-space if the map

P V(S) =S, Pus) = sy
is continuous for each k. A GK-space is called a GFK - space if it is complete linear
metric space and a GC — space if Ry : S = V(S), Ri(s) = ofs), s € S is
continuous for each k > 1, where &(s) =(6 6 6, ... .05, 0 ..), s isat kthplace.
Subsequently, various types of sequence spaces in normed space were

mtroduced and studied in different directions ,(for instances, see [2], [5], [6], [9] ,
[17].]20], [22], [23] and many others).

Definition 5: By an Orlicz function we mean a continuous, non decreasing and convex
Junction @: [0,09 — [0,o) satisfying @0) =0, &) > 0 fort> 0and @) - o0 ast
—> 0.

Note that an Orlicz function is always unbounded. An Orlicz function satisfies
the inequality @ (y£) <y @ (/) for all y satisfying 0 <y<1.

An Orlicz function @ is said to satisfy A,-condition for all values of r > 0, if
there exists a constant () >0 such that ®(2¢) < Q @ (¢) . The A;-condition is equivalent
to the satisfaction of inequality

O () <O D (¢) for all values of r and /> 1,(see [10]).

Lindenstrauss and Tzafriri ( see, [11], [12] [13], [14] ) used the idea of Orlicz
function to construct the sequence space (o of scalars < s, > such that

e o] 5
> @[M] < oo for some 7> 0. They proved that the space /o equipped with
k=1 r

the norm defined by
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_ . a4 I |
|| slle = in £97>0: ZCD(_,,)S 1

k=1

becomes a Banach space. Clearly the space /o is closely related to the

sequence space £, which is an Orlicz sequence space with @ (1) =+¢7,1<p <

.  Subsequently various types of topological structures in sequence spaces
using Orlicz function have been introduced and studied, for instances we refer a
few ([11.[2]. [31. [4]. [71. [8], [16]. [17]. [19]. [21]. [22]. [23]. [24]).

2. The Class fw ((S, ||.]]) » ®, # ) of Normed Space Valued Vector

Sequences

Let u=<u;> and v =<v,>Dbe any sequences of strictly positive real numbers
and assume that
inf sup
0<iI< kZ/lkS kuk=L<oo.

We now introduce the following class of normed space S- valued sequences

e
o S ) . ) =(5=<s>:s0eSand 5 cp(—skr j

< o,for some > 0}, (D
Further when u, = 1 for all £, then 7., ((S, || .|]) , @, u ) will be denoted by £
(S 11D, ).
Besides studying the class (1), we now introduce and study a new subclass /.,

S, 111D, @, u)of £, ((S, || .|]) , D, u ) as follows:

e
o (.11, ®.u) = (5=<5;> 50 Sand *)" CD(Sij<oo,foreveryr>O}. Q)
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3. Linear Topological Structure of £.((S,||.|), D, %)

In this section, we shall investigate some results that characterize the linear

topological structures of the class 4. ((S, ||.]]) , @, # ) by endowing it with suitable

natural paranorm. As far as the linear space structure of the class 2. ((S, ||.]]) , @, u)

over the field C of complex numbers is concerned, we throughout take coordinate wise

operations i.¢., for sequences § =<s; >and =</ > and scalar a,
SHi=<sy+ 6> andas =<os,>.
The zero element of £, ((S, || .|]) , @, u ) is denoted by 0. Throughout the work,
we shall use
s+ 0" D{s|™+10]™}  where s, 1e C0<umes ) u =L,
A o] =max {1, |} forscalara, D = A[2""].

Theorem 3.1 The class (. ((S,]].|]), D, u) forms a solid.

Proof: Let s=<s;> € £, ((S,][.]), P, u). Sothat

U
Sl]ip D (Hs—ky—j <o for some r> 0.

Let <oy > be a sequence of scalars such that o] < 1 forall £ > 1. Since @ is

non-decreasing, we have

up uy Uy Uy
o (L) g (e l™) (L) s ponee

P

sup (Otks ukj sup ( 54| ukj
ARk | 1Pk

i D B < L D - < oo

This shows that <ay s, > € £, ((S, [|.]]), D, u). So L. (S, ]| .]]), D, u) forms

a solid.
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Theorem 3.2 : /7, ((S, ||.||) , @, u ) forms a linear space over the complex

numbers C if u=<u,> is bounded above.
sup _ - _
Proof: Suppose that i Moo Lets =<s;>,f=<t,>€e LS, 1.1, D, u)

anda, f € C.

Then there exist #; > 0 and », > 0 such that

e Yk

!
supq)(sk jm g SUP q)(k j<
k 18] k &)

Letus choose 73>0 suchthat 2D r Al |af |<rsand2 Dr A[ Bl ] <73

For such r; , using non decreasing and convex properties of @ , we have

o (—asﬁﬁ”‘%j < cp[Doq “lsyl| " DIBI™ [|4] j

r3 ¥3

:cD(DA[ ol 1" DALBL tj

r3 r3

T “k)
< o5 sl 5w

e e
< lqn(ﬂ—u—s" j+l q:(ﬂ—u—[" j
2 1 2 ¥y

and therefore,
sup (as “ Bt j I sup (Sj I sup (rj
A0k T Plkll = WPk |2 LT N
k @ 3 < 2 k @ 1 + 2 k © ¥y
This implies that £, ((S, || .||) , @, u ) forms a linear space over C.

Theorem 3.3. If L. ((S, || .|}, ©, u ) forms a linear space over C | then u = <uy > is

bounded above.
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Proof : Suppose that £, ((S, || .|) , @, u ) is a linear space over C but Sl]ip u; = oo. Then

there exists a sequence < k(n) > of positive integers satisfying
k(n+t1)>k(n)=21,n>1 for which
Uy > n ,foreachn>1. ...(3)
Now, corresponding to s €S with [|s || =1, we define a sequence
§=<s;>by

s,fork=k(n),n>1,and
—{ @) ...(4)

Sp= .
¥~ 10, otherwise.

Let #>0. Thenfork =k(n), n>1 ,we have

sup [ llsil sup _(|1s || " 1
P o] - q:—:q:(—)<oo,
Is n Is I8

Y
Sl]ip )] (Sk—j =0 ,otherwise.
¥

and
This shows that s € 4., ((S, ||.|]) , ®, # ). But on the other hand in view of (3)

and (4) for any > 0 and scalar § = 4 using non decreasing property of @ ,we have

o 25) -o [ o (%)

r r r

4
>0 (7), foreach k> 1

U

and therefore, Sl}ip(ﬁ[%ﬂ_j >0 (%), foreach k> 1.

This shows that B s ¢ 4. ((S,||.|]), ®, u ),a contradiction. This completes the
proof.
After combining the Theorems 3.2 and 3.3, we get:

Theorem 3.4. (..((S, || .|]), @, u) forms a linear space over C if and only ifszp Uy < 00,

Theorem 3.5. If @ satisfies A, condition then £, ((S,||.]]), D, u)=1L. (S,]].]]),D,u).
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Proof: To prove the theorem, it suffices to show that

o (S 1) @) < b (S]] @)
since the reverse inclusion is always true.

Lets e £, ((S,|].]]),®, u). Then for some > 0,

sup _(1lsell ™
i cp("T <o, o (3)

Let us consider an arbitrary r, > 0.If » < 7y, then obviously by the non
decreasing property of @ , we have

Uy Uy
b CD( " < i ) . < 00,

and hence we get 5 € £, ((S,|].|), @, u).
But on the other hand, if 7 > ry,s0 that % > 1 then by using A, condition of ®
1

and in view of (5) ,we get

- I Huk
up — || Sk U
s ¥
cp(" j: ol —|< K.—r cp(s" j.Hence
71 ¥ I8 r

Uy Uy
supq)(uS_ku_j _ g Lsup q)(mu_jm
k I3 ok 7 >

where K is the number involved in A,. condition . Hence s e £, ((S,|.|)),®,u).

Corollary 3.6. If @ satisfies the A, - condition, then (, ((S,||.|]),®,u)is a linear

space over Cif and only if Sblép Uy < 00,
Proof : Proof casily follows from the Theorems 3.4.3.5.

In what follows we shall take < u; > as bounded . Sl]ip u, =1L < o and

inf
lr]‘lj u,=1> 0.



On certain topological structures of Banach space..... 59

Denote wy— u, /L ., and consider a set

W,
[l

k
vE={r>0: S}f’cp(—rjs I fors=<si> e (S, |L1), D7), ... (6)

Consider areal valued function & on /2. ((S, || .]]), @, u ) defined by

Y
E@)=inf { #>0 :Slllcqu(mu—jsl},s=e (S 1D, D7) o (7)

%

We prove below that £((S, || . || ), @, u) with respect to & forms a paranormed

space.

Theorem 3.7.  (2((S, || . ||), ©,w).&) forms a paranormed space.
Proof : Obviously for s =<s;,>, f=<6>¢e L, (S, ]|].1), qb,ﬂ),é(é)=0 and &
(=5) =& (5).

Now in view of (6) consider 7, € yw(s)andr, € w (f)and rs = +r;.

Then clearly by the convexity of ©@ we have

et | ¥ Isdl © r sl
[0} < O X — 4 X —

r3 I8l r3 ¥ r3
Wk [ Wk
¥ Su S ¥ S
o gl n s (™)
3 k ¥ 3 k 1)
I3 7
<—L4=2 =1,
r3

Wi
+ 1
and consequently Sl;cp ) (— S rk ] j <l1.
3

This shows that 3= r1 +r € y (s + 7).

Thus, £(s + 7) < r+r, foreachr € y(s) and r, € y (¢) implies that
E(s+ 1)<EB)+E().

Finally we show the continuity of scalar multiplication. Let 5 = < 5> be

a sequence in (o ((S, ||.]]) . @, % ) such that &£ ™) > 0asn —> o and <a,> a

sequence of scalars such that o, — o . We prove that & (o, 5™) — 0.



60 Narayan Prasad Pahari

w

)k
Now, & (o, 5”)=inf. { F s;p d (H%“—j < 1}

sup (loul " 1501
=inf. ) 7: i D <1
Ia

Hwk ) "k
Sinf.{r:szqu(—nik ” <1

where H = s;p || .Thus for s = max(1,H ) ,then we get

my "
£ (0, 5) < inf. {r: o cp(s > js 1}

Let #=ts ,so that

iy "k
& (o, s) <inf. {ts ; Sl;cp @ (Mj < 1}

=sxE(E")
implies that & (o, ) — 0,as& ™) —> 0 asn — .
Let a, > 0 as» —> o and s be any element in 4., ((S, || .||) , @, u ). We show

that & (o, 5) — 0.

Now for 0 <e < 1,we can find a positive integer N such that |o,| <€ for all

inf
Since lr]i u= 1> 0, therefore

w 1/ 1/
o © < fou| “ <& “forall n=N.

Wi Wi Wi
SothatCD(JL:ku—j < CD(OL" p % j

IA

8I/L s Wy
k
1) .
2

Vi
For s e (1110, @0 v 6= (r0: P o 2] <1y



On certain topological structures of Banach space..... 61
1/ 143 Wy
SU] € N
So that y (e L@= {r>0: kqu(—ur—ku—js 1}

su sMHusk su || o usk
and if pCD (—k jsl,then P CD(—n - jﬁl.
k I3 k I3

1/ 1/
So,if ¥ ey “s)then r e y(o,8)ie,y(e ~5) vy (@, s).

Taking infimum over such r's, we get

Mffr :rey(s)} <f{r:rey(s "5}

3

=g "Inf{r :rey(s)}
1z
which shows that & (o, 5) < & “&(s) foralln =N,
re., &(a,s)— 0asn—oo.

Hence 2..((S, | .|),®,u) forms aparanormed space. This completes the poof.

Corollary 38. If ’Zf we=1>0  then (L. (S, 1.I), @, u), E) forms a total

paranormed space.

Proof : Suppose that & (s) = 0. Then by definition of paranorm (7) , for every € > 0
there exists some 7. (0 < 7. <g) such that

Yk
sup skj
lsel]

This shows that < >0 @ (Tj <1,
r

for every € > 0. This is possible only when || 54| ¥~ 0 foreach k> 1. Hence 5 — 0,

Hence in view of Theorem 3.7, (4. ((S, ||.]]) , @, u ), &) forms a total
paranormed space.

Theorem 3.9. Paranormed space (L., ((S, || .]]), D, u), &) is complete.
Proof: Let <35? > be a Cauchy sequence in £, ((S, ||.]]) , @, u ). Let r be a fixed

. € . .
positive real number such that ® (#) > 1. Then for each — > o, there exists an integer
r

N > 1 such that
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£ ~5%) <Zforalli,j > N. . (8)

Using definition of paranorm &, we see that

sup s g0 F
v @ — | <1lforalli,j=N.

% (§(1) o §(7) )
s g0 "*
Thus, © ) —|<1<D(r),foralli,j>Nandk > 1 ...(9)
% (§(1) o E(i) )
But @ is non decreasing, therefore
s g0

£ (50 59) =r
Hence in view of (8), we have
| 55 — 5 ||Wk<8. ... (10)
This shows that (s,”) is a Cauchy sequence in S for all k> 1. But S is complete,

therefore there exists s, (say)in S for each & > 1 such that s,” — s, as i — . We show

that
§S=<s;> € Lo (S, ], D,u).
Let us choose > 0 such that

£ (5" —5")<r<eforalli,j>N. ... (1D

Since @ is non decreasing, therefore by (9) and (11), we have

supq)(sﬂs,f’ j _swp (s s "
k ¥ Tk g (5" 5%

<1 foralli,j=N.
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Since @ is continuous, taking limit as j — oo, we see that

w

i k
Sl;cp 0) (ﬂsk—rsku—j < 1foralli=N.

Taking infimum of such r's, we get

_ Mok
£V -5 =inf {r:SZpCD(HSk—rsku—jslforallizN}

<r<e.
= £ (Y -5)<eg, foralli>N.

This shows that 5” — Sas i »oandclearly 5”5 e £,((S, ||.|), ®,u),
foralli = N.

Also, 5 and 5 - 5e £,((S,|].]]), D, u ), therefore it follows that

5 =50 - (5Y-5)e (S [.1), Du).
This completes the proof.

Theorem 3.10: Letu = <u,> such that szp u, <oo and S be a normed space. Then

(U (S, 1] .1]) , @, u ), &) forms a GK —space.

Proof : Lets=<s,>¢€ £, ((S,]].]]), D, u ). Then by definition of paranorm & in (7), we

see that
Y Yk
Slllcqu[sk—jsl and hence CD[Sk—jﬁl .

€ (s) € (s)
Let kybe a fixed positive real number such that @ (k) > 1, then
Yk
O] [L&H—j <D (ky).
€ (s)

Since @ is non-decreasing therefore

sl ™ <k ()
Yk

o lsdl< b g@®]

andso [Pyl = |15 ]| < [k&®]
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shows that Py : £, ((S, ||.]]) , @, u ) > S, where P, (s) = s for each s, € S, k > 1,is
continuous and hence (4. ((S, || .|]), @, u ), &) forms a GK- space.
In view of Theorem 3.9 and 3.10, we have

Corollary 3.11. (4. ((S, || .., ®,u), &) formsa GFK —space.

Theorem 3.12. Let u =<u > such that Sl;cp uy <oo and S be a normed space. Then ({o

(S, 11D, D, u), &) forms a GC—space.

Proof: LetR,: S— L. ((S, ||.|]), @, u ), defined by R,(s) = 5.(s), n > 1, se S,
where 8,(s)=(0,0,0,... 0,5,0,0,...),5at nthplace. We prove the continuity of R, at
origin.

Clearly 5,(s) € £.((S, ]| .||), @, u ). Now for given € > 0,we choose s € S such that

w
[lst] ”

CD(—j< 1. ...(12)

€

Then in view of (12),we have

ER(5) = E@s) =inf {r>0 ;" P ( - j <1} <s,
and therefore R, 1s continuous for each » > 1.

Hence (4. ((S, || .1]), ®,u), &) isa GC space.
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