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Abstract : In this paper, we are introducing new information inequalities
corresponding to generalized - divergence measure

n pi + qz’ . . . .
Sf ( P, Q) =3y, f[ ¥ ] and studying its particular cases by taking

i=1 i

different convex and normalized functions and get the different results.
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1. Introduction

Let rn:{P:(PpPz,Pg ~~~~~~~~~ ,pn):pi>0,2pi=1},n22 be the set

i=1

of all complete finite discrete probability distributions. If we take p,>0 for some

i=1,2,3,. n, then we have to suppose that 0f(0)=0f(0/0)=0. (Jain and

Saraswat [5]) introduced a generalized measure of information given by

N P +q,
Sy (P,Q)—;qi f[72q ] ()

i

where f:(0,00) — R (set of real no.) is a convex function and P, Q € I'n. The new
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f- divergence is a generalized information divergence measure and it is used in measuring the
distance or affinity between two probability distributions. Many known divergences can be
obtained from this measure by suitably defining the convex function f.

Some standard divergences which will be used in this paper, are as follows:
Triangular Discrimination (Dacunha- Castelle [1]).

A(P,Q)zz[l—W(P,Q)]zi% @

"2 p. (.
where W (P, Q) = Z “b4 is Harmonic Mean Divergence Measure.
i=1 Pl- + q;‘

x - Divergence Measure (Pearson [8]).

ZZ(P,Q)%Zn:@ . (3)

Relative Information (Kullback and Leibler [7]).
K(P.0)=Y p log| 2
(P,0)=2 p log p o)
i=1 i
Relative J- Divergence (Dragomir, Gluscevic and Pearce [3]).

Jo(P.0)=2(p,~4)log [%] ()

i

Symmetric Chi- square Divergence (Dragomir, Sunde and Buse [4]).

O ©

J- Divergence Measure (Jeffreys and Kullback and Leibler [6, 7]).

J(P.0)=3(p—q,)log [ﬁ] ()
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Relative Arithmetic- Geometric Divergence (Tangja [11]).

G(P,Q):Zn:(pi;qijlogipé;q"] ()

i=1 i

Relative Jensen- Shannon divergence (Sibson [9]).

F(P,Q):Zn:pi log [241’] (9

P t4q

Unified Relative Jensen-Shannon and Arithmetic-Geometric Divergence of

type “s” (Tangja and P. Kumar [12]).

FG,(P,0)=[s(s-1)]" [Zn:pl [%pqi] 1], s#0land ge . .. (10)

i=1 i

It’s a one parametric generalized divergence measure, by which we can
obtain f* (P , Q) (at s=0) and G(P , Q) (at s=1) respectively.

Relative J- Divergence of type “s” (Tangja and P. Kumar [12]).

s—1
12 +q.
2.0 B -a) L] et e

It’s also a one parametric generalized divergence measure, by which we can
obtain A(P,Q)(at s=0) and J, (P, Q) (at s=1) respectively.

w(P,Q)is the sum of x°(P,Q)and its adjoint x°(Q,P),
J(P,Q)can also be written as the sum of J,(P,Q)and its adjoint
Jo (Q,P)or as the sum of K (P,Q)and its adjoint K(Q,P)and J,(P,Q)is
equal to the two times of the sum of adjoints of //(P,Q) and G(P,Q).

where  w(P,0),J(P,0), % (P,Q), J(P,0), K(P,0), F(P,0Q) and G(P,0)are

mentioned from (3) to (9).
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In special cases which will studied further, we shall use the p- logarithmic
power mean (Stolarski K.B.[10]), given by:
ﬁ R N 2
LY (a,p)= bg?%, p=-1 for all peRa;ﬁﬂ .. (12)
L,

2. NEW INFORMATION INEQUALITIES:
The following theorem is well known in the literature [5].
Theorem 2.1 [f'the function ['is convex and normalized i.e. f(l) =0, then the new

J-divergence S ; (P,Q) is non-negative and convex in the pair of probability
distribution (P, Q) el xI' .

The following lemma is due to Dragomir [2].

Lemma 2.2 Let f:1 c R, = R be a differentiable convex function on the

interval I, t,el, p>0Vi=L2,.,n with Z,ul-:l. If mMel and
i=1

m<t, <M,Vi=12.,n, then we have the inequalities:

0<>n f(rz-)—f[iui e]siui ! f'(ri)—[iui ri]

S @)= 0w 40) - o) )

Now, the theorem given below introduces new information inequalities

which give bounds on the measure S, (P, Q).
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Theorem 2.3 Let f: R, — R be differentiable convex and normalized i.e.

1
S (1)=0.1fP,Qeln, 1ssuchthat0<05<2<p2 ql<ﬁ<oo Vi=123..

i

Jor some o and Jé; with 0<a <1< B<wo,a#f, then we have the following

inequalities:
S;(P.O)<T (P,Q)<Y; (. B) . (14)
1 N ! i i
where Tsf (P,Q):E;(Pi_%)f [%) ..... (15)
and ¥, (a, ﬂ):i(ﬂ—a){f’(ﬂ)—f’(a)} ..... (16)

pi+q1

Proof : For all P.,QeIn , if we take 7, = ~and i, = q, in (13) and sum

overall j =1 2, ... n,then, we get

o< pﬁ%]_ [ _[pﬁqz-n
Zq’ [ 24, / ;q’ 2¢q,

S (Pt o Pt e | Pt N | Pt 4
SH%[ 24, ]f[ 24, ] [izl:qi[ 2q, ]][;qu[ 2q, ]]

- Pty P, +4q P, +q, | Pty
Sil[ 2 ] [2%] [zzl: ][zzl:fizqz )]
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[ P4, | Bt 4

< —q.
or 0<8,(P,0)-f(1) —121[ 2 qzjf[ 24 ]

<

ie. S, (P,Q)<Ty, (P.Q) <Yy, (. p)
3. SPECIAL CASES OF THE ABOVE THEOREM:
In this section, we will obtain some results (special cases) of above theorem in terms of
various standard divergence measures i.e. boundson S ; (P , Q) by using inequalities (14).
Result 3.7 Let A(P.Q), x°(P.Q)and w(P,Q)be defined as in (2), (3) and (6)

respectively then for P,Q €l n, we have the result:

A(P,Q)S%ZZ(P,Q)Jril//(P,Q)S (f-a) Li(a,B) U7

N | =

Proof : let us consider

Since f'(1)>0Y ¢>0and f(1)=0,s0 /() is convex and normalized

function respectively.

Put f(¢) in (1) and /" (¢) in (15) and (16), we get the followings

12— 4 | 1
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1 (pra) —4a | 1 (p-g) (n,+34)

2;(191 9,) ea) } 22 ey (19)
1 1 1] 1 -

(e Sk ey ) o

Now from (18) and (19), we get

lzn: (pi _qi)z(pi +3qi)
i=1

1
S/(POSLL (PO =5 AP0 <52 2 70 5

= A(P,Q)S{i(p" ) (0+q), 242 _qi)z}

i=1 (p,+4q, )2 = (Pt )2

Since 2 +4 > \p, q. (AM>GM)with equality if 7, =¢, ¥ !.
2

lzn: (P.—4, )2 (P +4,)

1
4 i=1 p;' qi 2 i=1 p;'

Therefore A(P > Q) = {
After interchanging P and Q, we get

S, (POSL(P.O= AP PO+WPO

Put the values from (20) and (21) in (14) and get the result (17).

Result 3.2 /et K(P,Q)and J(P,Q) be defined as in (4) and (7)

respectively then for P,Q €l n, we have the result:

K(P,Q)SJ(P,Q)S%(ﬂ—a)log(zﬁjj vV %<a§1 (22

Proof : let us consider
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7(0)=(2-1) log(2t—l),te(%,oojandf(l)20

" 4 1
and f'(l)=2[1+log(2t—l)l S (l):2t—1 >0V ‘>
Since f”(t)>0 v 1>1/2 and f(l):O,SO f(l‘) is convex and normalized

function respectively. Put f (¢) in (1)and f*(7) in (15) and (16), we get the following

S,(P.0)= Zn:pz- log (ﬁj =Kwr0) (23)
Tsf(P,Q)zi(pi—qi)log[ﬁsz(P,QhK(Q,P)=J(P,Q)
P ) T (24)
1 28-1
YS a:ﬂ == ﬂ_al ( ]
AnP)=y (Pradios| 30 .. (25)

Put the values from (23), (24) and (25) in (14) and get the result (22).

Result 3.3. Let A(P.0).G(P,0).I(P.Q)ard J(P.Q)be defined as in (2), (8), (9)
and ()  respecively  then  jor  PQeln  we  have  the  result
(PO [FOPIGOP+ PO = (5o [Li( ) L)

Proof : let us consider

f(t)=(r-1)logt,re(0,0)and f(1)=0

and f'(l):@Hogl’ f”(z):lli>o V>0

2

Since f"'(t)>0V ¢>o0and f(1)=0,s0 f() is convex and normalized

function respectively. Put.f(7) in (1) and f'(7) in (15) and (16), we get the

following :

.. (26)
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I, pitq |_1
Sf(P,Q)—ziZI(pi ql.)log( 74 j 2JR(P,Q) .. (27)
Iy, (P.Q) =>4, log 249 +Zn:[pi+qijlog prd |, 1y (Pi—a)
& j l Y2’ i=1 2 2qi 21':1 Pit4;
1
_ [F(Q,P)+G(Q,P)]+EA(P,Q) 28
K @)= (5 w2
:i(ﬂ—“)z[Lll(Of,ﬂ)+L§(Ot,ﬂ)] . (29)

Put the values from (27), (28) and (29) in (14) and get the result (26).

Result 3.4. Let FG (P.Q)and J, (P.Q)be defined as in (10) and (11)

respectively then for P,Qeln and ¢ c R, we have the result:

(B-a) L2 (a.f), s#0,1 ... (30)

A=

FG,(0.P) <55, (P.0) =

Proof : let us consider

[s(s=1)] [ =s(t-1)-1], s=0,1
£ (1)={t-1-logt, s=0 seR,te(0,0)and f,(1)=0
I-t+tlogt, s=1

fl(t)=41--, s=0p seR
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and //(1)=r"?>0VY t>0and s R

Since f/{t)>0V >0 and f,(1)=0, so f,(f)arc convex and

normalized functions respectively ¥ $ € & Put £, (¢) in (1) and f,(¢) in (15) and

(16), we get:

S, (P,0)= [s(s_l)T [lznl:ql (pl_ﬂlljs 1] =FG (Q.P), s#0,1,s€R

24
.. (31
-1 s—1
s—1 u +q. 1
1, (P,Q):( ) (p-q)| B=L| =ZJ, (P.Q), s#1,s5€R
4 2 ‘3 2q, 2
...(32)
1 -1 o = 1 2 -
Yy (o, )= Z(ﬁ—oz)(s—l) [ﬁ g 1} :Z(ﬂ_a) [sz (a,ﬂ)}, seR
..(33)
Put the values from (31), (32) and (33) in (14) and get the result (30).
Now we are considering two special cases of results (30) at s = 0 and s=1.
Case 3.(i) (at s = 0). For P,Q el'n, we have the following inequalities:
1 2 ;0
F(P.0)< L AP0) < (p-a) 13 (e p) o
where A(P,Q) and F (P,Q) are defined as in (2) and (9) respectively.
Proof : At s =0, we get the following
0, P q, log[ ] .. (35)
FGy Z S a

T (P.0)=Y (%—Pz-)[mjl Zi(%‘n)[z—%_]

i=1 2 qi
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:Zzn:qiz_Zpiqi-i-Pi% :iqu_z-i-piqj _ 4]?1-% :2|:iqi_ 2qui :|

i1 b t+4q, - Ptdq;  Ptg, i=1 P4,
=2[1-w(P,0)]|=A(P,0) .. (36)
1 2,
Yy (a,ﬂ):z(ﬂ—a) L3 (a, p) (37)

By putting (35), (36) and (37) in (30) at s = 0 and get the result (after
interchanging P and Q) (34).

Case 3.(ii) (at s=1). For P,Q €l'n, we have the following inequality

(B-a) L} (e, B) .(38)

|

G(P,Q)S%JR (0.P)<

where Jj, (P ,0 ) and G (P ,0 ) are defined as in (5) and (8) respectively.

Proof : At s=1, we get the following

_ _N[ Pt P4,
r@.r)-oton) -3 L os [ Z10]
10 (P.0) =1, (7.0) =31 | 244 e

1 2
Yy, (. )= (f~a) Li(a. ) (41

By putting (39), (40) and (41) in (C.14) at s = 1 and get the result (after
interchanging P and Q) (38).
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