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1. Introduction

Let A denote the class of functions of form
f(Z)=Z+ZanZ”, (D
n=2

which are analytic in the open unit disk

U={z:zeC and |z|<1},
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and S denote the subclass of Aconsisting of all function which are univalent in U. The

class P designates the class of function of the form
p(2)=1+Y pz", (zell),
n=1

with the condition R{p(z)}>0. For / and g be analytic in u, we say that the
function fis subordinate to g in 74, if there exists an analytic function @ in U such
that |@(z)|< z and f(z)=g(@(z)), we denote by f<g.If gisunivalent in u-
then the subordination is equivalent to f(0) = g(0) and f(U) < g(Uf)

We now introduce the concept of (j,k)-symmetrical functions which

generalizes the concept of even, odd and % -symmetric functions. Consider,

e f(e"z)=z+ ) ae" ", ack 2)
e
. ay 1 -
and [ f(z)]F = z+fzk 1 toz [2ka, — (k- 1Da; 12" +... .03)

where £ is a positive integer. The transformation in (1.2) is a rotation of fbecause it
rotates the unit disc in the z-plane through an angle "a and rotates the image domain
in the

w-plane in the reverse direction through an angle of the same magnitude. In
(3) the transformation 4 = ¥ maps u onto k copies of u and f(z) carries this surface
onto k copies of f{U) joined by a suitable branch point at w = 0. It is intuitively clear

that the %" root merely unwinds the symmetry. Precisely, we have

Definition 1.1. Let k be a positive integer. A domain D is said to be k-fold
symmetric if a rotation of D about the origin through an angle 2n/k carries D onto

itself. A function [is said to be k-fold symmetric in U if for every z in U

f(eZm'/kZ) — eZm'/kf(Z).



On certain subclasses of functions with respect..... 19

The family of all k-fold symmetric function is denoted by S* and for f =2
we get the odd univalent function.

The notion of (j, k) -symmetrical functions (k=2.3,.. ;j=01,2 . k-1)is
a generalization of the notion of even, odd, k-symmetrical functions and generalize

the well-known result that each function defined on a symmetrical subset can be

uniquely expressed as the sum of an even function and an odd function.
The theory of (j k) symmetrical functions has many interesting

applications, for instance in the investigation of the set of fixed points of mappings,
for the estimation of the absolute value of some integrals, and for obtaining some

results of the type of Cartan uniqueness theorem for holomorphic mappings [6].

Definition 1.2. Let €= (ez"”kz) and j =0, I, 2,.., k-1 where k > 2 is a number. A

function f:Uw>C is called (j, k)-symmetrical if f(ez)= e’ f(z), zel.
The family of all (j,k)-symmetrical functions is denoted be SU# . G0,

SU? and &9 are respectively the classes of even, odd and k-symmetric functions.

We have the following decomposition theorem.

Theorem 1.3. /6] For every mapping f U +> C, there exists exactly the sequence

of (j, k)- symmetrical functions [,
k-1
f(2)= ij,k (2)
J=0

R
where f,(2)= ;VZ:(;S*V]f(gVZ)a N C))

(feAk=12,.7j=01,2 . k-1)

By the uniqueness of above decomposition, the mappings f,, are called

(j, k) -symmetrical parts of the mapping /. For k = 2 the above decomposition is the
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well-known partition of a function / onto the sum of its even part f,,, and its odd

part f,,,. Making use of the principle of subordination and the concept of (j, k)-

symmetric points we now introduce the following classes of analytic functions and

derive some interesting results.
We denote by S*, K, C,C" the familiar subclasses consisting of functions
which, respectively, starlike, convex, close-to-convex and quasi-convex in 7 .

Al-Amiri et al. in [1] introduced and investigated a class of functions starlike

with respect to 2k-symmetric conjugate points, which satisfy the following inequality

R{ Zf’(Z)] ~0.
ka(Z)

where f,, defined by

k-1

@)= S (@) e D, (f € A)

K. R. Karthikeyan in [5] once introduced and investigated a class of function
starlike with respect to (2, k) -symmetric conjugate points, and S%(4) denote

sC

the class of function f e 4 and satisfy the subordination condition,

S'C) o eu
A e,

where f,,,(z) is defined by (5). A function f e A is said to be in the class

KGR (p) if it satisfies the subordination condition

CAC) SN
) e Gl

where k=1,2.3,..; j=01,2,..(k=1); g P, fo. isdefined by
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LSevrenre f@ D) (feA)) )

(fzj',k (2)= 2%

If v in an integer, then the following identities follow directly from (5)

l k-1

Fu@) = 2 @)+ 11 )], (6
@)= e e e ) )
and  fo,, (D=1, (2), fo,0(2)= fr,0(2) (8
flen=e""f (2), f,(2)=1 (). .9

The classes S&/*(¢) of functions starlike with respect to (27,k)-
symmetric conjugate points and KC/*(4) of functions convex with respect to
(2, k) -symmetric conjugate points were studied recently in [5].

Motivated by above-mentioned function classes we now introduce the

following analytic functions with respect to (2 j, k) -symmetric conjugate points.

Definition 1.4. Let S&/ (A, ¢) denote the class of functions f € A satisfies
#0, (z € U) and the subordination condition

f(2)f'(z)

#f'(2)+ A2’ 1" (2)
(A=) 1., ,(2) + 22}, (2)

< ¢(z), (zell), ..(10)

where P, 0<i<1. k=12,3,.. isa fixed positive integer and [, ,(2) is

defined by (5) . Moreover, a finction f € A is in the class KA, 8) ifand only

if ' eS(4.9).
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We also define the following class.

Definition 1.5. Let HZ*(a,$) denote the class of functions fin A satisfies

f(2)f'(z)

£0, (zel) and the subordination condition

ZACIRCAD)]

1—
(=) fzj',k (2) f‘Z’]k (2)

< @(z2), (zell), (1D

where geP . o >0. k=1,2,3,... is a fixed positive integer and fzj-)k(z)
is defined by (35).

In our paper we need the following lemmas.
Lemma 1.6. [3,7]. Let £, y in C. Suppose that ¢ is convex and univalent in I/
with #0)=1 and R{PPH(z)+y}>0, (zell).

If m (z) is analytic in Y with m(0) =1, then the subordination

E) ),

implies that m(z) < ¢(z).
Lemma 1.7. [12]. Let 3,y in C. Suppose that @ is convex and univalent in U
with ¢(0)=1 and R{LPH(z)+y}>0, (zell).

Also, let q(z) < ¢(2).

If u P and satisfies the subordination

z zu'(z) z
W+ T HC),

then  u(z)<¢(z2).

Lemma 1.8. [5]. Let @ in P. Then S¥¥ (¢)cCc S.
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Lemma 1.9. [5]. Let ¢ in p. Then, KE'"* ()= C” < C.
2. Main Results
Theorem 2.1.Let g Pand o< ) < 1’then,

ST ) S () cCcS. .(12)
Proof. Let f € S©/*(4,4). Then

2f'(z2)+ AZ° f"(2)
(=) s, (2) + A2fL, 1 (2)

<¢(2), (zell). ..(13)

Let z=zg" also holds true that is,

e'zf'(e2) + Ae’z)> f (" 2)

QAo ae ol (o) P G ay
gv;fr(gv;)_i_ﬂ(gv;)z frr(gv;) . i
N A (D) A2 (e 2) 7 ..(15)
By (14), (15), we have
SV*VJ'Zfr(ng)J’_ﬂSZV—ijZfH(SvZ)
YR e e (16)
SVJ?vZfr(gv;)+28Vj72v22fu(8v;) -<¢(Z). (17)

(1= A) 1o, (2) + A2f1,, (2)

Summing (16) and (17) we get.

;(SVij'(SVZ)-i-SVjVf'(é'v;))-i-ﬂ;z(szvij”(SVZ)-i-SVjva”(é'vg))
(1= )y, (2) + A2fL, 1 (2)

<4(2),

.(18)
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Letting v=0,1,2,...,k—1 in (18), repeatedly, and summing the resulting

equations , we be casily get:

ZS (e TED) S (e e D)
(ERYIRETENE e
.(19)
, o) () + A2 £ (2)
or equivalently - /I)fzj.)k D /szz'j)k = < ¢(2),
ZfZIj,k (2)
If we set q(z) = £,.2) ., (zel),
then (20) can be written as follows:
Z-fzrj,k (z)+ /IZZ-](‘ZVJT,/{ (2) Azq'(z)
=q(z2)+ —— z). (21)
(=) fa,,(2) + A2y, (2) 1 T+ 290 PP
We now prove  ¢(z) < ¢(z2). ..(22)

Considering the following two cases.

@) If 5 =@, from (20) , we know that (22) obviously holds true.

(i) If 0< A <1 , by noting that
1
9{{¢(Z)+Z—l} > 0.

By Lemma 1.6, we get (2.11).

By setting p(z)= % (zeU), we get

'@+ 22 f"(2) (=D (2)+ Az(zf(2))
(=D S (D) + 421, (2) (1= 1y, (2) + Azf;;, (2)

...(20)
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_=Dp@) 15, (2)+ 22 p'(2) /5,4(2) + P(2) 13, (2)]
(1- ;t)fzj',k (z)+ ﬂ’ZfZ,j,k (2)

Azf) (2
(1-A)p(z)+ Azp'(2) + P(Z)Jw

Az (2) 23)
ij,k (Z)

1-2)+
Azf) (z
Azp'(z) + p(z) (1—/1)+fi:’é))

ﬂzfzrj,k (z2)
fzj',k (z2)

(1-4)+

Azp'(2)

S PO e

...(24)

Now, by similarly applying the above proof for ¢(z)<¢(z), and using

Lemma 1.7 in (24), we have

oo FE@
pE) =)

which implies that SS9 (4,4) = S&/P (¢).
Furthermore, by Lemma 1.8, we find that
SC(A,9)c SE(pcCes.
Corollary 2.2. Let P and 0< A <1, then,

KEP(A,4) c K (g) = C” < C. .(25)

We now give some integral representations for the function classes

S (4,4) and K7 (2,9).

Theorem 2.3. Let f € Ss(fj’k)(/i,gzﬁ) with 0 < 1 <1
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1 - 12 d0n,(E ) +dw ()2 | L
Then, fzj-)k(Z):zz ﬂjoe)cp E;J.O c ag \u du,w(%)

where, f,,,(2) is defined by (5), W is analytic in 14 with
w (0)=0and |w (2)|<1, j=0,1,2, k-1,(zel) .27

Proof. Suppose that f € S&/(A,4). Then

SO AS@) g, () (zeu -(28)
(1= 2) () + A2 (2) p0w;(2)), (zel),

where, W, is analytic in 74/ and satisfies S(2)f(2) £0-
z

By similarly applying the arguments given in the Theorem 2.1 to (28), we obtain

(=D, () + 22(2,(2) _ 1 & R
(-1, (2)+ Azf) (2) 2k VZ:(;¢(WJ (£72))+ p(w,(&" 2)). (29

It now follows from

(A-Df () + Az, (2) 1 1 E60v,(e"2) +d(w, (¢"z)) -2
RPRETD -

(1= 1, (2) + A2, (2) z
...(30)
By integral, we have
=D (A @)) 1 e | #0800, (D)) -2
Iog[ : - : ]Zk;'[o( I ) dg’....(31)

that is,

1 k-1

(0, ON+ o0 D) -2
(1_2)f2]',k(z)+ﬂ’ZfZ,j)k(Z) =z.exp —ZI dc

2k v=0 0 é/
(32

From equality (32), we can get eqality (26) easily. Hence the proof'is complete.
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Corollary 24. Let feS%M(A,¢) and E,,(0=(1-2f,,(2)+24,,(2)
then it follows by (20) that
zF. le,k (2)

F, ik (2)

< ¢(z). Then o (2)e S (9).

Theorem 2.5. Let f € Ss(fj’k)(/i,gzﬁ) with 0 < A <1. Then

1 lezw 1 e (W, (e )+ (wi(e¢) )-2
f(Z)—]Z .[0.[0 exp ﬂ;ja (

@ (W,(O) Jau ™ du (33)

ac |.

where, W is analytic in 14 with
w,(Q=0 and [w)(D[<1, j= 01,2..k-1, (zeW) . o8

Proof. Suppose that f € Ss(fj’k )(A,$). Then in light of (2.17) and (28), we get

(=21, ,(2)+ A2fL, (2)

(A= f(2)+ A "(2) = POw,(2)).

(s, O+, ) -2
: 3

l k-1

=exp Y VOI

dg | g(w,(2). 35

Integrating equality (35), two times, we easily get (33). Hence the proof is
complete.

Corollary 2.6. Let f e K&P(A,¢) with 0 < 4 <1. Then,

1
C\deuw? du,

Ll k1 (s #_2
@ [ o g B

0 4
.(36)
where, f,,,(2) is defined by (5), W is analytic in 14 with
w, (0)=0and |w,(2)I<1, j=01,2,. k-1, (zel) ...(37)

Corollary 2.7. Let f € ICS(CZJ"")(/I, @) with g < 1 <1.
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1 1—% zpul pr 1 Lo ed( j( VQ)"‘m—Z
e o

¢

1
v (ENdEdru* " du
where, W, is analytic in U with
w, (0)=0 and |w,(2)|<1, j=0,1,2, k-1, (zel). .(38)

3. Properties of the class 1%/0 (4 ¢4)
Theorem 3.1. Let pc P and o > 0. Then,

HE O (a,¢) c SHP (g Cc S. .(39)
Proof. Suppose that f € K&/ (a, 9).

A O A C L2 G IR
Then (1= S5 (2) e -f‘erk (2) ) --(40)

let 7 = ¢¥z also holds true that is,
e'zf'(e"z) s fl(Ee’2)+e7zf"(e"2)
S (€°2) Sri(€72)

(1-a)

< ¢(2), (41

e zf(e"z) G 2)+e’zf"(e" 2)

foi(€"2) £ (€ 2)

and (1-@) < ¢(2), (42)

Upon summing (41) and (42) and applying the similar arguments given with
the proof for Theorem 2.1, we have

74 (2)  (25,(2)
(1-a) +a <
fzj',k (2) f‘Z’]k (2)

. _ Z.](le,k (Z)
By setting q(2) = £, B (z) Then, (43) can be written as follows

#(2), L43)
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zfy,(2) (2, (2)) _ zq'(2)
1- =q(z —_ z).

ST ST B L AT S

Thus by Lemma 1.6, we have
_ ZfZIj,k(Z) Z

()= 29
At the same time, if we let

plz) =1

ij,k (Z) > We have

EPNE: G G ) S L& BN

So14(2) Soi(2) q(2)
Since ¢(z)<¢@(z), by Lemma 1.7, we know that
TG
P = )

which implies that H (a,¢) = S&F ().

Furthermore, by Lemma 1.8 we have HY™(«r,¢) c SE¥(g)cC = S.
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