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Abstract: In this paper E-Bayesian and Hierarchical Bayesian estimation methods are
used to estimate the scale parameter of Power Hazard Distribution under 4 different loss
functions - Squared Error Loss Function (SELF), Entropy Loss Function, Weighted
Balance Loss function (WBLF), Minimum Expected Loss Function (MELF). The
definition and properties of E-Bayesian and Hierarchical Bayesian estimation are
provided. Relations among E-Bayesian estimators along with relations between E-
Bayesian and Hierarchical Bayesian estimators are derived. A simulation study is carried
out to compare these estimators using Mean Square Error (MSE) with the help of tool of
R language on simulated data. To demonstrate the applicability of derived estimators, a
real dataset is analyzed.
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1. Introduction

The probability density function of Power Hazard Distribution is given by Khan and
Mustafa [9].

)
f(x) = axPe ari*

x>0

The cumulative density function (c.d.f.) of exponentiated odd lomax exponential
distribution is given by Ansari and Nofal [1], ljaz and Asim [6].

Fix)=1—e o™

x=20a>00>-1

Where a and 8 are respectively scale and shape parameters.

The likelihood function is given such as —


mailto:sanjaygoyal4phd@gmail.com
mailto:dranilkumarbhardwaj@gmail.com

109 Sanjay Goyal and Anil Kumar Bhardwaj

a 6+1
— N 0 , g XX
L=«a | |xi e 6+127
OR

I = aneGZIngie—aT

6+1
Where T = 25
0+1

Survival function -
S(x)=1-F(x)

2 y0+1
S(x) = e o+1
Power Hazard distribution is introduced by Mugdadi [11], Khan and Mustafa [8] which is
extremely helpful for modeling the lifetime dataset for survival analysis. This distribution
can further reduced to rayleigh, Weibull and exponential distribution.

Hierarchical Bayesian estimation process requires prior distribution for at least two stages
which makes Hierarchical Bayesian estimation more efficient than Bayesian Estimation.
The initial idea of Hierarchical Bayesian prior is given by Lindley and Smith in 1972.
This method contains complicated numerical integrations which makes this problematic
and time consuming.

E-Bayesian Estimation process is introduced by Han [5]. E-Bayesian Estimation
overcome this drawback. Estimating parameters using E-Bayesian estimation process is
comparatively simple than Hierarchical Bayesian Estimation. Han also developed the
method of Hierarchical Bayesian and E-Bayesian estimation for failure rate of
exponential distribution.

E-Bayesian and Hierarchical estimators for various distributions and models were derived
by several researchers.

Han [3, 4] developed E-Bayesian and Hierarchical estimators for parameter of Pareto
distribution. E-Bayesian estimator of Burr Type — XII model is generated by Jaheen and
Okasha [7], Kumar and Sharma [10] explored the E-Bayesian and Hierarchical Bayesian
estimator for hazard rate of Kumaraswamy distribution. Pathak et al. [12] conducted a
study to obtain E-Bayesian estimator for Poisson Inverse Exponential distribution. El-
Sagheer [2] proposed E-Bayesian estiamator under progressively type Il censoring for
Rayleigh Model. Reyad and Ahmed [13] explored E-Bayesian estimator for
Kumaraswamy distribution based on Type-Il censoring scheme.

Bayes Estimators of parameter a of power hazard distribution for gamma prior are given
as —

For Gamma Prior

bae—aba,a—l

P(a) = 2
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Under Square Error Loss Function

A~ at+n

dg = m

Under Entropy Loss function

R a+n-1

YT ThtT

Under Weighted Balance Loss function
. at+tn+1

W= T

Under Minimum Expected Loss function
. at+n-—2

™M= T

6+1
Where T = 2%
6+1

2. E-Bayesian Estimation

In this section, E-bayesian estimators for the scale parameter of distribution are derived
for different loss function - Squared Error Loss Function (SELF), Entropy Loss Function,
Weighted Balance Loss function (WBLF), Minimum Expected Loss Function(MELF).

According to han prior parameters for the distribution a and b should be selected in such a
manner that prior distribution be a decreasing function of parameter «a.

dg(ala,b) d b% “a®!

da da( [a )
dg(ala,b be
g(d!x ) — [_a [(a _ 1)e—abaa—2 _ be—abaa—l]
dg(ala,b) b%e g2
da = [a [(a — 1) - ba]
1P
Agp =Jj&n(a,a,b) da db
00
Here
2(p—Db
m1(a,a,b) = %

1
m,(a,a,b) = —
p
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2b
m3(a,a,b) = —

p2
0<a<1,0<b<p
1.1 Under SELF —

111 Formy

1P
AEps1 =ffds my(@,a,b) da db
00

2 (a+n)(p—>b)
aEBSl = p_zf_[ (b n T) da db
0
. (2n+1) p+T
Agps1 = 7 [(P + T)log (T) - P]
112 Form,

Agpso bTT) da db
. (2n+1) (p + T)
QEgpsy = 2 g T
1.1.3 Form,
1P
Agps3s = ffas n3(@,a,b) da db
00
1P
~ 2 (a+n)b
QEBS3 ?ff (b+T) da db
00
R 2n+1) p+
OEBs3 = T[P —Tl g(—)]

1.2 Under Entropy Loss Function —
121 Formy
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1.2.2

123

13
131

1P
AEpE1 =fde m1(a,a,b) da db
00

XEBgE1 =

1P
2 (a+n—-1)(p->b)
F!! (b+T)

®ppp1 = (2np——) [( + T)log (#) - p]

FOI’ T,
1
AppE2 :j
0

XgBE2 =

agm,(a,a,b)da db

(a+n-1)
NN —————da db

|
f

O\E

1
p

(2n—-1) log (p + T)

AEBg2 = 2p T

For 5

1D
AEBE3 :ff&E m3(a,a,b) da db
00

1P

R 2 (a+n—-1)b

aEBE3=p_2ff Bb+D) da db
00

R (2n-1) p+T
OEBE3 = T [p —Tlog (T)]
Under WBLF —

For my

1D
Aepw1 = _[f&wﬂ1(a.a,b) da db
00

Xgpw1 =

1P
2 (a+n+1D(p->b)
?!! (b+T)

da

da

db

db
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Agpw1 = (an—jg) [(p + T)log (#) - p]
132 Form,
1P
Agpw2 = ff&W m,(a,a,b)da db
00
1P
~ 1 (a+n+1)
OEpw2 = ;j Wda db
00
o (2n + 3) p+T
Agpw2 = 2 log( T )
133 Forms
1P
Appws = IJ&W m3(a,a,b)da db
00
1P
R 2 (a+n+1)b
aEBW3—FfE!- ) da db
Appws = —(2 -Zl_ 3) [p — T log (?)]
14 Under MELF —
141 Form,
1P
Appmr = f f ay m1(a,a,b)da db
00
2 1 p(a+n—2)(p—b)
®epm1 = p_sz b +7) da db
00
Ggpm1 = M [(p + T)log (p * T) — p]
142 Form,
1P
Aepm2 ff@ m,(a,a,b)da db
00
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1P
R 1 (a+n-2)
aEBMZZE—ff ) da db
00

(2n—3)log<p+T>

XgpM2 = 2p T

143 Form;

p
Agpm3 = f @y ms3(a,a,b)da db
0

o\»—\

1P

R 2 (a+n—-2)b

XEBM3 :p—zfjwda db
00

. (2n—-13) p+T
OEBM3 = T [p —Tlog (T)]
3. Hierarchical Bayesian Estimation

Hierarchical bayesian estimators for the distribution are derived using different loss
functions - Squared Error Loss Function (SELF), Entropy Loss Function, Weighted
Balance Loss function (WBLF), Minimum Expected Loss Function (MELF) in this section.

Hierarchical Prior distribution can be generated such as -

Ty = Jjg(oda,b) m1(a,b)da db

14
Jbae—ab a® 12(p_ )
0

o%»—\

= a db
17
2 bae—ab a-1
=—2ff (p ®) 4a db
P 00

P
fg(ala, b) m,(a,b)da db
0

II
o\r—t

p

bae—ab
f —da db
0

II
o\r—t
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! zObae—ozb a—1
ff da db
00

1D
Ty = ffg(a|a,b) m3(a,b)da db
00

"cslr—x

bae—abaa—l 2
—da db
p

S
[e)}
Il
o
o—

[a

2
b2

pb +1 —ab a® 1
f da db
0

OR.H

o

Now Hierarchical Posterior distribution can be derived with the help of Bayes Theorem-

L(alx)rr4 (a)
I, L(@|)my(a)da

mi(ala,b) =

1D

2 bae—ab a—1 b

Labomy(@) = = [] B0 nozionsie=et ga db
00

n+a-1

2 a
L(a|x)my(a) = ?egzbg"ie“ﬂf [

daf b% =% (p —b) db
0

[oe]

1P
b —
fL(a|X)n4(a) da—_eGEIOgX ff (P )d dbf nta-1 o-a(b+7T) 4,
0 00

r b®(p — b)[(a + n)

=— 9210 X.
OfL(alx)m(a)da " g ff [T + b)a™ dadb

1,p ba(p_b)an+a—1e—rx(b+T)

K = dadb

mi(ala,b) = a
p b%(p—b)[(a+n)
f 0 [a(T+b)a+n dadb
L(a|x)m:(a
o ala by = —LEITS@

fooo L(a|x)ms(a) da
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1 p baan+a—1e—a(b+T)

K = dadb

nZ(ala'b) = p be[
(a+n)
f f() [a(T+b)a+nd adb
L
(o b) = HERT@

fooo L(a|x)mg(a) da

a+1,n+a-1,-a(b+T)
fol f P« P 2 dadb
m3(ala,b) =

p b2*1[(a+n)
f f() [a(T+b)a+nd adb

15 Now Under SELF-
151 Formy

@ys1 = E[my(ala,b)]

[o¢]

Ays1 = f am;(ala,b)da
0

1 rp b%(p-b)[n+a+1
ff() [a(T+b)a+n+1 dadb

&HSI a
p b%(p-b)[(a+tn)
f f() [a(T+b)a+n d db

152 Form,

@ys, = E[my(ala,b)]
Aysr = f an,(ala,b) da

0

f J-p b4n+a+1 dadb

0 [a(T+b)a+n+1

&HSZ a
f fp b [(a+n) d db

0 [a(T+b)a+n

153 Form,
@yss = E[n3(ala,b)]

Aysz = f ans;(ala,b) da
0

f J-p ba+1[n+a+1 dadb

0 [a(T+b)atn+1

f fopba“[(a+n)d db

[a(T+b)a+n

sz =
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1.6
16.1

1.6.2

163

1.7
171

Under Entropy Loss Function —
For mry

E[m; (@™ a,b)] ™"

o]

1
E[m;(a"Y|a,b)] =fan1(a|a,b) da
0
1 rp b*(p-b)[(atn)
_— Jo Jo “Taipyam dadb
HE1 =™ 1 .pba(p-b)[n+a—1
f() f() [a(T+b)a+n—1 dadb

AhgE1 =

For m,

Apg; = E[my(aa,b)] ™!

[oe]

1
E[m,(a"t|a,b)] =j;7t2(a|a,b) da
0
p_b%(at+n)
f fo [a(T+b)a+nd db

f fp b%n+a-1
0 [a(T+b)atn—1

Angz2 =
dadb

For 5
Ayps = E[m3 (a’_l la, b)]_l

1
E[n;(at|a,b)] =fg7r3(a|a,b) da
0

[P @ o g

[a(T+b)a+n

f fp batln+a—1 dadb

0 [a(T+b)a+n-1

Under WBLF —

AHE3 =

For

. E[m(a?|a b)]

T E [y (ala, b)]

E[m,(a?|a, b)] =fa2n1(a|a,b) da
0
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1.7.2

1.7.3

1.8
181

1 p b%*(p-b)[(a+n+2)
A _f Jo Taepyarmez - dadb
AHw1 = fl p b%(p-b)[n+a+1
0 Jo “[q(T+p)atn+t

dadb

For m,
A E[T[Z (a2|a, b)]
a =—
#W2 ™ Elmy(ala, b)]
E[n,(a?|a, b)] =fa2n2(a|a,b) da
0
p b%[(a+n+2)
f fo [a(T+b)a+n+2d db

&HWZ
p b%n+a+1
f fo [a(T+b)a+n+1d db

For 5

. E[mns(a®|a b)]

S Els(ala, b))

E[n;(a?|a, b)] =fa27r3(a|a,b) da
0

f fp ba+1[(a+n+2)d db

R 0 [a(T+b)a+n+2
AHws = batl[n+a+1

f fop [a(T+b)a+n+1 dadb

Under MELF —
For my

__ E[m(a e b)]
@M= Bl (a2 (a, b)]

o]

E[m,(a"?|a,b)] =fa_2n1(a|a,b) da

0

1 rp b%(p-b)[(a+n—1)
Ji [P D@ D) dadb

R _ [a(T+b)a+n-1
XHm1 = fl p b%(p-b)[n+a-2
0 Jo TaT+p)@n-z

dadb
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18.2 Form,

E[my(a” |a,b)]
E[m;(a?|a, b)]

Agm2 =
[ee]

E[m,(a™?|a,b)] =fa‘2n2(a|a,b) da
0

p b%(a+n-1)
f f() [a(T+b)a+n 1d db

aHMZ f fp b [n+a 2
0 [a(T+b)a+n-2

dadb

1.8.3 Form,

. E[mz(a”Ya, b)]

“HM3 = Elry(@?]a, b)]

E[ns(a™?|a,b)] = f a~?m5(ala,b) da
0

p b1 [(a+n-1)
f fo [a(T+b)a+n 1d db

Aym3 = » b 1 [nta—2z

f f [a(T+b)a+n 2d db

4. Properties of the E-Bayesian and Hierarchical Bayesian Estimation
a) Relation between E Bayesian Estimators -

19 E-Bayes for SELF -

Qgps1 < Ogpsz < AgBs3

®gps1 = (an—jl) [(P + T)log (M) - P]

T
. (2n+1) p+T
Agps2 = 2p log( T )
R (2n+1) p+T
aEBS3=—2[p_T1 g( )]
p
R R (2n+1) T (2n+1) p+T
Xgps1 — Xgps2 = — 5 [( + T)l09< ) - P] - Tlog (T)

R R (2n+1) p+T\(T 1
Xgps1 — Agps2 = p [l09< T )(5"‘5)_1]
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Similarly
R R 2n+1) p+T\/T 1
Qppsy — Apps3 = » [109< T ) (5 + E) - 1]
R R R R 2n+1) /T 1
Xgps1 — Agps2 = Ugps2 — Xgps3 = T [log (1 + ?) (E + E) - 1]
For -1<x<1

XZ X3 X4 o ,xi
log(1+x) = X+t = Yie (=1)¢ n

p (T 1) (T 1) p p>  p° p
1+2)(=+=2)-1= (=+2) |- - =1
log ( +T) » 12 YA Y AT A v

T 1 1 2 3 4 8
tog (143) (5+3) 1= 55(7) [ -7+ @) [1-57)+ >0

Since0<$<1

A ~ . . 2n+1) /T 1

OEgps1 — Agps2 = Wgps2 — Agps3 = T [109 (1 + 7) (E + E) - 1] >0
Hence

®gps1 < Agpsz < Qpps3

}1_{120 ®pps1 — Agpsz = ,Il.i_IEO&EBSZ — Qgps3

C @n+1) .1 p\2 3 p\t[. 8
i L B -2

lim @ppg; < lim @ppgy < lim Gppss
T—oo T—oo T—oo

i = i D[P p> P’ p* N
o EBst = T 2T T T2 T 1273 20T+ =
R _@n+D[p p*  p* p*
A ess2 = 00— |7 T g e e | 70
@2n+1D[p p? p3 p*
lim @pgeg = lim ——t 2|2 _ _ =0
e e Y A Y A T

7l‘lrrl &EBSl' =0 B i = 1,2,3
1.10  E-Bayes For Entropy loss function

Appr1 < Appez < UEBE3

lim @ppgpq < lim @gpp, < lim &gpps
T—oo T—oo T—oo
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llm &EBEL‘ =0 ) i= 1,2,3
T—oo
1.11  E-Bayes for Weighted Balance loss function
®gpw1 < Appw2 < Appw3
T—coo T—co T—coo
llm &EBWL' =0 B i= 1,2,3
T—coo
1.12  E-Bayes for Minimum Expected loss function
®gem1 < Apm2 < Appm3
lim &EBMl < lim &EBMZ < lim &EBM3
T—co T—oo T—oo
lim &EBML' =0 ) i= 1,2,3
T—co
b) Relation between Hierarchical estimators -
1.13  For SELF

limays =0, =123

fl fop b%(p-b)[a+n+1 dadb

[a(T+b)a+n+1

p b%(p—b)[(a+tn)
f 0 [a(T+b)a+n d db

sy =

Here[a+n+1=(a+n)a+n

ffba(p—b)[a+n+1 ffpb“(p—b)(a+n)[a+n
dadb =

[a(T + b)a+n+1 [a(T + b)a+n+1 dadb
—1: . b%a+n
Fora € (0,1), b € (0,p), [(a +n)(T + b)~" is continuous and TaT4n)an >0

Hence by using generalised mean value theorem , we can find at least number a, € (0,1),
b, € (0,p)

ffba(p—b)[a+n+1 d (n+a1) jfba(p_b)[a-l_ndadb

[a(r + pyernrt 4adb =" S [a(T + b)a+n

n+a,
%51 =71,

lim @y =0
T—oo
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Similarly
f fp b%*a+n+1 dadb

[a (T+b)ll+7’l+1

f fp be [(a+n) d db

0 [a(T+b)a+n

Ahsz =

fora, € (0,1), b, € (0,p)
n+a,
G5z =71,
Tlgroloaysz =0
Similarly
a+1l
f fp b [a+n+1 dadb

0 [a(T+b)a+tn+1

&HSZ a+1
p b1 [(a+n)
f fo [a(T+b)a+" dadb
fOT as € (Oll)l b3 € (0) p)
R _n + a;
FHs3 = + b3

}lm &HS3 = 0
1.14  For Entropy loss function

lim &yp =0 i=123

T—co

1.15 for Weighted Balance loss function

lim &gy =0 i=123

T—co

1.16  for Minimum Expected loss function

Tllm Oy =0 i=123

5. Simulation Study

122

In this section, R-code has been used to conduct a Simulation study to compare different
E-Bayesian and Hierarchical Bayesian estimates for Gamma Prior under 4 loss functions

for the parameter of distribution.

Steps to perform Simulation -

. Initial value of @ and6 have been taken as —
a =1, =1

Il. Value of hyper parameters and p are also assumed as —
p=05,a = 02 ,b = 0.3
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Il. We generate random sample of different sizes 5, 10, 20, 40, 50 , 100, 200 ,
400, 500, 1000 from quantile function of distribution

V. Find the mean and MSE values for estimators

V. Repeat steps upto 10000 times.

N =10000andn=5,10,20,40,50, 100, 200, 400, 500, 1000
And Quantile function -

1
_ [(9 +1) 1n(§)]1/( or)
a

wherez ~U(0, 1)
Table 1. E-Bayes estimates of a and their MSE for Square Error Loss Function

SELF
n
aEESl aEES: aEES!

5 1.30093 1.27033 1.23974
(0.54686) (0.48003) (0.41830)

10 1.14138 1.13006 1.11875
(0.17622) (0.16621) (0.15663)

20 1.06842 1.06358 1.05875
(0.06447) (0.06270) (0.06099)

40 1.03273 1.03049 1.02825
(0.02768) (0.02730) (0.02694)

50 1.02797 1.02619 1.02442
(0.02247) (0.02222) (0.02198)

100 1.01441 1.01355 1.01269
(0.01069) (0.01063) (0.01057)

200 1.0076 1.00717 1.00675
(0.00517) (0.00515) (0.00514)

400 1.00394 1.00373 1.00352
(0.00253) (0.00253) (0.00252)

500 1.00313 1.00296 1.00280
(0.00203) (0.00203) (0.00203)

1000 1.00135 1.00127 1.00118
(0.00101) (0.00101) (0.00101)
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Table 2. E-Bayes estimates of a and their MSE for Entropy Loss Function

124

ENTROPY
n aEB‘E 1 aEB‘E 2 aEB‘E 2

5 1.06440 1.03936 1.01433
(0.30961) (0.27397) (0.24175)

10 1.03268 1.02244 1.01220
(0.12896) (0.12271) (0.11682)

20 1.01630 1.01170 1.00710
(0.05436) (0.05321) (0.05216)

40 1.00723 1.00505 1.00287
(0.02536) (0.02511) (0.02487)

50 1.00761 1.00587 1.00413
(0.02090) (0.02073) (0.02057)

100 1.00432 1.00346 1.00261
(0.01029) (0.01025) (0.01021)

200 1.00257 1.00215 1.00173
(0.00507) (0.00506) (0.00505)

400 1.00144 1.00123 1.00102
(0.00251) (0.00250) (0.00250)

500 1.00113 1.00096 1.00079
(0.00201) (0.00201) (0.00201)

1000 1.00035 1.00027 1.00018
(0.00101) (0.00101) (0.00101)
Table 3. E-Bayes estimates of a and their MSE for Weighted Balance loss function

WBLF
n a‘EBHr'l aEBLIr"! aEBLIr"!

5 1.53746 1.50130 1.46515
(0.92618) (0.81969) (0.72032)

10 1.25009 1.23769 1.22529
(0.22995) (0.23558) (0.22173)

20 1.12054 1.11546 1.11039
(0.08029) (0.07785) (0.07548)

40 1.05823 1.05593 1.05364
(0.03133) (0.03082) (0.03033)

50 1.04832 1.04651 1.04470
(0.02489) (0.02456) (0.02424)

100 1.02450 1.02364 1.02277
(0.01129) (0.01122) (0.01114)

200 1.01262 1.01219 1.01177
(0.00532) (0.00530) (0.00528)

400 1.00645 1.00624 1.00603
(0.00257) (0.00257) (0.00256)

500 1.00514 1.00497 1.00480
(0.00206) (0.00206) (0.00205)

1000 1.00235 1.00227 1.00218
(0.00101) (0.00101) (0.00101)
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Table 4. E-Bayes estimates of a and their MSE for Minimum Expected loss function

MELF
: aEBM 1 aEBM F aEBM 3
5 0.82786 0.80839 0.78893
(0.21442) (0.20151) (0.19067)
10 0.92398 0.91482 0.90565
(0.10816) (0.10509) (0.10230)
20 0.96418 0.95982 0.95545
(0.04997) (0.04939) (0.04885)
40 0.98173 0.97960 0.97747
(0.02438) (0.02425) (0.02413)
50 0.98725 0.98555 0.98384
(0.02017) (0.02008) (0.01999)
100 0.99422 0.99338 0.99254
(0.01010) (0.01008) (0.01006)
200 0.99754 0.99712 0.99670
(0.00502) (0.00501) (0.00500)
400 0.99893 0.99872 0.99851
(0.00249) (0.00249) (0.00249)
500 0.99912 0.99896 0.99879
(0.00200) (0.00200) (0.00201)
1000 0.99935 0.99927 0.99918
(0.00101) (0.00101) (0.00101)
Table 5. Hierarchical Bayes estimates of a and their MSE for Squared error loss function
0 SELF
Apsi Ahsy Aps3
5 1.30616 1.28252 1.26221
(0.56621) (0.51182) (0.46023)
10 1.14318 1.13470 1.12804
(0.17841) (0.17025) (0.16346)
20 1.06921 1.06569 1.06302
(0.06485) (0.06342) (0.06231)
40 1.03310 1.03150 1.03031
(0.02776) (0.02746) (0.02724)
50 1.02826 1.02700 1.02605
(0.02253) (0.02233) (0.02218)
100 1.01456 1.01395 1.01350
(0.01071) (0.01066) (0.01062)
200 1.00767 1.00737 1.00715
(0.00517) (0.00516) (0.00515)
400 1.00398 1.00383 1.00372
(0.00253) (0.00253) (0.00253)
500 1.00316 1.00304 1.00296
(0.00203) (0.00203) (0.00203)
1000 1.00138 1.00130 1.00122

(0.00101) (0.00101) (0.00101)
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Table 6. Hierarchical Bayes estimates of a and their MSE for Entropy loss function

n ENTROPY
App Ahe? Ayp3

5 1.06730 1.04849 1.03302
(0.31921) (0.28917) (0.26239)

10 1.03409 1.02661 1.02081
(0.13042) (0.12520) (0.12090)

20 1.01701 1.01371 1.01123
(0.05464) (0.05368) (0.05293)

40 1.00758 1.00604 1.00489
(0.02542) (0.02522) (0.02506)

50 1.00789 1.00666 1.00575
(0.02094) (0.02080) (0.02069)

100 1.00447 1.00387 1.00342
(0.01031) (0.01027) (0.01024)

200 1.00264 1.00235 1.00213
(0.00507) (0.00506) (0.00506)

400 1.00147 1.00132 1.00122
(0.00251) (0.00250) (0.00250)

500 1.00116 1.00104 1.00095
(0.00201) (0.00201) (0.00201)

1000 1.00037 1.00029 1.00020
(0.00101) (0.00101) (0.00101)

Table 7. Hierarchical Bayes estimates of a and their MSE for Weighted balance loss function
0 WBLF
&HW1 &HWZ &HWB

5 1.54498 1.51678 1.49143
(0.96079) (0.87638) (0.79128)

10 1.25223 1.24279 1.23523
(0.25308) (0.24149) (0.23168)

20 1.12140 1.11767 1.11481
(0.08079) (0.07886) (0.07734)

40 1.05862 1.05697 1.05573
(0.03144) (0.03104) (0.03074)

50 1.04863 1.04733 1.04636
(0.02496) (0.02471) (0.02451)

100 1.02465 1.02404 1.02358
(0.01131) (0.01125) (0.01121)

200 1.01269 1.01239 1.01217
(0.00533) (0.00531) (0.00530)

400 1.00649 1.00634 1.00623
(0.00257) (0.00257) (0.00256)

500 1.00516 1.00505 1.00496
(0.00206) (0.00206) (0.00205)

1000 1.00236 1.00228 1.00220
(0.00101) (0.00101) (0.00101)
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Table 8. Hierarchical Bayes estimates of & and their MSE for Minimum Expected loss function

i MELF
Apma Aym2 Apmz

5 0.82805 0.81433 0.80352
(0.21914) (0.20697) (0.19677)

10 0.92495 0.91849 0.91355
(0.10911) (0.10631) (0.10401)

20 0.96480 0.96173 0.95943
(0.05016) (0.04962) (0.04919)

40 0.98206 0.98057 0.97946
(0.02442) (0.02430) (0.02421)

50 0.98752 0.98633 0.98544
(0.02020) (0.02011) (0.02005)

100 0.99436 0.99377 0.99333
(0.01011) (0.01009) (0.01007)

200 0.99761 0.99732 0.99710
(0.00502) (0.00501) (0.00501)

400 0.99896 0.99882 0.99871
(0.00249) (0.00249) (0.00249)

500 0.99915 0.99903 0.99895
(0.00201) (0.00201) (0.00201)

1000 0.99936 0.99928 0.99920
(0.00101) (0.00101) (0.00101)

6. Conclusion

In this section we conclude the findings of the study. It is shown in study that complexity
of integration of Hierarchical Bayesian method is eliminated in E-Bayesian Method.

In table 1, 2, 3 and 4 E-Bayes estimates are given for different values of n. In table 5, 6, 7
and 8 Hierarchical Bayes estimates are given for different values of n.

For small samples MSE of H-Bayesian is greater than MSE of E-Bayesian. Hence E-
Bayesian is preferable and efficient method to use. For large samples MSE of H-Bayesian
is Equivalent to MSE of E-Bayesian but due to complexity of integration makes H-
Bayesian method difficult.

Hence E-Bayesian is preferable method to use. Also, the MSE under MELF is minimum
compared to SELF, Entropy and WBLF. Hence MELF is most suitable loss function than
other three loss functions.
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