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Abstract: When conducting a sample survey, it is important to have a complete list of all
units to be sampled, known as a sampling frame. However, sometimes this list may be
incomplete, making it challenging to estimate the population's characteristics. This paper
presents a new weighted PPS Ratio estimator for the population mean, which works for
both complete and incomplete frame using Probability Proportional to Size with
replacement (PPSWR) method. The paper calculates the bias and mean square error
(MSE) of the estimator and discusses how to determine the best sample size and
retainment factor with a cost-effective method. Using simulated data, the paper shows
that this new estimator is more accurate and efficient as compared to the existing ones.

Keywords: Bias, MSE, variance, efficiency, linear cost function, Lagrange’s Multiplier
technique.

1. Introduction

In every data-based study, firstly the target population for which inferences are to be
drawn, is defined. Many times, due to practical difficulty, it is not possible, to investigate
each and every unit of the population. In that situation, only sample survey is the ray of
hope. To get valid conclusions, selection of appropriate sampling method and selection of
appropriate estimators are very crucial decisions. In every sampling method, it’s essential
to have a complete list of all sampling units which known as the sampling frame. The
completeness of sampling in selecting samples and conducting surveys is always
desirable. The details of the sampling frame help decide the best sampling design.
However, in practice, it’s rare to have a perfectly complete sampling frame. The most
common issue with sampling frames is that they are often incomplete. In such cases, the
foremost questions about the decision of sample size and selection of sample arise.
Hansen and Hurwitz [5] were the first one to address this issue.

In many countries like India, the issue of incomplete frames in the context of data
collection and sampling is a common challenge. This problem often arises due to
factors such as limited technological resources and inadequate systems for data
management and recording. In the first edition of his book, Yates [15] highlighted
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incompleteness as a fundamental weakness of sampling frames, emphasizing the
importance of addressing this issue to ensure the accuracy and reliability of statistical
sampling and data collection in such contexts. Hartley [8] recommended using two or
more frames to address the issue of incomplete frames, ensuring that the entire
population is included. He also explained how to calculate the best sample sizes from
these frames while considering the associated costs.

Seal [11] examined the use of outdated sampling frames in large-scale surveys. He
viewed population changes as a continuous stochastic process and proposed employing
successive frames to account for these changes when making estimates from incomplete
data. Hansen to find data on missing units, Hansen and Hurwitz [5, 6] introduced a
method called the predecessor-successor method. It is assumed that we can arrange units
geographically so that for any given unit, we can easily find its successor by being
included in the sample. However, this makes the sample size a random variable and
increases the amount of work involved.

A significant contribution to the theory of estimation with incomplete frame was made by
Agarwal and Gupta [1] by conducting a comprehensive review of the problem. They
discussed some suitable estimation procedures with incomplete sampling frame under
simple random sampling with and without replacement. Agarwal and Gupta [2] expanded
the problem into a two-stage sampling design, where the incomplete frame corresponds to
the second-stage unit. To estimate the total number of missing units in the sampling frame
and the overall total for the variable being studied, Singh [13] introduced a method called
the predecessor-successor method. He provided a mathematical way to use this method
for estimating;:

e The total number of units from the target population that are missing from the frame.
e The overall total of the characteristic being examined for the target population.

Singh [12] suggested a method for estimating when sampling from an incomplete frame,
which may miss some units of the target population and include extra units that don't
belong. He recommended using the predecessor-successor method, assuming that the
units can be ordered geographically. The rules for ordering are set up so that for any unit,
its successor can be found by following a specific travel path. Gupta [3] gave a detailed
review of the problem of non-sampling error in general and that of randomized response
error in particular. Gupta et al. [4] and Joshi et al. [9] proposed a weighted product and
ratio estimator of population mean in case of incomplete sampling frames. In a recent
development, Jyoti et al. [10] proposed a Hansen Hurwitz estimator that utilizes PPS
sampling to address incomplete sampling frame situations.

This paper aims to contribute significantly to the literature by introducing an PPS Ratio
estimator for the population mean that accounts for the incompleteness of the sampling
frame. To address this issue, we consider two different cases. In Case I, we estimate the
non-included units and also obtained the estimate of the target population. In Case II, we
proposed a weighted PPS Ratio estimator which is a combination based on sampled units
drawn from the units of complete frame and sample mean of the units sub-sampled from
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the units occurring between the selected units and next to it. The problem is formulated as
a single-objective optimization with a linear cost function and solved using the Lagrange
multiplier technique. Additionally, a numerical illustration is provided using a simulated
dataset to demonstrate the approach.

2. Estimation of Parameters by Predecessor-Successor Method

Let N represent the total number of units in the target population. Among these, let N;
denote the number of units included in the sampling frame. Additionally, let N, (where
N,= N-N;) represent the number of units that are also part of the target population but not
listed in the sampling frame. But, its size (N,) and list of such sampling units are unknown.
How to estimate N, and doing survey from these identifying units is the challenge?

Further, let unidentified N, units lie among identified N;units. Let M represent the
number of units from the target population that are missing from the frame, where the
target population comprises N;+ N, = N units. It is well understood that the N, units that
no longer exist cannot be identified and, therefore, cannot be removed from the frame. In
such situations, the Predecessor-Successor method proposed by Hansen et al. [7] can be
employed to gather information about the units excluded from the frame.

The method relies on the assumption that a geographic ordering of units can be
established, and the ordering rules ensure that, for any given unit in the population, its
successor can be identified by following a defined travel path. This approach ensures that
a unit missing from the frame (the successor) has the same probability of selection in the
sample as its preceding unit listed in the frame. Consequently, the M units excluded from
the frame may be located within N; gaps, arranged as follows:

where, M;is the number of non-included units in the i" gap i.e. between i™ and (i+1)™ unit.
Thus, Y1, M; = M; 0 <M;< M

Let Y: Population totals of the characteristic values for units in the entire target
population.

Y;: Population totals of the characteristic values for units in the frame.
Y,: Population totals of the characteristic values for units not in the frame.

Yn,: Totals for the characteristics under study obtained from samples of n;drawn
from Nj.

Yn,: Totals for the characteristics under study obtained from samples of n, drawn from
N,.

Yn,: Totals for the characteristics under study obtained from samples of n, drawn
fromn,.
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X: Auxiliary information for the population totals of the characteristic values for units in
the entire population.

X, : Auxiliary information for the population totals of the characteristic values for units in
the frame.

X,: Auxiliary information for the population totals of the characteristic values for units
not in the frame.

Ny Vi

In, = 2izq ~_p.. mean for y of the N;units of the target population included in the frame.
174

Xy, = Ziivzll lei) : mean for x of the N;units of the target population included in the frame.
174

In, = Z?’jl % mean for y of the N, units of the target population not included in the
2

frame.

P; = Zx_;c i.e. P; is proportional to x;.

L

T = % ratio of population total of y to the population total of x.

i

Ry

g . . .
= Xﬂ: ratio of the population mean of Yy, to the population mean Xy .

N1

_ Y, 3
Th,= Zny ratio of the sample mean of y,_ to the sample mean x;, .

Ry,= In2. ratio of the sample mean of y,, to the sample mean x,,, .

Tn,
When conducting large surveys, two situations can occur with units not included in the
survey frame:

o If the non-included units act similarly to the included ones.

o If the non-included units act differently from the included ones.

We will explain the estimation methods for each of these situations in the next sections.

Case I. Estimation procedure when the non-included units behave as included units:

Select a sample of size n;from N;by PPSWR with selection probabilities P, = %(i =1,

2, ...,N;) where X;is the size of the i" units in terms of some viable measurement. Let's
assume that for the chosen units, the value being studied is yy, and the sample values are
Yn,- All units in the gap between the selected ones, which are not part of the main frame,
are automatically included in the sample with the same probability as the included units,

P = Zx;_. The units not included between the selected ones are M;(i= 1, 2, ...,ny).

Therefore, the estimated average number of non-included units between any two included
ones is:
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1 ong M

B

n, “=1pN,p; (1)

_ . . . — 1
m provided an unbiased estimator of M = N—Zlivjl M;

1
Whereas, M represents the average number of units not included between any two

included units in the population.

So, the total number of non-included units in the target population can be estimated as
N;m. The variance of M is calculated as:

vm) = 25 b [ )

The estimate of variance of m is:

nq 2
v () = —— Z(Mi —M2>
ni(ny — 1) = N, P;

Thus, an estimate of target population is given as:

Ty = Ny(1 + M) Py, 3)

_ 1 «n _ . . .
where, y,, = n_12i=11 7; X, 1s the sample mean of the n;included units.

ny M;
=1n,p;

and m = nil )
The variance of T} is given by:
V(Ty) = V[N, (1 + M)y, |
=NEZ[V(Fn,) + V(WFn,) + 2 COV (¥, MPn, )] 4)
where, V()‘/nl) = (ni1 Z::lz—Zle)
= f:—izzyil Py(r; — FNl)Z
V(iFn,) = VA Fn) +V (TD[E G, )]+ V G EGTT?
= V@)V (Jn,) + Iy, "V (@) + MV ()
and, COV (n,, M, ) = E()V (Fn,)
=MV (F,)
.. From eq. (4), we get:
V(Ty) = N2[(A + MADV (7)) + V@ I, > + V(7)) (5)
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Now, Estimate of V(T;) is:
V(T1) = N2 [ + M2V (3n,) + V) (I, * + V(3,)}] (6)

nq

~ X
where, V(}_/nl) = ﬁz Pi(ri - fnl)z
i=1

= _ 1 nl (1\’[12 _ —2)
and, V(m) = ny(n;—1) Zi:l N.Pj M
The above procedure gives a simple estimate for the total number of non-included units
(Nm), to estimate the average of the required characteristic for both included and non-
included units (fznl), and to estimate the total of the target population (T}), assuming the

non-included units behave similarly to the included ones.

Case II. Estimation procedure when the non-included units do not behave as
included units:

Choose a sample of size n using the PPSWR method from a population with N =N; + N,,
where N; units are included in the sampling frame, and N, units are not included. For the
selected units, record the value of the characteristic being studied, say y,,. Since the value
of N, is completely unknown, we applied the subsampling technique outlined by Hansen
and Hurwitz [6].

Now, let a sample of n units is selected which consist of two parts:

e First, a sample of n, units is selected from the available list of units using the
Probability Proportional to Size with Replacement (PPSWR) method.

e Next, create a new list of units that fall between the selected units and those
immediately after them. Let the total number of these non-included units be n,,
identified using the Predecessor-Successor method. From these n, units, choose n}
units with PPSWR method using the Hansen-Hurwitz technique, considering
n=n; +n,

Suppose, Y, and yp, are the sample means for the character under study.

n n n
Also,w; ==, w, =2 k===
s W1 n’ 2 n’ n;

where, wy, w, are the weights of the sample and k is the retainment factor.
N N . . .
Also, W, = Wl, w, = Wz are the respective population weights.

Since, our target population consist of two frames, one consists of those units which are
included in the frame and other which are non-included.

Now, the estimate of N, can be given as:

—~

N, = %N (7
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(i) Proposed Estimator:

The proposed estimator for estimating the population mean in the presence of incomplete
sampling case is given by Unal and Kadilar [14]:

‘<|
S~

tR —Wl—XN1+W2 .f (8)

”2

where, w; = %, w, = % are the weights associated with complete and incomplete

frames.

To obtain the Bias (tg) and MSE (ty), the notations are used under the Case II as follows:

Y, = YN, T &n, > Xn, = Xy, + &, (a)

Tt =Ty + Eny + Ty =, + En, (b)

Such that:

E(,,) =E(&,) =E(&,) =E(&,)= 0 (c)
E(&r,) = V(In,): E(&2) = V(%) E(&,) = V(I,). E(&2) = V(%,) (d)

E (&n,8,) = Cov(Fn,, n,): E (80,80, ) = COV(Fn,, ) )

(ii) Mean:

The estimation of the proposed estimator is as follows:

EyEy[tg | ng,my]= EqE, [wl ;} S Xy, +w, zzz X,

= E,E, [wlzﬂ)?,vl | nl,nz] + E,E, [w

37n; _
2= Xn, | ny,ny
ny Xn!

ny

Taking upto IS‘order approximation, we obtain:

B = [ (29 )+ 5 (25 (25

niY¥Yn Nn2¥n, nyP; ny P
+yn#

Therefore, ratio estimator is a biased estimator. The Bias of the proposed estimator is:

o) = [ 50 (2 ) (2 B + 23 (2 50) (2 )]
(10)

(iii) Variance:
Since, we know that:

V(tg) = V1E,(tgr) + E Vo (tg) (11)
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Here,

‘<|
S

><|

V1E;(tr) = V1 E; <W1 —1 Xy, +w, » 2 X )
ny
Using the above relations ((a) to (¢)) we have:

+8n1

Vn,+&n, _
ViE;(tg) =Vp (W1 R 12! Xy, + Wy = 2 xn2>

L te &ny +£n2

YN +&n, = = Rn n Vi — Xi —
(b o~ TR (2 5n) (B 5)
1 1XN1+5411 Ny 21YN, nzynzZ P, Yn, 7P, n,

After simplifying the above term up to first order approximation, we have:
VlEZ (tR) =E (S_nl + Wy ganN 2W1§n g;llRNl)
=E (&) + R{,E (Wig2) — 2Ry, E (w18,,8,,)

2WiRN., Cov(¥n,,Xn,)
= wiV(Fn,) + wiRR,V (T, ) - —— 5 (12)
1
and,
Yn, t &n, _
EV(t)—E[ v<— )]
1V2\lR 1 ny "\, + &, ny
ng Yi an nz iz, 2
_ wik Zi b (n P; ynZ) Z (n P; X"Z) (13)
_nz(nz—k) _ ZRNl N1 Yi = Xi = ,
YN Z (lePi yné) (nzpi an)
Now, putting the value of eq. (12) & (13) ineq. (11), we get:
_ N - RN N 2 2Ry, N i
Ve = 3|2 R YNl) () - T
1 2
X nz i _ g, ﬂ"z.xi_—, _
YNl)( XNl)] nz(nz k) [Z n,P; ynZ) +.fn2 Zi Pl (TLZP,: an)
2RN1 N1 Yi _ Xi _ ,
Yn, Z (nP y”z)(nzp an)]
= V(tg) = wiA + wiB (14)
where,
_AfgMip (g VP Bugmip (xi g ) ZRuyigNip (i
A_n1 [Ei Py (NlPi YNl) +)?,%,12i Py (N1Pi XNl) I, X' P (NlPL-
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B e 12 R(
yné) (n:;l - an)]

(iv) Mean Square Error (MSE):
MSE(tg) = w?A + w2B + D? (15)

2
) - ’72P("" —)‘(r) — ZgNip P (2L -
2, t\n,p; n, Y, n,P;

where,

[t o) i~ o) R (- 5n) ()|

(v) Estimate of the Variance:

Hence, estimate of V(¥ z) is:

Ve =22 (R ) Bt (i ) - T (R

N, P;
V) (= %) + (W—kk)[ZP (ny; ~9,) + R”ZZ"ZP( Lox,,) -
Z;ZV DIRACEE (%i—?nz)] (16)

3. Optimum Variance under some Condition

For obtaining the optimum variance, we need to obtain the optimum value of weights.
So, we take a condition for weights as:

W1 +W2= 1
Wy = 1_W1

Putting w, as (1 — w;) in eq. (14) and finding its derivative w.r.t. w,, we obtain:

dv(tg)
dw,

The optimum values of w;and w, obtained are:

B
W1)opt = ATE
A
(W2) opt= AT D

After substituting the values of w; and w, into equation (14), we obtain the optimum
variance as:

2

V(tr)ope = B— = (17)



102 Jyoti, Sarla Pareek and P.C. Gupta

4. Cost Function

In every sample survey, costs are an unavoidable aspect. The total cost of conducting the
survey depends on various factors such as overhead costs, travel costs, enumeration costs,
and so on. However, these costs are bounded by certain limits. As a result, the objective is
to find an estimator with minimum variance and fixed cost. Here, the linear cost function
C is defined as follows:

c' = CO + C1n1 + Cznz
= CO + Cln]_ + Cznék

Since, C' varies from sample to sample, we take the expected cost as:

E(C)=C

E(C)=C = Co +n (WyCy +22) (18)

where, C,: Cost of establishment
C;: Evaluation cost of unit in the frame
C,: Evaluation cost of unit not in the frame

k= %: Constant retainment factor
2
For a fixed expected cost C,, the problem of finding the optimum sample ‘n’ and
retainment factor ‘k’ may be stated as the following:

2
Minimize V = B — == (19)

W2C2)
<
v ) S Co

subject ton (Wl Cy +
andn, k>0
5. Lagrange's Multiplier (LM) Technique

The method of LM is applied to obtain optimal values of k and n. The Lagrange function
is defined as follows:

L(n, A, k)=V(tg),, +AC —Cy)

opt

_ B? W,Cy
=B- T4+ 2[n(wic, +%22) - ¢ (20)
where, A is the Lagrange multiplier.

The necessary conditions for the solution of the problem: z—TLl = 0 which gives

B2 W,C
~T s a(wic +M2) =0 Q1)
dL
AlSO,a— 0

which gives
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n (Wi +%%) — ¢y =0

-0

and, Fri

which gives

nyB? WGy 0
A k2

_ nszZ
T nw,CA

Substituting value of A in eq. (21), we find:
n; WG,
k(Copt.) = ———~
(opt.) Wl
Substituting value of A in eq. (22), we find:

n1C0
Wi Gy

n(opt. ) =
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(22)

(23)

6. Comparative Study with other existing Estimators

Several estimators have been proposed in the literature for estimating the population
mean using the sub-sampling method. Table 1 lists these estimators along with their Mean
Squared Error (MSE) equations, approximated to the first order, for Case II.

Table 1. List of estimators for Case II.

Vohita et al. [15] |y = w19 + Wiy,

MSE(Yyr) =
()5t + w (57 Rist, -

2W,R, (1‘7’3) Syox, +
W, (%) % +

2
1 1 1
{W1 (n—1 v ) T (RyS%, — 5x1y1)}

Jyoti et al. [6] Yppswr = W1VuH

+ Wzyn;

Ny

_ Wy Y,
MSE(Vppswr) = Tz Py <N1P1

2 k-1
—Y) -|'W2%S%2
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MSEGac) = (— 1) 53

k-1y ,
+w, (=) st

Guptaetal. [1] | Yag = W1V, + WoTp!

Vohita et al. [12] | 3, = w13, + oV,

MSE(,,) = W, [(%) (BL) [r2sE +

S# — 2R;S(xyy, ]] +
w (%) (52) Rt +

()]st + o (2 - )3 e )

6.1 Efficiency Comparisons:

The proposed estimator tp is compared with several other estimators listed in Table 1 to
show how suitable it is for Case II. We compare the Mean Squared Error MSE (tz) with
the MSEs of the estimators in Table 1 and determine the efficiency conditions for Case II
as follows:

* MSE (tg) < MSE (r)

w2 +w2B + D2 {(=L) s+ wy (SL2) R2SE, — 2WiRy (F2) Sy, +

W ( )SYZ} {Wl (n_1 B Nil ) XN, (R15X1 SX1Y1)}2 <0 (24)

e MSE (tg) <MSE (¥ppswr)

(k—1)

A Ny €1 2 2
[w2A + w2B + D?] - nlePl(m—Y) +w, E g2t <0 (25)

e MSE (tg) <MSE (J46)

[wia+wiB + D2 - {(SL) s+ w, (55) st }< 0 20
e MSE (tg) <MSE (Jwp)

[W?A + w3B + D?] -

{Wl [(?‘1) (1_Tf1) [R7SE + S} — RlS(Xy)l]] + W, [(%) (1—71‘2) R? + (%)] 532} N

2
11 \Sxy
{Wl (n1 N, )XN1 + YN} <0 (27
Under the conditions between eq. (24) - (27) for case 11, we conclude from the condition
results that the t; estimator performs better than other estimators in the literature.
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7. Simulation Study

We evaluate the performance of the proposed estimator tg using a simulation study
conducted in R software. In this Monte Carlo simulation, we consider a population of
N=1000 observations, where 25% of the observations are not included in the sampling
frame using different k values. The values for the auxiliary and study variables are
generated from a multivariate normal distribution. For both Cases I and II, the dataset is
assumed to follow a bivariate normal distribution with a mean of (7, 1), standard
deviations of 0.1 and 10, and a correlation coefficient of 0.95, as used by Unal and
Kadilar [14].

In Case I, Table 2 have been constructed which shows the estimate of the total number of
non-included units (N,), sample average number of non-included units each gap of
included units of the frame (/) and estimate of target population (T}).

Table 2. Obtained results of simulated data for study variable (Y) and auxiliary variable (X)

Ny, | N, | N, m V(m) | S.E.(m) T, vV (Ty) S.E.
(T1)

750 | 250 | 250 | 0.33324 | 0.000580 | 0.024087 | 8342.505 | 203565.3 | 451.182

In Case 1I, the MSE and PRE values for the proposed estimator and other existing
estimators are shown in Table 3. The PRE values are calculated relative to the Agarwal
and Gupta estimator (y,;), according to case II, respectively. Additionally, the Percent
Relative Efficiencies (PREs) of the proposed estimator (tg) and other existing estimators
compared to the Agarwal and Gupta estimator (y,;) are determined using the PRE
formula below:

-~ \ _ MSE (Ja6)
PRE (3,,) = MSEGL) x 100
Table 3: MSE and PRE values of the tz and compared estimators for case Il under the
simulation study.

MSE of the Estimators PRE of the Estimators
Pxy=0.95 Pxy=0.95
Estimator =2 k=3 k=4 =5 =2 k=3 k=4 k=5
tr 0.050 | 0.069 | 0.088 | 0.108 | 1126 |952.173|853.409781.481
Vac 0.563 | 0.657 | 0.751 | 0.844 100 100 100 100
Ywp 3412 | 3.507 | 3.602 | 3.697 | 16.50 | 18.73 | 20.84 | 22.82
Vwr 0.405 | 0.500 | 0.595 | 0.690 | 139.01 | 131.40 | 126.21 | 122.31
VppPSWR 0.508 | 0.626 | 0.745 | 0.863 | 110.82 | 104.95 | 100.74 | 97.75
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According to Table 3, the proposed estimator tp is more efficient than compared
estimators under Case II. The proposed estimator for each value has the minimum MSE
value and maximum PRE value.

8. Conclusion

This paper aims to propose an estimator to accurately infer population parameters in case
of incomplete sampling frames. For estimating the parameters, two cases i.e. Case I and 11
are discussed separately. In Case I, the estimate of the total number of non-included units
(N,) is calculated which is exactly equal to the N, i.e 250. Similarly, the estimate of the
total population comes out to be 8342 which are not much different from the actual
population of 7863.

In Case II, the Hansen—Hurwitz method is used to propose a ratio estimator with a linear
cost function for estimating incomplete sampling frames. First, the proposed estimator is
theoretically compared to existing estimators listed in Table 1 for relevant cases. Its
performance is evaluated against other estimators under PPSWR using simulated data.
The results suggest that the proposed estimator can be used under specific conditions
outlined in equations (17) — (20) for Case Il. Statistical properties like bias, mean squared
error (MSE), and minimum MSE are analysed. Simulations show that the proposed
estimator achieves the lowest MSE and highest PRE value compared to others in the
incomplete sampling frame scenario, as shown in Table 3. Based on these findings, we
recommend using the proposed estimator for incomplete sampling frame cases.

Acknowledgement: We would like to show our gratitude to Prof. P.C. Gupta for sharing
his pearls of wisdom with us and helping us with the concepts.
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