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Abstract: In this paper, we introduce a new generalised p — k multi-index Mittag
Leffler function and derive the integral representation of "p — k multi-index Mittag
Leffler function”. We also establish its relation with other functions, obtain Laplace,
k-Laplace and Mellin transforms of the function and explain its basic properties.
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1. Introduction

The main aim of this paper is to introduce p — k multi-index Mittag Leffler function and
find its integral representative, relation with other functions and integral transform of it.

Section 2 describes definitions of p — k Pochhammer symbol, p — k Gamma function,
Mittag Leffler function, p — k Mittag Leffler function, multi-index Mittag Leffler
function.

Section 3 Introduces new p —k multi-index Mittag Leffler function, its integral
representation, various integral transform of the p —k multi-index Mittag Leffler
function and its some basic properties.

2. Preliminaries

2.1 Definition
Two parameter Pochhammer symbol introduced by Gehlot [3] in the year 2017.
p (i = COHE+p)E+2p) .. G2+ (n = Dp), (1)

where x € C; k,p € R* — (0) and Re(x) > 0; n € N.
Two parameter Gamma function introduced by Gehlot [3] in the year 2017.

nip™*tt (Tlp)% (2)

1
T (%) = = lim_
Pk (X) k llm_) pn+1k
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The Mittag- Leffler function E,(z) introduced by Leffler [10] in 1903, is defined as

E[l(Z) Zn 0 I‘((xn+1) (3)
where z€C, a =0

Wiman function introduced by Wiman [18] in the year 1905 is generalisation of E,(z)
and is defined as

ZTL

Eap(2) = Xn=o0 1anipy (4)
Here z,a,B € C; Re(a) > 0, Re(B) > 0.
Prabhakar [12] introduced function EZ,[; (z) in 1971 in the form of

ELp(2) = Yitco st (5)

F'(na+p) n!’

where z,a, B,y € C; Re(a) > 0, Re(B) > 0, Re(y) > 0 and (y),, is the Pochhammer
symbol.

In 2007, Shukla and Prajapati [15] introduced more generalised Mittag Leffler function
E)'3(2) and defined as

Mn
Enh(2) =Zr0 F(nafﬁ)i,, (6)

where a, B,y € C; Re(a) > 0, Re(B) >0, Re(y) >0 and q € (0,1) UN.

Gehlot [4] introduced k-Mittag Leffler function in the year 2012. The k-Mittag Leffler
function is expressed as

Y.q _ v (V)nq,kzn
GEk a [;(Z) = Y=o Tema+ )y (7

where k €R z,a,8 € C; Re(a) >0, Re(f) >0 and q € (0,L1)UN, (¥)nqx is the
k-Pochhammer symbol and T, (x) is the k-Gamma function given by [1].

Kiryakova [9] in the year 2010 introduced and studied a class of special function of

Mittag Leffler type that are multi-index analogues of E, g by changing a = %, B=u

by two sets of indices («a —p— pi---—) (B = uq, Uy, - 1) for integer m > 1 and
2

D01, P2, Pm > 0 and py, Uy, -+ Uy, are arbitrary real (complex) numbers.The multi-index
Mittag Leffler functions are defined as

7k

E(pll)(ﬂl)(z) = ( )( 1)( ) = ZI?:O k ) (8)

k
F(u1+p1) F(um+p

The same functions have also been studied by Luchko [11], called by him Mittag Leffler
function of vector index.
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Saxena and Nishimotto [14] studied in the year 2010 the generalised multi-index Mittag
Leffler function and defined as

Ey k[ (@1, B1) -+ @, Br)2] = Ty nmL 9)

L T(na+Byn!

where a;,B;,v,k€C, Re(aj) >0, Re(;)>0, (j=1,-,m), Re(k)>0,
Re(¥j%1 @) > Max[0,k —1].

Wright generalised Hypergeometric function [10]

A R e @
va [E;i - ((g:.’;:))‘ 7| = Hoigss [‘Z'Eé,l)?lbf A ?1pflfzz, P
where Hy"[.] denotes the fox H — function.

Euler Beta transform [17],

BIf(t):m,n] = [, t™ (1 — )" 1f(t) dt. (12)
Laplace transform ([16],equation 3.1.1)

LIf(®):s] = J," et f(D) dt. (13)
Mellin Transform,([16], equation 4.1.1)

M[f(t):s] = [,” 71 f () dt = f*(s), Re(s) > 0. (14)
f&) = MTUf(s)it] = 5= [ fr(s)t™ ds. (15)
3. p — k multi-index Mittag Leffler function

3.1 Definition

p — k multi-index Mittag Leffler function The new p — k multi-index Mittag Leffler
function is generalisation of multi-index Mittag Leffler function. It is defined by [5]

EY (2 (D) oo () 22)s 2] = T pWngk 2"
pEi [, ) 2y ) - (s 520 2] = Tiio TG T 2 1

ZTl

(16)

Where z is any complex variable, M =1 and m € Z and U1, Ug, -+ Uy are arbitrary real

(complex) numbers and Re(y;) >0 Vi=12--m; qeN; k,pe R"—(0), y €
C/Z_’ pllpZ’”'pm > 0 and i,i,'“i (- R

P1 P2 Pm

The convergence criteria of p — k multi-index Mittag Leffler function is
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() the function converges absolutely for all z € C if (L b — 1) >q.
kpi =~ kp kpm

(i) if (i + i + -4 L) + 1 = g then the series is absolutely convergent for
1

Mz (—)"Pl
2] < ————P—— then
qp q_Plk P2k pmk
. ]_[ml(—)kpl
(iii) if (ki+ki+---+ki)+1:q and |z| = _11 T — then the
P1 P2 Pm qqpq p1k p2k T pmk

function is convergent when 7%, ( )+ > —

Particular cases: for some particular values of parameters of equation (16)

@ Form=1, uy; =8, p; :% equation (16) is reduced to p — k Mittag Leffler
function defined by Gehlot [5]

pEL[(B, @); (2)] = Eiino BT = B (2). ()

plr(na+p) n!
(b) Forp=k, m=1, y, =8, p1 =§ equation (16) is reduced to generalised k
Mittag Leffler function defined by Gehlot [4]

KELI(B, )i ()] = Bt B DI = GELY () a8

klk(na+p) n!

(c) For p=kand k=1 m=1, uy; =8, p; =§ equation (16) is reduced to
equation (6) defined by [15]

g Mn :
VBV, @3 (2)] = Tiimg ot = EL(2). (19)
Special case of the equation (19) when we substitute p =k, k=1, y —? B =
ﬂ&...ﬂ_‘m :ii...i' i

U and «o TR in the egation (16) , then
(%),q u 1 Up 1 - (f)nq z"
G ) O DA 2 e T T

n=0"%¢ Ep § Ep §$  $Pm

DU, Ly (i, Ly ) (20)

(d) Forp=kand k=1,g=1,y=1,m=1, iy =1, p; =é equation (21) is
reduced to Mittag Leffler function defined by [10]

EP@, 05 (2] = Tieo E4(2). (21)

F(na+ 1)
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3.2 Integral Representation of p-k multi-index Mittag Leffler function

Theorem 3.1 Let M=1 and m € Z and u,, uy, - uyy, are arbitrary real (complex) numbers
and Re(ul) > O Vi=12--m; q€N; k,p € ]R+ - (0) YEC/Z™, p1,p2, " Pm >0
and —,= p— € R then the function pEyq[(yl, PRI ) - (Mm,pi);z] is represented

" py’

by the Mellin-Barnes integral [2] as

t,— ) 2o —) - (m— )5 2| =
prk [\, S\, ™ P

1 1 1 -
u = T
Gy~ Ts r(L-gs) (-2)= p'* ik P2k “omE s 22)
Y L 1 s M2 S bm__ S '
2mi I r(B— TG e TR

Where |arg z| <m The contour integration is from —ico to +ico. It separates the
Y

poles of integrand as s = —n vV n € N, (to the left) from those s = ?Tn VneN, (to
the right)
Proof: Taking R.H.S. of the equation (22)

1 1 s
(km)p + -+ m) I[sT (%_ qs) (_Z)—s p(q—m—m..._pm_k)
ds
Y _[ B _ S _ S Bm _
2milp L TP 5p TR = 5D
Using the theorem of calculus of residue
= 2mi[ sum of residues at the poles s = 0,—1,—2 -]
1 1 s
_ (k™2miyp” Gt & (s+n)TsT (% qs) (—2)~5 pYIPE 2 TP
Z limg_p
ZﬂlF Y T (ﬂ — L) [‘(& _ _) F(-“m S )
k pik k  pak Pmk
— ﬂ+...+”_m (o] )/ —s (q_Lk_Lk..._Lk)—S
(k™)p =k k) n(s+n)l‘(§— s) (—=2)Sp~ Pk P2k pm
= 7 z limg,_, 0 . ™ .
k n=0 sints ['(1 —s) F(——p—k) r( pz_k)mF(T_pm_k)

_ n _fm, M
Z( 1)nF +qn) (—2)"p™ p (k p1 )p ( pzk)---p (k+pmk)

H1 Hz f My pfm o
e+ k)F(k to0 TG+ B

Using the equations (2.19) and (2.20) of [3] and the equation (16), we get

=, E(u i)(u i)---(u i)'Z]
P ok By N, ™ P

m
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Hence the result.
3.3 Relation of p-k multi-index Mittag Leffler function with other functions

Relation of p — k multi-index Mittag Leffler function with Fox H-function

Let M=1 and meZ and py,py, - p,, are arbitrary real (complex) numbers and
Re(u;))>0 Vi=12--m; q€eN; k,peR*—(0), yeC/Z™, py,p2, - pm > 0 and
1 1

1
-, —,—ER
P1 P2 Pm

Using the equation (22)

() () () 2
Hi,— Hoy— )\ Um»— )5 Z| =
PRk I\ p )\ p, ™ P
101

1 -5
L

.~V S S S
— Ui S \pbza_ S\ rkm_ S
"k (k plk)“k B TG~ o)

ds
Pm

14
(km)p—(%"'"""#Tm) (q 11 1 ) (1- % q)

p1k P2k pmk) |

= H}t —Zp '
y 1,m+1 w1 Um 1
Iz o1l —=—,—)(1--"2,—
k OHA -~ plk) (11— pmk)
(23)
Relation of p — k multi-index Mittag Leffler function with Wright function
Let M=1 and m e Z and Uq, Ug, -+ Uy are arbitrary real (complex) numbers and
Re(y;) >0vi=12--m;q€N; k,pe R* —(0), y€C/Z™, p1,p2  pm >0 and
L1l Ller
p1’ P2’ pm
Using the equation (22)
EL (1) (=) (=i 7]
U1, —) (2, —) = (Um,—); 2
Pk N, Y
my,,— (B 1 1 1 (1_Z’Q)
(k )p k k 1,1 (q__k__km_—k) k
= 7 Hl,m+1 —zp p1k p2 Pm | 1y 1 tom 1
't ODA-7 = (=5 —)
k pik k" pmk
K1 Hm 4 )
k™M~ Rt (k'q (_L_L..._L)
& kK ~ Y (& L)(H_m L) |zpq p1k p2k  pmk’ |, (24)
" 1 Kk’ pik k’ pmk
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3.4 Integral transform of p — k multi-index Mittag Leffler function
Theorem 3.2

Let M2land meZ and py,pp, - p, are arbitrary real (complex) numbers and

Re(yl)>0 vi=12-m ; qeN ; kpeR*—(0), py,ps-pm>0 and
p—pi p—e]R a,b,y €C/Z™ ; Re(a) >0, Re(b) >0, xz €R and o € C, the
1 2 m

Euler Beta transform of p — k multi-index Mittag Leffler function is

[ 281 = 2, Bt - 22
0 pk P Py p

m

Y
m Lty (— Q)(a o) S S S O
(k ) I'(b) I;y k el | xp(q P1k p2k Pmk)

)(a + b,0)

(k pk (k'pk

Proof: Using LHS side of the equation (25)

1 1 1 1
= 70711 = z)b~-1 g4 Uy, —)(y,—) - (U, —); x2°%] dz
fo (U= 207 B ) () o G ) 327

m

Using the equation (16), we have

1 xz° n
np(y)nq,k - f ( ') Za_1(1 _ Z)b_l dz
n=0 prk(lll +E)"'p e (tm +ﬁ) 0 n

Nk

Order of integration and summation can be interchanged under the conditions of uniform
convergence of the series as discussed in the subsection (16).

d n 1
z 111’()/)"‘1.’( () - f Z(0n+a)—1(1 _ Z)b—l dz
n=0 prk(lll +E)"'p e (U +ﬁ)(n!) 0

Z p(y)nq,k (x)n B(a + on, b)

n n
n=0 prk(:ul + E) “'p 1—‘k(.“m + ﬁ)(n')

Using equation (2.19) and (2.20) of [3], we get

Y
tm r
_ emyr(pyp” ® G 0(@9) SR T
X p1k p2k pmk’|.
r’ Ym+1 w1 TR | b |xp
k 2 k )plk) ( k 4 mk)(a ,O')

Hence the result.
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Particular Cases

aForm=1, yy =4, ;1 =§ equation (25) is reduced to equation (30) defined by
Gehlot[6]

fy 297 (1 = 2P EVI[(B, a); xz%] dz =

8 Y
Gorcep” (k) (E’ q) (a,0) (-5
rt 21(B «a |xp™ w (26)
k 2 (;,;)(a'l'b,o')
b Form=1, yy =8, p; :i and p = k equation (25) is reduced to equation (31)
defined by Gehlot [6]

Crope®  |G0@o)

(a-2)
% 2 xk™ K
T2 | EH@+bo

f01 297 1 - 2P EVU(B, a); xz°] dz

(27)
Theorem 3.3

Let M=1 and m e Z and Uq, Ug, -+ Uy are arbitrary real (complex) numbers and

Re(u;) >0 vi=12-m ; q€N ; kpeR*—(0) , py,p2pm>0 and
pi,pi,---pie R, a,y€C/Z™, Re(a) >0; x,Z ER o€C, a>0 and [ =1 then
1 2 m

k-Laplace transform [8] of p — k multi-index Mittag Leffler function is (here k of k
Laplace transform is replaced by [ to avoid confusion with k of multi-index Mittag

Leffler function) is

* a-1 —sézl Y4 1 1 1 ol
z4 e LB (M, —) (2 —) -+ (i, —); x2°7] dz
0 P1 P2 p

m
Y a 1 1 1
_am@y ety QOGO e
= 7 mid Ly L v : (28)
§ 2 k' pik k ’ pmk s
Where | 5| <1

sa
Proof Using LHS side of the equation (28)

* a—1 —sézl Y.q 1 1 1 ol
=f z4 e LB (M, —) (2 —) o (g, —); x2°7] dz
0 p1 P2 P

m

Using the equation (16), we have
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= Z P(y)nq,k (x)n fooz(lan+a)—1e—zls% dz
n n
n=0 prk(ﬂl + E) 'p Fk(.um + a)(n') 0

Order of integration and summation can be interchanged under the conditions of uniform
convergence of the series as discussed in the subsection (16).

(1/D-1

Let z! = u then z=u' and dz =2 u

- lz rf(y)nq'k )" _ f ” D usa gy,
L ol + 50 =+ T + 5 ) (1) Jo

Using definition of gamma function

o) a
_ Z p(y)nq,k(x)n F(T +no)
L T ) e T + 20 (D) (g tno
n=o vk 01 p lk(Um Pm : (sa)l

Using equation of (2.19) and (2.20) of [3] and using the equation (2.10), we get

Y a 11 1
(km)s—(%)p—(%+m+#7m) y (E:Q)(T;O') |xp(q_01_k_ﬁm_ﬁm—k)
- Y m|p 1 fm 1 o
Irz & —) (22— sa
2 k= pik k" pmk

Hence the result.

Particular Cases

aputtingm=1, yy =8, p1 = %, l=1and @« =1 in equation (28), it is reduced to
equation (34) defined by Gehlot [6]

J Z“‘le‘ssz{'q[(ﬁﬁ);xz"] dz
0

Y
_ (ts~ap~® G D@o) ot
SO L SR |

= (29)

B s o
2 |G s

b For I =1 and a = 1 then from equation (28), we get classical Laplace transform of
p — k multi-index Mittag Leffler function

. a-1,-sz EV.q l i 1 . 91d
z4 e B (M, —) (2 —) -+ (=) x2° ] dz
0 p1 P2 p

m
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1 1 1
u Um 14 .+ 1t 1
(km)s—ap—(Tl‘*"”*'—) ( q)(a 0) (q p1k p2k pmk)

F% so (30)

(kpk (k pk

c substitutingp =k, q=1m=1, yy =4, p; = %, =1 and a =1 in the equation
(28), it is reduced to equation (35) defined by Gehlot [7]

f 2% 1e=% EV (B, 8); x2°] dz
0

S_akl—(%) (%) 1)(a' O-) xkl_g (31)
TLED T
Theorem 3.4

Let M=1 and m e Z and Uq, Ug, -+ Uy are arbitrary real (complex) numbers and

Re(,ul)>0 vi=12-m ; q€eN ; kpeR"—(0) , p,ps-pn>0 and
p— pi p—e R, y € C/Z~ and s > 0 then Mellin transform of p — k multi-index
1 2 m

Mittag Leffler function is,

JOOO R [(‘ul'p_ll) (.Uz,p—lz) (,um, i)] (—t)dt =

1 1 1 s
) p—(’;c—1+-~+”Tm) T's I‘(Z—qs) p(P1k 2k Thmk D
* o) /7 P Y @)

k

(k pk) k pmk)

Proof: Substituting z = —t in the equation (22), we get
1 1
Ey,q I:(l'l 1_)'“<M I_>J(_t)] =
R AN ™ Pm
1

1 1 s
(km)p_(%'l""ﬂTm f FSF(Z — qs)p(q_pl_k_pz_km_p,m—k)
L

. S S
2mir ¥ rég- —)r(“2 =) TR - )

(t)~° ds.
p2k

By using equation (15), we find

pEC G, (i o0); (0] == 5 [, £ ($)(®) ds. (33)
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where,
_(ﬂ.'_. +Hﬂ) y (Lk—ik_% —_ q)S
. (kmyp (R + %) TsT (E - qs) pPrE PoE o
[ =" e e
k pik Pk

By using the equations (14) and (33), we get the desired result the equation (32).
3.5 Basic properties of p-k multi index Mittag Leffler function
Theorem 3.5

Let M=1and meZ and Uq, Ug, - Uy are arbitrary real (complex) numbers and

Re(ul)>0 vi=12-m ; q€N ; kp€eRt*—(0), py,pz-pm>0 and

—i —e]R y € C/Z~, then

P’ P2’ Pm
1z 1
k pEk [(#11_)(#2' ) (rum' ); ]
P1 P2
_ v.q 1 1. zp(d v.q
= pu B (s + b ) (b ) (um' )i+ () oB (e
1 1
kig:) (a5) = (ko m)’z] (34)
Proof: Using the equation (16) in the RHS of the equation (34), we get
_ z (p:ul) p(Y)nq,an
- n n
=0 ol +k+ _) op De(m + ﬁ)(n!)
Zp p(y)nqk nzn—l

n
P1 n=0 ka(.ul +k + ) 1-‘k(.um +ﬁ)(n!)

© n
p(y)nq,kzn(:ul + E)
-r), 7 7
= pl(u +k+ E) “op T (Um + ﬁ)(n!)

Using the property of two parameter gamma function namely I} (x + k) = % [ x of
14

equation (2.23) of [3], we get

Sk B G —) =)+ (i —); 7]
prk B 5 SN p, ™ o

m

Hence the result.
Theorem 3.6

Let M=1and meZ and g, up, -y, are arbitrary real (complex) numbers and
Re(u;) >0 vi=12-m ; q€N ; kpeRt*—(0), p,p2pm>0 and
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i,:—z,---i e R, y € C/Z, then derivative of the p — k multi-index Mittag Leffler

function is given by,

oy B G~ s~ G~ 2]
dz’ P P1 P2 Pm

1

, -
L Ly +t,ﬁ);2]. (35)

_ ] y+jakaq J 1
=p (y)]q,k pEx [(uq + pl:pl)(.uz + PR

Proof :Taking LHS of equation (35)

(d)j EPY( 1)( 1) ( 1) ]
5 J_ J_ oo J_;Z
dz’ vk W D o

Using the equation (3.1), we have

[o0]

(V)n kZ
= (—) p q,
w2, pTets + 57+ Tl +5) ()

n=0

Differentiating j times, we get

i p(y)nq,kzn_j
S Tl + 7 5 Tl + 5 (=)

Using equation (2.34) of [3], we get,

. j 1 j 1 1
=, (¥); EVY9 (y + 2, ) (g + =, —) -+ (i +——,—); 2].
p( )]q,k P~k [( 1 p1 pl)( 2 Dy ,02) ( m Om pm) ]

Hence the result.

Theorem 3.7

Let M=1and meZ and Uq, Uo, - Uy are arbitrary real (complex) numbers and

Re(;) >0 Vi=12-m; q€N; k,pe R" —(0), y € C/Z~, py,p2  pm >0 and

pi,pi, pi € R then the relation between p — k multi index Mittag Leffler function
1 2 m

and Mittag Leffler function defined by equation (20) is given by

£ [(k15) (k) ()57
‘Ll,_ #’_ ...#,— ;Z:
PR [\, )\ p, ™ P

1. 1 1

(kL Hm 1 — &
k™p~ )E( )q[(’;: E) (k o ) Zp pik  pmk], (36)
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Proof: Using the equation (16) and the equations (2.19) and (2.20) of [3] in the LHS of
the equation (35), we get

v.q 1 1 1
pEi " [, =) (i, —) - (m, —); 2]
2

m
_ Z P™(¥/K)ng z"
o) o) nl’
=0 i n
=R M R (A 51
nq_Lk..._Lk
_ km _(#1 +#m) )nq p P1 Pm Zn
Z ('u1+ )++[‘(M_W+L)F
prk k T pmk

Using equation (20), we get

= ey B DAL, e By P )
Hence the result.
And counter part of equation (34) is
o ) (2 g5
k “kpy kkpp
e ST ST R B | @)
kmo o,k AL mr o)
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