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Abstract: In this work, we utilize the C-Class function to derive several fixed point results 

within the framework of parametric metric spaces. Our findings extend and refine the 

contributions of Heera Ahirwar and Kavita Shrivastava [1], particularly under new rational 

contractive conditions. To emphasize the significance of our results, we provide examples 

for better illustration. This development enriches the understanding of fixed point theory 

and paves the way for its application in more intricate and varied mathematical contexts. As 

a result, our research propels the field forward, offering a strong basis for future studies and 

broad applications in mathematical science and engineering. 
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1. Introduction 

Fixed point theory addresses the existence and uniqueness of solutions to various 

problems, including partial differential equations, integral equations, variational 

inequalities, approximation theory, and game theory. It has widespread applications 

across mathematics, engineering, economics, and medical sciences. 

In 2014, Hussain et al. introduced the concept of parametric metric spaces as a 

generalization of traditional metric spaces and proved several fixed point results. Later 

that year, Rao et al. proposed parametric S-metric spaces, a new type of generalized 

metric space, and established several widely recognized fixed point theorems under 

various expansion conditions. Krishnakumar and Sanaatammappa [8] extended these 

results by introducing complete parametric b-metric spaces and providing supporting 

examples for their fixed point findings. 

In 2016, Daheriya et al. [5] proved fixed point theorems for continuous and surjective 

mappings involving expansion types. Ansari et al. [2] discussed C-class function on 

common fixed point theorem of weakly compatible maps in partial metric space. 

In 2017, Ege and Karaca [6] expanded on Hussain et al.’s findings using C-class 

functions, deriving new fixed point theorems for parametric metric spaces. Building on 
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this, Singh and Singh [10] applied the C-class function to establish fixed point and 

common linked fixed point results. 

In 2024, Ahirwar and Shrivastava [1] extended the C-class function to establish fixed point 

and common linked fixed point results, building upon the work of Singh and Singh [10]. 

In this work, we expand upon and extend the results of Mohammod et al. [9] and Ahirwar 

and Srivastava [1] by establishing coupled fixed point theorems under new rational 

contractive conditions. Additionally, we demonstrate various fixed point results in 

parametric metric spaces using C-class functions. 

2. Preliminaries 

To support our main results, we first revisit some key definitions and concepts related to 

parametric metric spaces. 

Definition 2.1 Garg and Ahirwar [7] Let   be a non-empty set and a        
(   )  ,   ) be a map on X , is said to be parametric metric on X if 

(a)   (     )          for all     

(b)   (     )    (     ), for all     

(c)   (     )    (     )    (     )   for  all           and      

Then    is called parametric metric and the pair (    ) is called parametric metric space. 

Definition 2.2 Let *  +   
 is a sequence in parametric metric space (    )      

(i) *  +   
 is called convergent to     if         (      )    written as 

           for all     

(ii) *  +   
 is called Cauchy sequence in   if           (       )     for all 

    

(iii) A parametric metric space (    ) is called complete iff every Cauchy sequence 

is convergent to      

Definition 2.3 Let (   ) be a complete parametric metric space and a function      

  is a called continuous in     if for any sequence *  +   
  in X such that 

           for all     then                 

Example: 1 Let   *   (    )   ⁄ + and defined a function        (   )  
,   ) by  (       )  |  ( )    ( )|                   and      then    is a 

parametric metric in X and the pair (    ) is called parametric metric space in X 

Definition 2.4 Choudhary and Garg [4] In a mapping             an element 

(   )     is called coupled fixed point of the mapping if    (   )    and   (   )  

   for         
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Example: 2. Let     and          is defined by    (   )  
  

 
 

Since (   ) is Coupled fixed point of   . 

Definition 2.5 Choudhary and Maity [3]: A function   ,   )  ,   ) is called an 

altering distance function if   is continuous, non-decreasing,      ( )              

Definition 2.6: A function   ,   )  ,   ) is called an ultra-altering distance function 

if   is continuous, and  ( )     ( )         

Definition 2.1 Ahirwar and Shrivastava [1] A continuous mapping   (   )  ,   )  

  is said to be C-class function if it satisfies the following conditions: 

*  +    (   )    , For all      ,   )  

*  +   (   )    Either                 

Example: 3 The following functions   (   )  ,   )    are elements of C for all 

    ,   )  

(I)  (   )        (   )         

(II)  (   )   (   )                  

(III)  (   )             (   )         

(IV)  (   )    
 

   
  (   )         

(V)  (   )    
   

   
  (   )         

(VI)  (   )     ( )  (   )         here     ,   )  ,   )  is a 

continuous function such that   φ( )         

(VII)  (   )    ( )   ,   )  ,   )  and is a continuous function   

 (   )         

Let   denote the set of all continuous and monotone non-decreasing function   ,   )  
,   ) such that  ( )    if and only if        (   )   ( )   ( )  for all      

,   )  

Let    denote the all continuous function   ,   )  ,   ) such that  ( )    if and 

only if      and    denote the set of all continuous function   ,   )  ,   ) such 

that  ( )      note that        

Theorem 2.5: Let T be a self-mapping defined on a complete metric space (X,d) 

satisfying the condition 

 ( ( (     )))   ( ( (   ))  ( (   ))) 
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for         where F is subclosed of X and invariant under T, ψ and ϕ are the earlier 

described altering distance functions (or ϕ an ultra-altering distance function), f is a 

function of C-class, and h is a function of A-class, Then T has a unique fixed point in F. 

Now we present our main results with new rational contractive conditions. 

3. Main Results 

Theorem (3.1) Let (   ) be a complete parametric metric space and           is a 

continuous  

Mapping, satisfying the following rational contractive condition: 

 . (  (   )   (   )  )/    . ( (   ))  ( (   ))/ 

                                                         

 (   )

  , (     )   (     )-       [ (    (   )  )  (    (   )  )  (    (   )  )]

      [ (  (   )    ) (  (   )    ) 
 (  (   )    ) (    (   )  )

   (     )   (     )
] 

Where,           and            0  
 

 
/ then    has a unique coupled Fixed point 

in      

Proof : Choose         is arbitrary and define the sequence *  +    and *  +    as 

follows   (     )               (     )                      then consider 

the inequality:   

 ( (           ))   . (  (     )   (         )  )/ 

  

[
 
 
 
 
 
 
 
 
 
 
 
 

 

{
 
 

 
 

 , (         )   (         )-

      [ (     (     )  )  (       (         )  )  (       (     )  )]

      [

 (  (     )       ) (  (         )       ) 

 (  (     )       ) (     (         )  )

   (         )   (         )

]

}
 
 

 
 

 

 

{
 
 

 
 

 , (         )   (         )-

      [ (     (     )  )  (       (         )  )  (       (     )  )]

      [

 (  (     )       ) (  (         )       ) 

 (  (     )       ) (     (         )  )

   (         )   (         )

]

}
 
 

 
 

]
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[
 
 
 
 
 
 
 
 
 

 

{
 
 

 
  , (         )   (         )-

      , (         )  (           )  (         )-

      [ (           ) (           ) 
 (           ) (         )

   (         )   (         )
]
}
 
 

 
 

 

 

{
 
 

 
  , (         )   (         )-

      , (         )  (           )  (         )-

      [ (           ) (           ) 
 (           ) (         )

   (         )   (         )
]
}
 
 

 
 

]
 
 
 
 
 
 
 
 
 

 

  {

 , (         )   (         )-       , (         )  (           )  (         )-

      [ (           ) (           ) 
 (           ) (         )

   (         )   (         )
]

} 

  {
 , (         )   (         )-       , (         )  (           )-

      , (           ) (           )  -
} 

There are two cases may be possible: 

Case (I) if    * (         )  (           )+   (         ) then we get  

 ( (           ))   * , (         )   (         )-     (         )+ 

 (           )   , (         )   (         )-     (         ) 

 (           )  (   ) (         )     (         ) 

Similarly we can show that,  

 (           )  (   )  (         )     (         ) 

By adding, 

, (           )   (           )-  (    ) , (         )   (         )- 

, (           )   (           )-   , (         )   (         )- , 

 Where,   (    )    

By mathematical induction, we get 

, (           )   (           )-      , (       )   (       )- 

Taking limit as                 then  

, (           )   (           )-      (           )
         (           )    

Hence the sequence *  + and *  + is a Cauchy sequence. 

The completeness of (   )   *  +     *  +                Call the limit           

then       and       as     and ₮ is Continuous and   (     )       
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then   (            
   

  )          (     )                

  (     )     

Similarly from   (     )       

then   (            
   

  )          (     )                

  (     )     

Thus           is a Couple fixed point of    in X. 

Case (II) if    * (         )  (           )+   (           )             

 ( (           ))   * , (         )   (         )-     (           )+ 

 (           )   , (         )   (         )-     (           ) 

(   ) (           )   , (         )   (         )- 

 (           )  
 

(   )
  (         )  

 

(   )
  (         ) 

Similarly we can show that,  

 (           )  
 

(   )
  (         )  

 

(   )
  (         ) 

Adding   

, (           )   (           )-  
  

(   )
, (         )   (         )- 

, (           )   (           )-   , (         )   (         )- 

Where,   
  

(   )
   

By mathematical induction, we get 

, (           )   (           )-      , (       )   (       )- 

Taking limit as                then  

, (           )   (           )-      (           )         (           )
   

Hence the sequence *  + and *  + is a Cauchy sequence. The completeness of (   )   
*  +     *  + is conve gent. Call the limit          

then       and       as     and    is Continuous and   (     )       then  

  (    
   

      
   

  )     
   

  (     )     
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  (     )     

Similarly, from   (     )       then 

    (            
   

  )          (     )                

    (     )     

Thus           is a Couple fixed point of    in X. 

Uniqueness: Let us consider (     )     (     ) are two distinct coupled fixed point of 

           such that      (     )      (     )              (     )     

  (     ) 

then by above inequality, 

 ( (       ))   . (  (     )   (     )  )/ 

  

[
 
 
 
 
 
 
 
 
 

 

{
 
 

 
  , (       )   (       )-

      , (       )  (       )  (       )-

      [ (       ) (       ) 
 (       ) (       )

   (       )   (       )
]
}
 
 

 
 

 

 

{
 
 

 
 

 , (       )   (       )-

      [ (     (     )  )  (     (     )  )  (     (     )  )]

      [ (  (     )     ) (  (     )     ) 
 (  (     )     ) (     (     )  )

   (       )   (       )
]
}
 
 

 
 

]
 
 
 
 
 
 
 
 
 

 

  

[
 
 
 
 
 
 
 {

 , (       )   (       )-       , (       )  (       )  (       )-

      [ (       ) (       ) 
 (       ) (       )

   (       )   (       )
]

}  

 {

 , (       )   (       )-       , (       )  (       )  (       )-

      [ (       ) (       ) 
 (       ) (       )

   (       )   (       )
]

}

]
 
 
 
 
 
 

 

  {

 , (       )   (       )-       , (       )  (       )  (       )-

      [ (       ) (       ) 
 (       ) (       )

   (       )   (       )
]

} 

 ( (       ))   * , (       )   (       )-    (       )+ 

 (       )  * , (       )   (       )-    (       )+ 

 (       )  (   ) (       )    (       ) 

Similarly we can show that 
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 (       )  (   ) (       )    (       ) 

Adding 

, (       )   (       )-  (    ), (       )   (       )- 

Since, (    )    so that the above inequality is only true when 

, (       )   (       )-     (       )   (       )    

This implies that,                    

Thus, (     )     (     ) 

                                                  

Definition 2.8 Let us we introduced dominate function used in our main theorem.  

Let dominate function 𝜳 denotes the set of all function   ,    )  ,    ) satisfying 

the following conditions: 

(a)  ( )                     ,    )   

(b)  ( )     ( )                              ( )           ( )  

                

Now we draw upon rational type contractive conditions by using dominate function and 

prove unique coupled fixed point theorem. 

Theorem (3.2) Let (   ) be a complete parametric metric space and          is a 

continuous mapping, satisfying the following rational contractive condition: 

 . (  (   )   (   )  )/    . ( (   ))  ( (   ))/ 

                                                        

 (   )   , * (     )   (     )+-

     [ { (    (   )  )}  { (    (   )  )}  { (    (   )  )}] 

      [ { (  (   )    )}  { (  (   )    )} 
 { (  (   )    )} { (    (   )  )}

   * (     )+   * (     )+
] 

Where,          and           0  
 

 
/ then    has a unique coupled Fixed point 

in      

Proof: Choose         is arbitrary and define the sequence *  +    and *  +    as 

follows   (     )             (     )                     then consider the 

inequality: 

 ( (           ))   . (  (     )   (         )  )/ 
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[
 
 
 
 
 
 
 
 
 
 
 
 

 

{
 
 

 
 

  *, (         )   (         )-+

      [ { (     (     )  )}  { (       (         )  )}  { (       (     )  )}]

      [

 { (  (     )       )} { (  (         )       )} 

 { (  (     )       )} { (     (         )  )}

   * (         )+   * (         )+

]

}
 
 

 
 

 

 

{
 
 

 
 

  *, (         )   (         )-+

      [ { (     (     )  )}  { (       (         )  )}  { (       (     )  )}]

      [

 { (  (     )       )} { (  (         )       )} 

 { (  (     )       )} { (     (         )  )}

   * (         )+   * (         )+

]

}
 
 

 
 

]
 
 
 
 
 
 
 
 
 
 
 
 

 

  

[
 
 
 
 
 
 
 
 
 

 

{
 
 

 
   *, (         )   (         )-+

      , * (         )+  * (           )+  * (         )+-

      [ * (           )+ * (           )+ 
 * (           )+ * (         )+

   * (         )+   * (         )+
]
}
 
 

 
 

 

 

{
 
 

 
   *, (         )   (         )-+

      , * (         )+  * (           )+  * (         )+-

      [ * (           )+ * (           )+ 
 * (           )+ * (         )+

   * (         )+   * (         )+
]
}
 
 

 
 

]
 
 
 
 
 
 
 
 
 

 

  

{
 
 

 
   *, (         )   (         )-+

      , * (         )+  * (           )+  * (         )+-

      [ * (           )+ * (           )+ 
 * (           )+ * (         )+

   * (         )+   * (         )+
]
}
 
 

 
 

 

   *, (         )   (         )-+       , * (         )+  * (           )+-

      [ * (           )+ * (           )+ 
 * + * (         )+

   * (         )+   * (         )+
]
 

  {
 , (         )   (         )-       , (         )  (           )-

      , (           ) (           )  -
} 

Now follows same proof of theorem (3.1) 

Corollary (1) If we take      in theorem (3.1) then   

let (   ) be a complete parametric metric space and          is a continuous 

mapping, satisfying the following rational contractive condition: 

 . (  (   )   (   )  )/    . ( (   ))  ( (   ))/ 
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 (   )   , (     )   (     )-

      [ (    (   )  )  (    (   )  )  (    (   )  )] 

Where,          and          0  
 

 
/ then    has a unique coupled Fixed point 

in      

Corollary (2) If we take      in theorem (3.1) then   

let (   ) be a complete parametric metric space and           is a continuous 

mapping, satisfying the following rational contractive condition: 

 . (  (   )   (   )  )/    . ( (   ))  ( (   ))/ 

                                                        

 (   )
  , (     )   (     )-

      [ (  (   )    ) (  (   )    ) 
 (  (   )    ) (    (   )  )

   (     )   (     )
] 

Where,        and          0  
 

 
/ then    has a unique coupled Fixed point in      

Example 4. Let   ,   - define               (   )  )  |   |  
| |                then (   ) be a complete parametric metric space and 

define               (   )  
 

 
                    since |     |  |   |  

|    | and |  |  | |  | |. For all       then,   (  (   )   (   )  )  

|
 

 
   

 

 
  |  |

 

 
  | 

 
 

 
(|   |  |   |)  

 

 
(| |  | |) 

 
 

 
(|   |  |   |  | |  | |) 

 
 

 
,(|   |  | |)  

 

 
(|   |  | |) 

 ( (   )  (   )  )  
 

 
, (     )   (     )-  

So,   
 

 
                                                              

   (   ) is the coupled fixed point of    in      

4. Conclusion 

In this research paper, we have improved, extended and generalized the many literatures 

theorem for new rational contractive conditions and prove fixed point theorem and 
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coupled fixed point theorem for Parametric metric spaces with the assistance of C-class 

function. The result of our proposed work can be further extended for other metric spaces 

and fuzzy metric space. 
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