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Abstract: In the present paper, the effect of internal heat source on the onset of double-

diffusive convection in a rotating nanofluid layer saturating a sparsely distributed porous 

medium has been investigated using Darcy-Brinkman model. A linear stability analysis 

has been carried out for the case of free boundaries. Expressions for thermal Darcy-

Rayleigh numbers for stationary and oscillatory convection are determined numerically 

and valid approximations are also made in the complex equations for oscillatory 

convection to get useful results. The dual impact of the Darcy number on the fluid system 

for stationary convection is analyzed numerically and predicted graphically. It is also 

shown that the parameters such as Rotation, Dufour and Soret have stabilizing influence, 

whereas the nanoparticle concentration Rayleigh number has a destabilizing effect on the 

onset of stationary convection. 

Keywords: Nanofluid, Internal heat source, Rotation, Porous medium, Darcy-Brinkman 

Model. 
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1. Introduction 

The common heat transfer fluids, like water or tri-ethylene glycols with suspended 

ultrafine solid nanoparticles having dimension from 1 to 100nm are called as Nanofluids. 

The term „Nanofluid‟ was, first of all, used by Choi [13]. The presence of these 
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suspended nanoparticles increases the thermophysical properties such as thermal 

conductivity, thermal diffusivity, viscosity and convective heat transfer coefficients 

compared to those of base fluids [38]. Due to the property of very high thermal 

conductivity, the nanofluids are used as great coolants and will also act as more effective 

heat exchangers in chemical production industries, power stations, transportation 

industry, nuclear reactors, transportation industry, micro-electromechanical systems 

(MEMS), electronics and instrumentation and biomedical applications (nano-drug 

delivery, cancer therapeutics, cryopreservation) (Khanafer et al. [21] and; Khaled and 

Vafai [18]). 

The onset of convection in a horizontal fluid layer heated from below, known as Benard 

problem, has extensively been studied. For the detailed knowledge of the Benard problem 

one may refer to Chandrasekhar [11]. The convection in Nanofluids has also been 

extensively studied for last few decades. Buongiorno [9] was the first who studied 

convective heat transport in nanofluids. Based upon his findings Tzou [36] and 

Dhananjay et al. [16] studied the Rayleigh-Benard problem for nanofluids and found that 

regular fluids are more stable than nanofluids. For more studies on the topic of Rayleigh-

Benard convection in nanofluids one may refer to Nield and Kuznetsov [28,29], 

Bhadauria and Agarwal [6], Khalid et al. [19] and Kiran and Manjula [22]. 

Double-Diffusive convection, more specifically known as thermohaline or thermosolutal 

convection has attracted considerable interest due to its wide range of applications in 

oceanography, earth's atmosphere, stellar convection, electrochemistry, prediction of 

groundwater movements in aquifers, in the energy extraction process from geothermal 

reservoirs, in nuclear engineering, etc. (Huppert and Turner [17], Malashetty et al. [26]). 

For the excellent review of the topic, one may be referred to Turner [35] and Radko [33]. 

Recently, double diffusive convection has also been investigated when the base fluid of 

the nanofluid is itself a binary fluid such as salty water. Kuznetsov and Nield [24], Nield 

and Kuznetsov [30] studied the double-diffusion convection in a horizontal nanofluid 

layer in porous and non-porous medium, respectively, by incorporating the effects of 

Brownian motion and thermophoresis. Aggrawal et al. [1] studied non-linear convective 

transport in a binary nanofluid saturated porous medium. Yadav et al. [40] analysed the 

effect of thermal conductivity and variable viscosity on the stability of double diffusive 

convection in a nanofluid saturated porous layer. Sharma and Gupta [34] studied double 

diffusive convection in a horizontal nanofluid layer in porous medium in the presence of 

uniform vertical rotation. Chamkha et al. [10] studied the mixed convection in a porous 

gamma-shaped nanofluid layer. Umavathi and Beg [37] investigated the double diffusive 

convection in a non-newtonian nanofluid saturated porous layer. Pundir et al. [32] 

investigated the stability of hybrid nanofluid layer in the presence of solute gradient when 

heated from below.  

There are many practical situations like nuclear reactions, petroleum production, food 

engineering, electrical equipments, oil extractions, crystal growth, astrophysics, thermal 

ignition, geophysics, nuclear energy, fire and combustion studies, and storage of 

radioactive materials, etc. wherein a porous material or any reacting material undergoes a 
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weak exothermic reaction and heat is being generated internally through radioactive 

decay or through chemical reaction. The subsequent study on internal heat generation on 

the onset of convection in porous and non-porous medium has attracted the attention of 

many researchers. Chowdhury et al. [14] studied finite element analysis of double-

diffusive natural convection in a porous triangular enclosure filled with Al2O3-water 

nanofluid in presence of heat generation. Bhattacharyya and Jena [8] investigated the 

thermal instability of a horizontal layer of micropolar fluid with heat source. Char and 

Chiang [12] studied stability analysis of Benard-Marangoni convection in fluids with 

internal heat generation. Bhadauria et al. [7] and concluded that internal heat source 

destabilizes the system. Awasthi et al. [4] studied the effect of this internal heat source on 

the onset of triply diffusive convection in a Maxwell fluid saturated porous layer. The 

influence of uniform internal heat generation on the onset of convection in a horizontal 

nanofluid layer is studied by Yadav et al. [40, 41] and Nield and Kuznetsov [28] and 

predicted its destabilizing effect on the system. The effect of internal heat source on the 

onset of double-diffusive convection in a rotating nanofluid layer with feedback control 

strategy is investigated by Khalid et al. [20]. Bhadauria and Srivastava [5] investigated 

the combined effect of internal heating and through-flow in a nanofluid saturated porous 

medium under local thermal nonequilibrium. Recently, Devi et al. [15] investigated 

internal heat source effects on thermosolutal convection of casson nanofluids embedded 

by Darcy-Brinkman model. For more studies in the field of internal heat generation and 

flow through porous medium. One may refer to Prakash and Bala [31], Ali et al. [3], 

Akhila et al. [2] and Kumari et al. [23]. 

The aim of the paper is to examine the combined effects of rotation and internal heat 

source on the onset of double-diffusive nanofluid convection in porous medium using 

Darcy-Brinkman model. The effects of physical parameters, such as, nanoparticles, 

Taylor number, internal Rayleigh number, solute Rayleigh number, Darcy number and 

nanoparticle Rayleigh number on the stability of the system are predicted numerically 

using MATHEMATICA and presented graphically. 

2. Mathematical formulation of the problem 

Consider an infinite horizontal layer of a viscous finitely heat conducting incompressible 

nanofluid of thickness  , saturating a sparsely distributed porous medium which is heated 

and soluted from below. The fluid layer is statically confined between the horizontal 

boundaries     and     which are respectively maintained at uniform temperatures 

   and   (   ), concentrations    and   (   ) and nanoparticle volume fraction    

and   (    ). The nanofluid layer rotates about the vertical axis at a constant angular 

velocity  (     ) and subjected to a uniform internal heat source   . It is further 

assumed that porous medium is a constant porosity medium and the Darcy-Brinkman 

Model has been used to investigate the Double-Diffusive Nanofluid convection in a 

sparsely distributed porous medium (Fig. 1). 
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Fig. 1: Geometrical configuration of the problem 

The basic equations governing the motion of nanofluid for the above model are given by 

(Yadav et al. [39], Nield and Kuznetsov [27,28]. 
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where    (     ), t,  ,        ̅        (     ) denote respectively the 

nanofluid velocity, time, pressure, nanofluid density, porosity of the medium, fluid 

viscosity, medium effective viscosity, permeability of porous medium, fluid specific heat 

and acceleration due to gravity. Further, T is the temperature,   is the solute 

concentration,   is the nanoparticle volume fraction,    is the thermal volumetric 

expansion coefficient,    is the analogous solute coefficient,    is the medium density, 

   is the nanoparticle density,    is the medium specific heat,    is the nanoparticle 

specific heat,    is the thermal conductivity of the porous medium, (  )  is the heat 

capacity of nanofluid, (  )  is the effective heat capacity of porous medium,    is the 

Brownian diffusion coefficient,    is the thermophoretic diffusion coefficient,    is the 

diffusivity of solute,     is the diffusivity of Dufour type and     is the diffusivity of 

Soret type. 

The boundary conditions for the velocity, the temperature, the solutal concentration and 

the volumetric fraction of the nanoparticle are given as 

   ,     ,     ,      at    , (6) 



 

 

 

 

 

 

Effect Of Internal Heat Source and Rotation... 5 

 

   ,     ,     ,      at    . (7) 

Let us introduce dimensionless variables as 

(        )  (     )  ,          
 ,          ,            ,    
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 , (8) 

where    
  

(  ) 
 is the thermal diffusivity,   

(  ) 

(  ) 
 is the heat capacity ratio and the 

superscript „*‟ denotes the dimensionless variable. 

Substituting Eq. (8) into Eqs. (1) - (5), we obtain the following nondimensional equations 

(dropping the asterisk „*‟ for simplicity) 
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where   (     ) is the dimensionless nanofluid velocity,  ̂  (     ) is the unit 

vector in the   – direction,    
 

   
 is the Prandtl number,    

    ̅

   
 is the Darcy 

number,    
  

  
 is the Nanofluid Lewis number,    

  

  
 is the solute Lewis number, 

   
       (     )

   
 is the thermal Darcy-Rayleigh number,    

        (     )

   
 is the 

solute Rayleigh number,    
(    )(     )    

   
 is the Nanoparticle concentration 

Rayleigh number,    
,      (    )-    

   
 is the basic-density Rayleigh number, 

   
   

 

  
 is the internal Rayleigh number,    

       

    
 is the Taylor number,    

  (     )

    (     )
 is the Diffusivity ratio,    

 (  ) 
(  ) 

(     ) is the particle density 

increment,     
   (     )

  (     )
 is the Dufour parameter,     

   (     )

  (     )
 is the Soret 

parameter. 

The boundary conditions (6)-(7) in non-dimensional form become  

   ,    ,    ,      at    , (14) 

   ,    ,    ,      at    . (15) 

The basic state of nanofluid is assumed to be static state and is given by 
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     (     ),     ( ),     ( ),     ( ),     ( ). (16) 

Using the basic state in Eqs. (9) – (13), we get the following basic state solutions as given by 

    
   √  (   )

   √  
,             (    
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   √  (   )

   √  
). (17) 

Now we analyze the stability of basic state by introducing the following perturbations: 
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where       (        ),    ,    ,    and   are perturbations in nanofluid velocity, 

pressure, temperature, concentration and nanoparticle volume fraction respectively and 

are assumed to be small.  

Using Eqs. (18) into Eqs. (9)-(13) and using the basic state solutions, we obtain the 

following linearized perturbation equations  
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The normal mode expansion of the dependent variables          ,   ,        and    is 

assumed in the form  

  (        )     ( )   , (         )    -, (26) 

where    and    are the wave numbers along   and   directions respectively,    

√  
    

  is the resultant wave number and   is a complex constant in general. For 

functions with this dependence on x, y and t, we have  
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Eqs. (19)-(25), then become 
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Eliminating     and     from Eqs. (29) and (30) by multiplying Eq. (29) by     and (30) 

by     respectively, adding the resulting equations and using Eq. (28), and then 

eliminating     between this resulting equation and Eq. (31), we obtain 
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Where      (   
      

  ), (36) 

is the   – component of vorticity. 

In order to obtain an equation governing    , multiplying equations (29) and (30) by     

and     respectively, subtracting the former resulting equation from the latter resulting 

equation and then making use of equations (28) and (36), we obtain 
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with boundary conditions 

                 at       and      , (43) 

(both the boundaries are free) 

where   is the real independent variable such that        ,   
 

  
 is differentiation 
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)    is the normalized 

porosity,     is square of the wave number,         is the Prandtl number,   is the 

complex growth rate,      is the Darcy number,      is the Taylor number,      

is the solute Lewis number,      is the nanofluid Lewis number,      is a constant 

diffusivity ratio,      is a constant particle density increment,       is a constant 

Dufour parameter,       is a constant Soret parameter,       is the thermal Darcy-

Rayleigh number,      is the solute Rayleigh number,      is the nanoparticle 

concentration Rayleigh number,      is the internal Rayleigh number,   is the vertical 

velocity,   is the temperature,   is the concentration,   is the volume fraction of 

nanoparticles and   is the  -component of the vorticity. 

It may further be noted that Eqs. (38) - (43) describe an eigenvalue problem for    and 

govern Double-Diffusive Nanofluid convection in a porous medium heated and salted 

from below with the presence of internal heat source and rotation for the case of free 

boundaries.  

3. Mathematical analysis 

Operating Eq. (38) with the operator   . 
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To satisfy boundary conditions (43), we assume the solution for  ,  ,  ,  , and   in the 

form 

         ,          ,          ,          , (45) 

where   ,   ,    and    are constants. Substituting Eq. (45) into Eq. (44) and Eqs. 

(39)–(41), multiplying the resulting equations by      , and integrating each equation 
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from       to       and performing some integration by parts, we obtain the following 

matrix equation 
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The above system of homogeneous equations admits a non-trivial solution only if its 

determinant is equal to zero which on solving yields the characteristic equation of the 

system. This characteristic equation gives the following expression for the thermal Darcy-

Rayleigh number     
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The growth rate   is a complex constant in general such that       , where   and   

are respectively the real and imaginary parts of  . The system is always stable if Re( )    

while it will become unstable if Re ( )   . For neutral stability we have Re ( )   . 

3.1 Stationary convection  

For the validity of the “principle of exchange of stabilities” (stationary convection), we 

have     (i.e.      ) at the marginal stability. Then Eq. (51) reduces to 
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Special case: 

In the absence of internal heat source i.e.     , we have      and       , we obtain 
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an expression as obtained by Sharma and Gupta [34]. Again if            and    
 , we obtain 

   
  ( 
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   /  . (54) 

This is the same expression for thermal Rayleigh-Darcy number as obtained by 

Kuznetsov and Nield [24]. 

For the case when     , the minimum is attained with     and the minimum value 

is  
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On the other hand, in the case where    is large compared with unity, the minimum being 

attained at   
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, and the minimum value is 
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In the absence of nanoparticles, one recovers the well-known results that the critical 

Rayleigh-Darcy number (Lapwood [25]) is equal to     when       and that the 

critical value of the fluid Rayleigh-number Chandrasekhar [11] is 
    

 
       in the 

case where    tends to infinity.  

3.2 Oscillatory convection 

For oscillatory convection, we put     , where   Im( ) (Re( ) =    ) in the 

eigenvalue equation (51). Assuming Lewis number and Prandtl number approaching to 

infinity with Dufour and Soret parameters negligible and heat capacity ratio as unity, the 

real and imaginary parts of equation (51) can be written as  
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Solving Eqns. (57) and (58), we obtain 
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Special case: 

In the absence of internal heat source i.e.     , we have      and       , Eqs. 

(57) to (61) yields 
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which are the same expressions as derived by Sharma and Gupta [34].  

It is worth to point out from Eq. (57) that if          (     )then all coefficients 

are positive. Thus, Eq. (57) does not have any positive value for     

Thus, no oscillatory instability is possible if      and     (     )  

4. Results and discussion 

In the present work, the effect of internal heat source and rotation on the onset of double-

diffusive convection in a nanofluid layer saturating a sparsely distributed porous medium 

heated and soluted from below, has been investigated using Darcy-Brinkman model. The 

problem has been studied analytically and numerically by using the software 

MATHEMATICA. The marginal stability curves for stationary mode are depicted 

through various figures for fixed values of different parameters. The variation of thermal 

Darcy-Rayleigh number    with wave number   is plotted in Figs. (2)-(11). The values 

of various parameters are assumed as     ,        ,       ,       ,     
     ,      ,      ,        (Sharma and Gupta [34]).  

In the present study, the results depicted in Figs. (2)-(10) are discussed for alumina 

nanoparticle (    ,        ). The impact of the internal heat source on the onset of 

stationary convection in a nanofluid layer is depicted in Fig. 2 which demonstrates that an 

increase in internal Rayleigh number iR  results in a spontaneous decrease in the Rayleigh 

number. This is due to the fact that the system becomes more unstable due to the 

enhanced energy supply, leading to greater disturbances within the nanofluid layer. 

Further, Fig. 3 illustrates that the solute Rayleigh number sR has a destabilizing effect on 

the system in the presence of internal heat source which is contrary to the case of classical 

thermohaline convection problem wherein the effect is stabilizing. 



 

 

 

 

 

 

12 Harjinder Singh, Chitresh Kumari, Kaka Ram, Ananaya Sharma and Jyoti Prakash 

 

Fig. 2:    vs   for different values of    with                          
                                        and        

 

 

Fig. 3:     vs   for different values of    with                        
                                               and        
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Fig. 4:     vs   for different values of     with                       
                                         and        

 

 

Fig. 5:      vs   for different values of    with                        
                                         and        
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Fig.  6:     vs   for different values of    with                        
                                       and        

 

 

Fig. 7:     vs   for different values of    with                        
                                          and        
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Fig. 8:     vs   for different values of     with                        
                                         and        

 

 

Fig. 9:     vs   for different values of     with                        
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Fig. 10:    vs   for different values of    with                       
                                         and        

 

 

Fig.11:  Effect of different nanoparticles on Rayleigh number     Alumina nanoparticles 

(      ,        ), copper nanoparticles (    ,        ) and silver 

nanoparticles (    ,        )where                         
                                and        
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The effect of Taylor number    on the thermal Darcy-Rayleigh number    against the 

wave number   is shown in Fig. 4. It is clear from this figure that rotation has a 

stabilizing influence on the stability of the nanofluid layer. This indicates that the Coriolis 

force resulting from rotation inhibits the onset of stationary convection in the nanofluid 

layer. Since the nanoparticle concentration Rayleigh number nR is directly proportional to 

the nanoparticle volume fraction  . Thus, an increase in the nanoparticle concentration 

Rayleigh number will increase the nanoparticle volume fraction as a result of a 

combination of Brownian motion and thermophoresis diffusion within the nanofluid 

layer, thus destabilizing the system, as seen clearly in Fig. 5. The effects of nanofluid 

Lewis number and solute Lewis number on thermal Darcy-Rayleigh number are shown in 

Figs. (6) and (7) respectively. The destabilizing influence of the nanofluid Lewis number 

can be seen in Fig. (6). However, the solute Lewis number's stabilizing influence on the 

fluid layer's stability is so small that it is not reflected in Fig. (7). The impacts of two 

important types of interdiffusion, that is Soret and Dufour parameters (arising due to the 

combination of temperature and concentration gradients in a nanofluid system) are 

depicted in Figs. 8 and 9, respectively. In Fig. 8, the values of Rayleigh number increase 

as the Soret parameter increases and thus stabilizes the system. The influence of the 

Dufour parameter is also stabilizing on the system as can be seen in Fig. 9. Fig.10 shows 

that Darcy number    has dual effect. It is found that for small values of wave number, 

the Darcy number    has a destabilizing effect on the system while for large values of 

wave number the effect of    is reversed. The Effects of different nanoparticles viz. 

alumina nanoparticles (      ,        ), copper nanoparticles (    ,        ) 

and silver nanoparticles (    ,        ) on Rayleigh number with internal Rayleigh 

number      are shown in Fig.11. Among the nanofluids analyzed, copper-water is the 

most stable, followed by alumina-water, with silver-water being the least stable. 

5. Conclusion 

The study examines double-diffusive convection in a horizontal layer of nanofluid within 

a sparsely distributed porous medium, considering the effects of rotation and an internal 

heat source under free boundary conditions. The findings reveal that the internal heat 

source destabilizes the system. The Darcy number exhibits a dual effect: it destabilizes 

the system for small wave numbers but stabilizes it for large wave numbers. Parameters 

such as rotation, Dufour, and Soret have stabilizing influence, whereas the nanoparticle 

concentration Rayleigh number has a destabilizing effect on the system. Among the 

nanofluids analyzed, copper-water is the most stable, followed by alumina-water, with 

silver-water being the least stable. 
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