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Abstract: In the field of theoretical physics, Riemannian metric "o’ and 1-form metric *p’
plays very important role and a homogeneous function of degree one with Riemannian
and differentiable 1-form metric is known as (o, B)-metric which is a special kind Finsler
metric and it is very interesting for the development of the special Finsler spaces. In the
present paper, we have studied Weakly-Berwald space of a Finsler space with exponential
form of (a, B)-metric, and examined the nature of Weakly-Berwald space for a special
exponential form of (a, B)-metric with various constraints.
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1. Introduction

Let M" be an n-dimensional C* related manifold and T,M is the tangent space of M" at x
then the tangent bundle of M" is the union of tangent spaces TM = U,.¢pn T«M. Further if
the elements of TM is given by (x, y), whereas ye T,M". Further let TM,=TM- {0}, then
the definition of Finsler space is given by

Definition 1.1. Let us consider a metric function L: TM — [0, ] on a n-dimensional
smooth manifold M" which satisfying following properties:

1. Lis C*on TMy
2. L is positively 1-homogeneous on the fibers of tangent bundle TM, and
272
3. the Hessian of L? with element gij = %% is regular on TMy, i.e., det (g;;) # 0

then the space equipped with (M", L) is known as Finsler space and the metric L is known
as Finsler metric.
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Now if the metric L is a function o and  then the metric is known as (o, p)-metrics and
the interesting and significant examples of an (o, f)-metrics are Randers metric (a0 + ),

2 2
Kropina metric % and Matsumoto metric [7] (a“_—ﬁ) The notion of an (o, B)-metric was

introduced by M. Matsumoto [6] and has been studied by many authors [9, 10, 5, 6, 7, 12]
and obtained various important results which are the back bones of the development of
the Finsler geometry.

In 1929, L Berwald studied [2] an affinely connected Finsler space, if connection
coefficients G, of BI" are functions of position x' alone which is same as the case of linear
connection and in this case the equation of geodesics is given by

d?x! LG )dxj dxK _ )

ds? K45 ds T

This is similar to the case of Riemannian space. Now a day Berwald space is defined as

Definition 1.2. A Finsler space is called a Berwald space, if the connection
coefficients Gjof BI' are functions of position x' alone, in any coordinate system.

The concept of Weakly-Berwald space introduced by Matsumoto [8] which is the
generalization of Berwald space i.e. A Finsler space with an (o, p)-metric is a Weakly-

. oB™ . ) . I
Berwald space if B = oym isaone form [4], i.e., By is a homogeneous polynomial in

(y") of degree one. He also investigated that a Finsler space with an (o, )-metric is a
Weakly-Berwald space, if B™ are homogeneous polynomials in (y') of degree two.
Further several authors [1, 4, 15] studied various important and interesting properties for
Weakly-Berwald space.

In 2020, Tripathi [13,14] considered a special type Finsler space with exponential (o, B)-
metric and obtained the basic properties of Finsler space with exponential (a, )-metric
and obtained conditions for Finslerian hypersurfaces with this metric. In the present paper
we have consider an n-dimensional Finsler space F" = {M", L (a, B)}, that is, a pair
consisting of an n-dimensional differentiable manifold M" equipped with a Fundamental
function L as a special Finsler space with the metric

I} B
L(a, B) = aea + fe«, 1)

where a = /ai 7(0)yty/ is a Riemannian metric and B = bi(x)y'a differential one form .

The metric given by equation (1) will be termed as special exponential (a, §)-metric.
Pandey et al. [114] studied Berwald connection and geodesic of a Finsler space with
generalized (a, 3)-metric.

Further we obtained the condition for a Finsler space with special exponential («a, 8)-
metric which is defined in equation (1) will be a Weakly-Berwald space.
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2. Preliminaries

Let F"=(M", L) be an n-dimensional Finsler space equipped with an (a, B)-metric L (a, ). In
this paper, the symbol (;) stands for h-covariant derivation with respect to the Riemannian
connection in the associated Riemannian space (M", a) and y}k(x) stands for the
Christoffel symbols in the space (M", o).

We use the following notations [4].

1 1 . , . .
1ij =5 (bij + byi), sij = 5 (byy = byi), 17 = a'"ryj, 5f = a¥spy, 15 = byry

sj = bysf, b' = ab,, b® = ab,bs.

Now we consider the functions G'(x,y) of F" with an (a,B)-metric. According to [4], they
are written in the form

2G™ =yl 4+ 2B™,

3 = () + (2)55 - (3) () () ). g

Where,
o % * * __ aB(TOOLa—ZSOC(Lﬁ)
Er= ( L )C , O = 2(B2Lg+ay?Lyy) |
YZ — b2a2 _ BZ' (3)

m_ [y (BL mBlg 5 (@lagyByT-a’b™ 1~ L (@lgg)fs (1 1) sm _

Bm = {am(j)ym-l_ alL am(L ) ap )}C (La){am(a)ym+(a)6,’,’$
- 2
() €+ (Phataz ) (3, 1)y (Shan) 3, )™+ By (422)
a a a

Since L = L(a, B) is a positively homogeneous function of a and 3 of degree one, we have
Lot + LgB = L, Lag + LegB =0,
LBaO( + LBBB = 0, Laaaa + Laaﬁﬁ = —Laa.

Using the above and the homogeneity of (y'), we obtain

o (52)y™ = @
O (2222 (B = X (Ll + @l — (L), (5)
Om (3) ™+ (3) 80 = 0m (5) ™ = 7 (/2 + (n = DB, ©)
(0mC*)y™ = 2C7, (7)
(8,C*)b™ = za;m [Q{B(Y? + 2B2)W + 202B2Lyry — aBy*LaaToo — 2a(B3Lg +

azyzLaa)SO}_aZBW{ZbZBZLa - Y4Laaa - bzayzLaa}]: (8)
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©(ALg) m _ a?LLggSo
Om ( Lo ) S0 = TR 9)
Where,
W = (rooLq — 2spaLg), @ = (B?Ly + ay?Leg), provided that Q # 0. (10)

Y; = a;.y"5, Sp0 =0, b's,. =0, aijsi]- =0.

Substituting (4), (5), (6), (7), (8) and (9) into (3), we have

1 *
BM = m{znzAc + 2aLO?Bsg + a?LLyLgy(Croo + Dsg + Erg)}, (11)
A= (n + 1)BZL0((BLOLLB - aLLococ) + ayz L{a(Laa)z - ZLaLococ - aLocLowwt}a (12)
B = a?LLyq,

C = By*{—B?*(Le)? + 2b*0®LgLgq — @?Y? (Le)® + 0®¥?LigLigarads

D = 2a{B*(v* = B*)LoLp — o®B?¥*LoLaa — 20BY* (v* + 2B*)LgLoe — @y*(Loa)® —
o®By*LgLaaal »

E = 202B%LgA.

Thus we have [4]

Theorem 2.1. The necessary and sufficient condition for a Finsler space F" with an (a,B)-
metric to be a Weakly-Berwald space is that Gy = ygr, + Biand B is a homogeneous
polynomial in (y™) of degree one, where BR is given by (11) and (12), provided
that Q2 = 0.

Lemma 2.1.[3] If o. * contains P as a factor, then the dimension is equal to two and b* # 0.
Throughout this paper, we assume that the dimension is more than two and b? # 0, that is,
a? #0(modp).

Lemma 2.2.[3] If a® =0 (mod B), that is, ajX)y'y’ contains bi(x)y' as a factor, then the
dimension is equal to two and b’ vanishes. In this case we have & = di(x)y' satisfying o® =
BS and dibi =2.

3. The Condition to be a Weakly-Berwald Space

In this section, we have obtained the condition for a F" Finsler space with an exponential
(o, B)-metric (1) is a Weakly Berwald space.

The partial derivative with respect to a and f of (1) are given by

kel gt et
a“eax—opea e aea+oe a —pe «
Ly = — y Lg=—r— (13)
B —B —B B —B —B
aB?ex — 2af?e« + Biew aea — 20e« + Bew
Loa = » Lgp =

at o2
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E __B 2 __B E __[3 5 __B
—afex + 20Bea — Bea —afex + 2apea — Blea
LO(B - a3 P LBa = a3
g g =B 8 =B
_ —3a?p?ea—aBiea+b6a?Biea —6af3e @ +B%e @
Laaa = e ,
B g =B -8 -B
_ 2a?Bec+aBled—4a?Be @ +5af2e @ —Be @
LaaB - o5 ,

B B
Since L(a, B) = aex + Be « is a positively homogeneous functionof a and S of degree
one, we have

205 g+2_T? g+ T pew B B
Laa+LBB=<ae afex+pe >a+<—ae e x —fe >B=aeE+Be_E=L(a,B),

a? I

B -8 B\ B(—aBentzape—pled
Laaa-l_LaBB_a( a3 - o3 + o >+ a3 =0,
Laaaa + LaaBB =
B g =B -8 =B
<—3a282e5—a83eﬁ+6a2[3297_60([33974_3497
o a +
B B -6 5 -8 B 8 g
2a?Bea+ap?ea—ga’Be @ +5apie @ —plew \ o [plex  2B%ew@ | plew | _
as B=- o a3 + “ | Lo s
8 £ 2k B - B
—afex + 2afe « — e« aex — 20e« + Be«
aLga + Blpg = 2 o+ — B=0.

Substituting (13) into (2), (3), (10) and (12), we have

oa?B M
2 N

c* =
Where,
B B B B 4 B
M = ryo (azea — afex + B2e a) — 2Sy0a? (aea + ae’« — e« )
B B -B B -B -B B
N = af? (azeE — afea« + Bze7> + a?b? (aBZeE — 2af?e« + B3e7) - B2 (aBZeE —

-B -B
2ap%e« + B3e7),
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B —B , =B
. ofex + affea — Beea .
E* = 5 = x C%,
a?ex + afew«
B™ =
B _B =B B B B B =B =B
C* x {(aﬁea+aﬁe a—B2e @ apfex—2afea +B3%e« >ym n <a6ea—2a[3e o« +B%e« ) bm} n
B -B - B B -B B B -B
aZea+afe o ateax—o3Beat+aBe o aZea—afBea+pe o
B -B -B
adeat+adea —aZBe@ \ 14
I ACE (14)
a?ea—apea+BZe a
B B i B B -B
r00<oc2ea—oc[3ea+[32e « >—2$0a2<aea+ae @ —Bea )
W= = , (15)
P
a=% (16)
Where
32E 23E 4_E 322E 32__62 23__62 4-E
P = o°fB%ex — a“B’ex + af*e « + a’f*b*ex — 2a°B e a b* + a*B e a b* — aff*ex +
—B —B
2af*e« — Boew,
Q=cd
A
- (Il(%l) {('2a4ﬁ4e%+a5ﬁ3e%+a5 B3eg+4a3[35€g-5a2[36eg+2(13 [35e%-a4B4e§-a4B4e%+2a[37e§-2azﬁf’e§ + (1313535

+

3B 3B
3ap’ee-2p'en)

+

1 B B B 3p B B kil B
p (4qu3 BPea-8b2u*Blent8b ot B en-+bal Breq -2b o Breat6b a’ Bl entab’ a2 e -8b o} f e

+ 2b2a3BSe?+b2a5B3eg-2b2a5[33e§-4[38e§+8u[37e§-2a[37e-37ﬁ-a3Bseg+2a3BSe%-SaZBGe%-4aB7eg+ 8(x2Béeg-a4[34e%+2a4[34e5-6u3ﬁseg)}
(17)
otz[32e%—Z(xzBz+2aB3—2aB3e%B+B4e%B
B = - , (18)
2422 28 28 28
C= w X (—aSBZe « —8a3p* — 3affe« + 2a*B3e« + 14025 +
2B 2B 5 =28 2 2p5, 28
203B%e« — b2a®B2e« + 2a°B%h? — 6b%a*B3 — 8b%a3B*e « + 6b%a%BPe « —
—28 —28 28
4b2?5 — h2aBbe & + 8b2a3R* + 4B7 — 8BS + 287¢ « — 2a235e7), (19)

= 2 28
D= <—4b2a5ﬁ4ez + 10b%a*B® + 2b%2a’B3e« + 2b%2a®p3 + 26b%a*pe « —
(04

2

-2 2B 28 —2B
30b%a®Ble @ + 6030w + 43R0 — 120%R7 — 4a*Bie o — 4a*B5 — 28a?B7e « +
—28 2B -2 2B 2B
4aBBe« — 18b%2a*BSe« + 10b%a?B’e « + 8a?B’e« + 2b*a’B3e« — 2b*a®B3 +
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5 -2 soa 2B s 28 < 2B
b*a®B* — 4b*abB3e @ + 20b*a®Bre « + 4b*a*Be « + 8bZatBew —

-2
32b203B° + 24ap® — 8b*a*BS + 16b%a?p’ — Bp° — 14b4a435€7>' (20)

28 2B 2B
E= % X (20(5B4e? —4a*BSe@ + 8a3B6 + 2bZa®Brew — 4a°B*b? + 6bZa*BS —
28 28 = = 28
10027 — 2b%a*B%e« + 20?B7e« + 6aBte @ — 4b%a3Blea + 2b%a?B’e a —
_26
zB9eT). 21)
Substituting (17), (18), (19), (20), (21) into (11), we have

B {ayallp? + a;at?B3 + aya’®B* + azalB> + a,a’ B + asalB’ + aga®pd +
a;a*B%+aga® B0 + aga®B + a10aBt? + a1 B3} + ropfaat B +ag3a”B +
a;408B* + a;507B5 + a;4a°BC + ay,0°B7 + a;ga*BE + a003B0 + azea? PO +

a1 0B + ay, B2} + sofazzal? + ay,al?B + agsal B + ayealOpd 4+ ay,aBt +
a,808B% + 25907 B + a30a®P” + a3, B8 + az,a*B? + a3z B0 + az,a®B} +
rofassa 2 + azea!®B? + az,a’B* + azga®P® + azoa’ O + agoa®P’ +ay B +
a0 B + ay30° B0 + ag0®BH} (22)

Where,
58 58 3B 58 3B B
ap = (Ze? + 4b%e'« — 8b%e« + 2b*e« — 8b%*ew + 8b4ea),
5B 3B 5B 3B B 58 3B B
a, = (—8e « +32b%e« — 12b%e’a + 22b*e’« — 32b*e« — 4b*e’a + 2e« — 8b%eu +
-B
8b4e7),
58 3B 38 58 B 3B 58 -B
a, = (8e7 + 8e« — 20b%e’« + 8b%e« + 30b*ea — 16b*e« + 2b*e’« — 8b*ea —
B
12b2e&),
38 5B B 3B 5B B =B =38
as = (—44e « + 4ea + 100b%ex — 36b%e« + 4b%e« + 16ea — 40b%e’« + 16b*e «
38 -B
+ 2b%*ea — 22b467),
3B B B 5B =B B =B =38
a, = (44e « —8ea — 100b%ea — 8e'« + 52b%e’@ — 4b*ex + 24b*e’« — 24b*e o +

3B 58 3B
40b%e« — 4b?%ew — 4b2e7),
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8 36 =B 8 -8 -38 -8 -38
as = (—68ea + 8e’a + 44b%e’« + 8b%ea — 4b*e’« + 4b*e « + 44e«w — 56b%e «

—-58 3B
+8b%*e « — 4b267),
-3 5B
ag = (74ea - 60e o« — 72b2e « + 76b%e a + 8b2ea +2btea — 20ca + 2ea —
_5[3
8b4eT),
=B 8 =38 =B =38 =58 =B
a; = (—18e « —8ea —12b%e @ + 12b%e’« + 48e a« — 23b%e « — 4b?%e
-58 3B
+ 2b%*e « + 2e a)
B -3B -3 -58
ag = (40e « —58e« —4bZe @ —4ea + 20b%e « )
—38 —58
a9=(8e « —4ea —4b%e o« ),

3B =58
a9 = (Ze a —12e « ),

—5B
a1 = (26‘ a ),

58 36 2 2 2 B B 2 5B 2
a12={n< eax —ea —h ea+b ea+2b>—ea—ea—2b « —6b ea+

3B
2b% + 12b4e7},

5B 58
aq3 :{n<5ea +3ea —5b2ea+4b2ea —7b2ea)+5ea +3ea +2b2ea+4b2ea
38 38 -8
+ 8bze? + 32b4e? + 48b*e’w — 45b4e3 — 51b4e5},

B 3p B B
a14—{ ( 8ex — 7e@ —Seoc +10bzea +11b2ea +3b2ea—5b2ea) bex —

58 - 3B 58 -B
7e« — 2b2e7 - 13b2e? + 66b2e5 + 2b2e7 — 35b2e5 + 47b4e5 + 36b%e@ —
_33
12b4eT},

5B 3B
aqs —{ <ZOea +22€oc+3ea —25bzeoc _3bZew —5b2ea+2b2ea)—ea +

35ea + 36 « — 80b2 o — 33bze « + 119bzea +4b%e« — 24b4ea + 11b4e « +
-38 B
6b* eT + 8b4e? + b4eE + 43b467},
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38 -3 [ -8 -8 5B B
(g = {n (—26e « + 14b%e"« — 24ex + 19b%e« — 22e’« + 3e« + 6b%ea —
38 38 -3 B -8B -8 B 3B
2b%e a) +19e« + 2b%e @« — 67ea + 29bh%e« —8e« + 11b%ea — 8b%e« +
_58

-B B -3
4b*e’« — b*ea + 4b*e T« — 12b4e7},

58 3

=B 8 -38 38 -8 5B 38 -8
a17:{n<52ea + 23e« — 27b%e @ + 1le« — 6b%ea — 2e —Zea>+49ecx
_38

8 _ap 3 -8 B -8

+ 56e« — 18b%e « — 24e« — 8b%e’« + 33b%ex + b*e« —5h*e
-58

+ 18b4eT},

=38 i

-8 B 8 -38 58 3B -8
aig = {n (—41e « + 15bh%e « — 14ea — 24e « + 6b%e « + 2ea> — 80e«
-8 8 -8 3B -8 8 -3
+ 20b%e"« — 8ew + 6b%e « + 8e« — 2b%e’« + b%ea + bte «
-58
— 8b4’e7},
-38 4 38 =58 38 B 38
a19={n<42e « + 14e« —2b%e « —7b%e « >+15e « +48e«@ —3b%e « —
-58 B -B —5B8
16b%e @« — 10ex + b%e« + b4eT},
38 ] 2 ] 2 —38 ] 2 ] 2 4 B
a20={n<—21e « —9e« +2b% « )—24e « +3e« +8b% « —8e« + 2ex
-3
+ b%e« },
58 -3p -sg -8 -8 -sp
az;, = (n(5e @« +6e«)+4ea +12e« —2e« —b%ea ),
-5
Ay, = (Zne a )
3B B 58 5B 3B -B
ay3 = (—2b2e7 — 4b%ea + 2b%e’a + 2b*e« — 6b*e« + 8b*e’w ),
5B 3B 5B B B 5B 38 B B
Ay = {n <2e « +4e« + 2b%e« — 6b%ea + Zea) +2e@ +4e« + 16b%ea + 2ea
3B 3p -3p B -8 56
+ 16b2%e’« + 20b*e’« + 8b*e « + 12b*ea — 4b%ea — 2b%e
5B B
— 2b%*e’« —8b*e }
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sB 3B B B 38 B -8 58
ays = {n (—8e « —14e« —6b%e« + 19b%ea + 4b%e« — 10ea + 10b%e« ) —12e«

38 58 B 38 B -8 B
— 8¢« —8b%e« — 63b%ex — 8h%e« — 10e« + 18b%e’« + 2b*ex
-8 —38 38
+ 114b*e« —52b*e « — 22b%e a},

8 5B 38 -8 8 38 sg -8
(ye = {n (26ea + 8e@ + 24e’« — 20b%e@ — 22b2ea —2b%e« +4b%e« + 14ea

3
+ 116b2e « ) + 4ea + 18e « + ZOe « + 46b2e « + 86b2ea

-3

-B
- 48bze « + 14bze a + 14e « —32b%e « + 42b4ea —216b%*e«
-38 —5B
+ 156b%*e ™« + 16b4ea —8b%*e « },

3B 5B 38
ay7 _{ ( 34« — 58ea +2ew —40ew +46b2e o + 12b2ea —4b2ea
+ 26b%e a) + Ze « — 186a + 4e « — 52w + 186b2e « — 112b2ea

3B - - —3B

+ 80b267 - 168b267 - 16b4eE + 74b4‘e7 —192b%*e "«
—5B 58 -B 38

+20b% @ — 6b2ea +56b%ew — Bbte }

-8 -3p -38
azg—{ (14ea +58€a—12b2ea —4ea —52b2e « +70ea + 30« —

-3 -3B

-8
12b%e @ ) + 38e « — 58ea + 232b%e’« — 10e « —384b%¢ a +49ea + 38¢ « +
-58 - -38 -58 38 ]
8b2eT + 128b2eE - 40b467 + 96b4eT + 16b4eT - 54b2e7 - 8b4e3},
-38 -58 -3 -B
azg—{ ( 70ea —28ea+26b2e « + 26b%e @ +4ea —78e )—10ea +

—58 3B -3

-3 -B
144ea+ 426b%e "« + 30b26 a —74ea —142e o« — 154b26’ a +124e o —
—-3B —58 —5B
28bze « — 68b2ea - Ze « —24b*e "« + 12b%*e "« + 8b4e « —40b%*e @ },
-3 -3 —-58 -58 -3B
a30—{ (286a +86e¢ « —4b%e « +18e @« — 18h%e o )—30ea + 267¢ «

=8 s -5 -8 8 58

— 248b%¢ "« + 6e « —36b%e « +92b%« — 126eor + 38e«
=58 -3 B

+8b%*e « +8b%*e « + 16b263},
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-3 -58 B 38
a31—{ ( 38e « —36e « +4b2ea)—250ea —40ea +46b2ea +

-38 -B B
70b%e « + 84ew + 30ea - 8e « — 16b%e a}

-3 -5B 3B -58 58 B
as; :{n(4e « +22e« >+168e « +12¢ @ —56ea — 6b%e« — 8ea
-38
— 16b%e « },
-5B -5B -3 -8
aszz = {n(—4e a )+8€ a —58e « +8ea},
-58 o
azq = (—23 « +8e « ),
58 B
ass = ( 2« — 2bze o« + 8bze o« + 4e « — 8b2ea>
5B B
6« — 22h%c« + 4b2ew — 16c + 32b%ea + des — 8be a>
B
106w + 6ea + 8bze « — 30b2ea + 16b2e o« — 4e « —2b%e a)

58
o

B
—2e 50ea+22b2ea +18ea +20€a —16b%¢a —2b2ea)

-8 -38
SOea — 26« — 18e « — 24b2e « + 2e « + 4b2ea + 24b%e "« )

-B -38 3B -3B B
28ea—4ea—18ea _2b%a —20ea +8b2ea),

-38 -38 —5B
Auo = ( 4ea—22ea —4b%e "« +28e a +Zea +4bzea — 8b%e ),
-3p -8 -5 —sp

(66 « —4e« +12¢ « —2b%e ),

Now we assume that F" is a Weakly-Berwald space, then B[ is hp(1). Since a is irrational
in (yY), the equation (22) is divided into two equations follows,

BzFlBgnn + 63617'00 + O(ZHlsO + 0(2 82117'0 = 0 (23)
B2F,BM + BGyroe + a?Hysg + a2 21,1y = 0. (24)
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Where,
F; = agal® + a,a8B? + a,a®B* + aga B + aga? B + a,0Bo,
Gy = a;30% + a35a°B? + ap,a*B* + a;90*BC + ay, BB,
Hy = a30% 4 a35a®B2 + a70°8* + azea*B® + az,o®B8 + azzp'o,
I; = azs50® + az;a®B% + azoa*B* + ay1 0% + ay3P°,
F, = a;a' + a;08B2 + asa®B* + a,a*B + agaB® + a1 B1°,
Gy = a1,000 + a;,0°B% + a160a®B* + a;5a*BC + aea®BP + a,, B,
Hy = 340" + ap608B% 4 a5a°B* + azoa*BC + az,a®B? + a3,
I, = az60® + azga®B? + asoa*B* + a a PO + a4 BB,
Eliminating BE from these equations, we obtain
BR7og + a2Ssy + a?B2Try = 0 (25)
Where,
R= BZF2G1 — F1Gy;
S = F,H; —F1Hjy;
T = lel - F1|2'

. 38 B 58 58 38
Since only the terms a? {{alo (—sze « —4b%ea + 2b%e’« + 2b*e« — 6b%*e’« +

-8 58 3B 58 38 B 5B
8b4e7) x ol (—867 + 32b%e« —12b%e« + 22b*e’a — 32b*ea — 4b*ea« +
38 2 B 4 -B 10 58 38 2 58 2 B B 58

2e« — 8b“ea + 8b ea) —a (n(Zea + 4ea + 2b“ea —6b ea+2€a)+2ea +

38 2 B B 2 38 4 38 4 =3B 4 B 2 -B
4ea + 16b“ea + 2ea + 16b“ea + 20b*ea + 8b*e « + 12b*ea — 4b“ea —

2 £ P 4,k 10 (5,2 2 £ 2 2B L L
2b“ea — 2b*ea — 8b ea)xa (Zea + 4b“ea — 8Bb“ea + 2b*ea —8b%ea +
B

8b4e5) so} of Ss, in (25) do not contain 3, we must have hp (22) V,, such that

O(ZZSO = BVZZ'
Case 1:

First we are concerned witha? % 0 (mod B)and b? # 0. Shows the existence of a
function k(x) satisfying V,, = ka??, and hence se=kp, then (25) is reduced to

Rroo + o?kS + oa?BTry = 0.
So the terms
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5B 5B 3B 5B 38 B 58
{—0(10 (2e7 +4b2ex — 8b%ew + 2btex — 8btea + 8b4e&) X 10 (n (—eE _
3B 5B 3B 5B 3B 5B 3B 3B
eo — b2ew + blea + 2b2) _ ew —ea —2b%ew —6bew + 2b? + 12b4e7)}r00
3B B 58 58 3B -B 58
+ {<a1°(—2b2e7 _ 4b2ea + 2b%e« + 2b*ew — 6btew + 8b467> x a0 (—8e7 +
38 58 3B B 58 3B B -B
32b%e@ — 12b%e« + 22b*e« — 32b*ea — 4b*ea + 2e’« — 8b2%ex + 8b437> —
s 3B 58 BB s 3B g8
alo (n (Ze « + 4ea + 2b%e« — 6b%ea + Zea) +2e« + 4e« + 16b%ex + 2ea +
3B 3B —3B B -B 58 58 -B
16b2ew + 20b*ea + 8b*e « + 12b%ew — 4b%ew — 2b%ew — 2btex — 8b4e?> x

58 56 3B 58 3B B
all (267 + 4b%e« —8b%ea + 2b*e« — 8b*e« + 8b4eE) azks}

58
Of the above do not contain B. So there must exist hp(1) U; satisfying {{— (267 +

2% Zﬁ 4ﬁ 4ﬁ 4£ 58 38 2% Zﬁ
4b“ea — 8b“ea + 2b*ea — 8b*ea« + 8b ea)x<n<—ea—ea—b ea + bea +

3B 58

5B 3B 38 3B 3B
ZbZ) — ea ——ea —2b%e’@ — 6b%e« +2b? + 12b*e« )} roo + (—sze « —

B 58 58 3B -8 5B 3B 58

4b%ea + 2b%e’« + 2b*e’a — 6b*ea + 8b4e7> X (—8e7 + 32b%e« — 12b%e« +
3B B 58 3B B =B 58 3B

22b*e’« — 32b*ea — 4b*e’« + 2e« — 8b%ea + 8b*e ) — (n (Ze a +4ea +

5B B B 5B 3B B B 3B 3B
2b%e« — 6b%ea + 2ea) +2ea +4ea« + 16b%ea + 2ea + 16b%e« + 20b*e« +

-38 B -B 58 58 -B 58 58
8b*e a + 12b*ea — 4b%e’a — 2b%e« — 2b*ea — 8b467) X (2e7 + 4b%e’a —

38 58 3B B
8b%e« + 2b*ea — 8b*ew + 8b4’e5) ks)}az = pU;.
It is a contradiction, which leads to k=0.Hence we obtain s,=0; s;=0.Substituting s,=0 into
(25), we have

RrOO + 0(2 BTT'O = 0. (26)

-sp g -apy  -sp g B
Then only terms 63{810<2ea)x88(n(5ea + 6e >+4ea +12e @ — 2w —

-58
bzeT)}roo of (26) do not contain o2, and hence we must have hp(21)V,; such that

B%11o0 = a?V,,. Froma? 2 0(mod B) there exists a function f(x) such that
o0 = o f (x); 1yj = a;; f (x). (27)
Transvecting (27) by b'y!, we have
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ro = Bf(x); 13 = bif (x). (28)
Substituting (27) and (28) into (26), we have
fOIR + B*T) = 0. (29)
Let us assumef(x) # 0.Then (29) implies

5B 5B B 5B B B 5B B
{— (ZeF 4 4b2e« — 8b%ew + 2b*ea — Bbtew + 8b4eE) X n ((—e? —eu —

3B

5B 38 58 56 Elt 3B\) 20
b%e« + b%e« + 2b?) — e« — e« — 2b%ea — 6b%e« + 2b2 + 12b4eoc)}a =BV,

Where Vo is hp(19). This implies V=0, provided that b’ 0. Hence f(x)=0 must hold
and we obtain

rogo = 0;rjj =0andry = 0;1r; = 0.
Conversely, substitutingry, = 0,s, = 0and r, =0 into (22), we have BJ,=0. That is, the
the Finsler space with (1) is a weakly-Berwald space.

On the other hand, we suppose that the Finsler space with (1) be a Berwald space. Then
we have roo = 0,5y = 0 and r, =0, because the space is a weakly-Berwald space from the
above discussion. Substituting the above into (14), we have B™ = 0, that is, the Finsler
space with (1) is a Berwald space. Hence s;=0 hold well.

Case 2:

Now c_onsider o? = 0(mod B), Lemma (2.2) shows that, n=2, b?=0 and a? = 6,6 =
d;(x)y'. From these conditions (25) is rewritten in the form
R’roo + SS,SO = O, (30)
Where,
58 3B 38 58 B B
R = B2 [{ﬁ555 (—8e7 + 2e7) + Bos* (—44e7 +dew + 16ea) 4+ B763 (—68ez +
3B B B B =38 38 =3B B
8¢« +44ea)+,8862(—18ea — 8ea + 48e « +2ea)+[)’96<8e a —4ea)+
-sp 8 3B B 3B 38 5
p1o (Ze a )} X {[3484 (n(Se « +3e«) +5e« + 3e or) + B3 (n (20e « +22ea +
5B 38 B ) B B 38 5B 38
Bea) —ea +35ea+36a) +ﬁ662(n<526a + 23ea + 1le« — 2e« —2ea)+
B B 3B =3B B =38 B B
49¢a +56ea—24ea)+ﬁ76(n<42e « + l4e a)+ 15¢7a +48e¢a — 10ea> +

-6 - -sp =5
,88<n(56 « + 6e a>+4e « 4+ 12¢ @ —Zea)}]—

555 (5L 654 (gL
p°6°(2ea |+ p°5%(8ea +

38 38 B S8 B -8 38 56
8ea)+,8753(44ea—8ea—8ea)+ﬁ862(74ea—60ea—20ea+2ea)+
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-5 ST 38 -5 ]
ﬁ96(406a —58¢ « —4ea>+310(2e « —12ea )x<3585(n(—ea —ea)—
5B 38 B 38 5B B 5B 38
ea—ea)—+[3664( (—86a—7evz—86a>—6ea—7ea>+ﬁ763(n<—26ea—
B =B 58 B B -B B
24ea —22¢@ +36a>+19ea —67ea—8e a) + B8652 <n<—4lea — 14ea —

=38 38 i} I} 38 =3B 58 =3B
24¢ +2ea)—80ea —8ea+8€a)+ﬁ98<(n(—21ea —9ea)—24ea +

_53 ﬁ
3¢a —8ew + 2ea>> + p1o (Zne a )

S'=
58 38 3B
[{ﬁ%“( ( 8ea—14ea—10ea)—12ea—8ea—10ea)+[3 63( ( 34e@ —

’

B 56 B 38 B 5B B B
58ea+2€a—40ea>+Zea—186a+4ea—52ea> ﬁ852( (—70ea—
38 B -3 -B B
28ea+4ea — 78e a)—lOea +144ea—74ea —142e « +124ea —2ea>
-38 58 -38 -58 B B
B96( ( 38e a —36ea)—2506a —40ea +84ea +30€a—8ea>
1 =58 o5 =28 555 £ 36
ﬁo( ( 4e a)+8e « —58e @ +8€a)> x(ﬁ 5°(—8e@ + 2ew) +
3B -8
3664(—44e7+4e7+16ea)+ﬁ753( 68ea+8ea +44ea)+ﬁ862( 18e« —
38 3B —5/3 58
86a+486 « +2ea) [396<86 a —4ea) ,810(26 « ]— [3555(n(2ea +
3B B 58 38 B 5B 3B B
4ea+2ea)+2ea+4ea+2ea> +ﬁ664<n(26ea+8ea+24ea+14ea)+
B 5B 38 =38
4ea+18€a+20ea>+,8763< (14ea+58ea—4ea+70ea+30ea)

38 8 5B -5 =1 —3p =T
38¢'@ — 58¢a — 10e’« + 49¢ @ +38€a) [3852( (28ea + 86e @ +18ea)—
-3 -58 3B =58

30ea +267ea +6e a —126ea+38ea)+[)’96< (4e « +22e a)
-38 -58 -B -58 —3B 5B
168e « + 12¢"« —56e« —8ea) Blo( 2e @ +8ea> X ﬁ555(2ea)+
4 5B 38 3B B 58 2 B B 38
) (86a+8ea)+,8753<44ea—89a—8ea>+,886 (74ea—60ea —20e« +

58 =38 =3B —5B
) ,895(40ea —58¢ a —4ea> ﬁ“’( ea —12e« )} .
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Since the only term which does not contain & is 2 {,6’10 (Ze%) x (8 (n (Se% +
6e%) + 4e¥ + 12e% — Zei) — po (Ze% — 12e¥) x p10 <2ne¥)}roo in (30),
we must have hp(1)v; such that ryy = dv,. We have s, = 0; sj =0, now (30) becomes
R'ry0 = 0, (31)
This implies that

reo=0; ;=0 and ry=0; r;=0.

Conversely, from 1y, = 0, 1y = 0 and s,=0 we have BJ} = 0. Thus the space with (1) is
weakly-Berwald space. Thus we state that

Theorem 3.1. A Finsler space with the special exponential (a, 8)-metric is weakly
Berwald space if and only if the following conditions holds;

1. a? % 0(modP) implies r;; = 0ands; = 0.

2. a? = 0(modp)implies,n = 2,b*> = 0and r;; = 0,s; = 0 are satisfied, where
a’ = p6,8 = d;yh.

References

[1] B’asc’o, S. and Matsumoto, M. (1997). On the Finsler spaces of Douglas type.
Ageneralization of the notion of Berwald space, Publ. Math. Debreren, 51, 385-406.

[2] Berwald, L. (1929). Uber die n-dimensionalen Geometrien Kkonstanter
Kriitmmung, in denen die Geraden die kiirzesten sind. Math. Z. 30, 449-469.

[3] Hashiguchi, M., Hojo S. and Matsumoto, M. (1996). Landsberg spaces of
dimension two with (a, B)-metric, Tensor N.S. 57(2), 145-153.

[4] Lee, LY. and Lee, M.H. (2006). On Weakly-Berwald spaces of special (a, B)-
metric, Bull. Korean Math. Soc. 43(2), 425-441.

[5] Lee, LY. and Park, H.S. (2004). Finsler spaces with infinite series (o, p)-metric,
J.Korean Math. Society, 41(3), 567-589.

[6] Matsumoto, M. (1992). Theory of Finsler spaces with (a, [)-metric, Rep. on
Math, Phys. 31, 43-83.

[7] Matsumoto, M. (1989). A slope of Mountain is a Finsler surface with respect to
time measure, J. Math. Kyoto Univ. 29(1), 17-25.

[8] Matsumoto, M. (1991). The Berwald connection of a Finsler space with an (a, )-
metric, Tensor, N. S., 50, 18-21.

[9] Park, H. S. and Choi, E. S. (1999). Finsler spaces with an approximate Matsumoto
metric of Douglas type, Comm. of Korean Math. Soc., 14, 535-544.



On a Weakly-Berwald Space with Special... 113

[10]

[11]

[12]

[13]

[14]

[15]

Park, H.S. and Choi, E.S. (2002). Finsler spaces with the second approximate
Matsumoto metric, Bull. Korean Math. Soc., 39, 153-163.

Pandey, S.B., Chaubey, V.K. and Tripathi, S.K. (2009). Berwald connection and
geodesic of a Finsler space with generalized (a, f)-Metric, J. Rajasthan Acad.
Phy. Sci., 8(1) 39-48.

Shen, Z.M. and Yu, C.T. (2014). On Einstein square metrics, Publ. Math. Debr.,
85(34), 413-424.

Tripathi, B.K. (2020). Hypersurfaces of a Finsler Space with exponential form of
(a, B)-Metric, Annals of the University of Craivo Mathematics and Computer
Science Series, volume 47(1), 132-140.

Tripathi, B.K. and Kumar, P. (2022). Douglas Spaces for Some (a, 3)-Metric of a
Finsler Spaces, Journal of Advanced Mathematical Studies, 15(4) 444-455.

Tripathi, B.K. and Khan, S. (2023). On weakly Berwald space with a special cubic
(o, B)-metric, Surveys in Mathematics and its applications, 18, 1-11.



