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Abstract: In the field of theoretical physics, Riemannian metric ’α’ and 1-form metric ’β’ 

plays very important role and a homogeneous function of degree one with Riemannian 

and differentiable 1-form metric is known as (α, β)-metric which is a special kind Finsler 

metric and it is very interesting for the development of the special Finsler spaces. In the 

present paper, we have studied Weakly-Berwald space of a Finsler space with exponential 

form of (α, β)-metric, and examined the nature of Weakly-Berwald space for a special 

exponential form of (α, β)-metric with various constraints. 
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1. Introduction 

Let M
n
 be an n-dimensional C

∞
 related manifold and TxM is the tangent space of M

n 
at x 

then the tangent bundle of M
n
 is the union of tangent spaces TM = ∪𝑥∈𝑀𝑛TxM. Further if 

the elements of TM is given by (x, y), whereas y∈ TxM
n
. Further let TM0=TM- {0}, then 

the definition of Finsler space is given by  

Definition 1.1. Let us consider a metric function L: TM → [0, ∞] on a n-dimensional 

smooth manifold M
n
 which satisfying following properties: 

1. L is C
∞
 on TM0 

2. L is positively 1-homogeneous on the fibers of tangent bundle TM, and 

3. the Hessian of L
2
 with element gij =

1

2

∂2L2

∂yi ∂yj is regular on TM0, i.e., det (𝑔𝑖𝑗) ≠ 0 

then the space equipped with (M
n
, L) is known as Finsler space and the metric L is known 

as Finsler metric. 
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Now if the metric L is a function α and β then the metric is known as (α, β)-metrics and 

the interesting and significant examples of an (α, β)-metrics are Randers metric (α + β), 

Kropina metric 
𝛼2

𝛽
 and Matsumoto metric [7] 

𝛼2

(𝛼;𝛽)
. The notion of an (α, β)-metric was 

introduced by M. Matsumoto [6] and has been studied by many authors [9, 10, 5, 6, 7, 12] 

and obtained various important results which are the back bones of the development of 

the Finsler geometry. 

In 1929, L Berwald studied [2] an affinely connected Finsler space, if connection 

coefficients 𝐺𝑗𝑘
𝑖 of BΓ are functions of position x

i
 alone which is same as the case of linear 

connection and in this case the equation of geodesics is given by 

 2 i

  2
  jk

i ( )
  j

  

  k

  
= 0  

This is similar to the case of Riemannian space. Now a day Berwald space is defined as 

Definition 1.2. A Finsler space is called a Berwald space, if the connection 

coefficients  jk
i of BΓ are functions of position x

i
 alone, in any coordinate system. 

The concept of Weakly-Berwald space introduced by Matsumoto [8] which is the 

generalization of Berwald space i.e. A Finsler space with an (α, β)-metric is a Weakly-

Berwald space if       
 =

∂  

∂y  is a one form [4], i.e.,    
 is a homogeneous polynomial in 

(y
i
) of degree one. He also investigated that a Finsler space with an (α, β)-metric is a 

Weakly-Berwald space, if B
m
 are homogeneous polynomials in (y

i
) of degree two. 

Further several authors [1, 4, 15] studied various important and interesting properties for 

Weakly-Berwald space. 

In 2020, Tripathi [13,14] considered a special type Finsler space with exponential (α, β)-

metric and obtained the basic properties of Finsler space with exponential (α, β)-metric 

and obtained conditions for Finslerian hypersurfaces with this metric. In the present paper 

we have consider an n-dimensional Finsler space F
n
 = {M

n
, L (α, β)}, that is, a pair 

consisting of an n-dimensional differentiable manifold M
n
 equipped with a Fundamental 

function L as a special Finsler space with the metric 

 (   ) =   
 

    
  

 , (1) 

where  = √ 𝑖𝑗( ) 𝑖 𝑗 is a Riemannian metric and β = bi(x)y
i 
a differential one form  . 

The metric given by equation (1) will be termed as special exponential (   )-metric. 

Pandey et al. [114] studied Berwald connection and geodesic of a Finsler space with 

generalized (   )-metric. 

Further we obtained the condition for a Finsler space with special exponential (   )-

metric which is defined in equation (1) will be a Weakly-Berwald space. 
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2. Preliminaries 

Let F
n
 = (M

n
, L) be an n-dimensional Finsler space equipped with an (α, β)-metric L (α, β). In 

this paper, the symbol (;) stands for h-covariant derivation with respect to the Riemannian 

connection in the associated Riemannian space (M
n
, α) and  jk

i ( ) stands for the 

Christoffel symbols in the space (M
n
, α). 

We use the following notations [4]. 

 𝑖𝑗 =
1

2
( 𝑖 𝑗   𝑗 𝑖),  ij =

1

2
( i j   j i)   𝑗

𝑖 =  𝑖   𝑗,  𝑗
𝑖 =  𝑖   𝑗,  𝑗 =    𝑗

 , 

 j =    j
   i =  i   ,    2 =          

Now we consider the functions G
i
(x,y) of F

n
 with an (α, )-metric. According to [4], they 

are written in the form  

   =    
       

  = (
  

 
)    (

 L 

L 
)   

  (
 L  

L 
)   {(

y 

 
)  (

 

 
)   }, (2) 

Where, 

  = (
 L 

L
)        =

𝛼𝛽(     ;2  𝛼  )

2(𝛽2  :𝛼𝛾2   )
, 

 2 =  2 2   2  (3) 

  
 =  {𝜕 

 (𝛽  

𝛼 
)     

𝑛𝛽  

𝛼 
  𝜕 

 (
𝛼   

  

)(
𝛽𝑦𝑚;𝛼2𝑏𝑚

𝛼𝛽
 )}    - (𝛼   

  

) {𝜕 
 (1

𝛼
)    (1

𝛼
) 𝛿 

  

 𝜕 
   (

𝛼

𝛽
)  }    (𝛽      ; 𝛼    

𝛼   

) (𝜕 
   )  + (𝛼2   

𝛽  

)(𝜕 
   )  + 𝜕 

 (𝛼  

  

)   
  

 

Since L = L(α, β) is a positively homogeneous function of α and β of degree one, we have 

       =            = 0  

 𝛽𝛼    𝛽𝛽 = 0     𝛼𝛼𝛼    𝛼𝛼𝛽 =     . 

Using the above and the homogeneity of (y
i
), we obtain  

  
 (

𝛽  

𝛼 
)   =

;𝛽  

𝛼 
   (4) 

  
 (

𝛼   

  
) (

 y ;𝛼2𝑏𝑚

  
) =

 2

(𝛽  )2
*               (   )2+  (5) 

  
 (

1

𝛼
)    (

1

𝛼
)   

    
 (

 

 
)   =

1

  2
( 2  (   ) 2),  (6) 

(  ̇  )  =      (7) 

(  ̇  )  =
1

2   2 [ { ( 2    2)    2 2        2         ( 3   

 2 2   )  }  2  *  2 2    4      2  2   +]   (8)  
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  ̇ (
 L 

L 
)   

 =
 2LL    

( L )2     (9) 

Where, 

 = (            )  = ( 2     2   )                     ≠ 0   (10) 

 i =  i        = 0      = 0   ij ij = 0  

Substituting (4), (5), (6), (7), (8) and (9) into (3), we have 

  
 =

1

2 L( L )2 2
*  2        2     2      (            )+   (11) 

 = (   ) 2  (           )    2 * (   )2                +,  (12) 

 =  2      

 =   2*  2(  )2    2 3       2 2(   )2   2 2      +  

 =   * 3( 2   2)      2 2 2          2( 2    2)       3 4(   )2  

         2  4      + , 

 =   2 2     

Thus we have [4] 

Theorem 2.1. The necessary and sufficient condition for a Finsler space F
n
 with an (α,β)- 

metric to be a Weakly-Berwald space is that   
 =    

    
 and   

  is a homogeneous 

polynomial in (y
m
) of degree one, where     

 is given by (11) and (12), provided 

that  2 ≠ 0  

Lemma 2.1.[3] If α 
2
 contains β as a factor, then the dimension is equal to two and b

2
 ≠ 0. 

Throughout this paper, we assume that the dimension is more than two and b
2
 ≠ 0, that is, 

 2 ≠0(modβ). 

Lemma 2.2.[3] If  2   0 (mod β), that is, aij(x)y
i
y

j 
contains bi(x)y

i 
as a factor, then the 

dimension is equal to two and b
2
 vanishes. In this case we have δ = di(x)y

i
 satisfying α

2 
= 

βδ and dibi = 2. 

3. The Condition to be a Weakly-Berwald Space 

In this section, we have obtained the condition for a F
n 

Finsler space with an exponential 

(α,  )-metric (1) is a Weakly Berwald space.  

The partial derivative with respect to α and β of (1) are given by 

  =
 2 

 
 ;   

 
 : 2 

  
 

 2      =
  

 
 :  

  
 ;  

  
 

 
     (13) 

   =
  2 

 

     2 
  

   3 
  

 

 4
      =

  
 

     
  

    
  

 

 2
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   =
    

 

      
  

   2 
  

 

 3
    =

    
 

      
  

   2 
  

 

 3
 

    =
;3 2 2 

 
 ;    

 
 :6 2 2 

  
 ;6    

  
 :   

  
 

  , 

    =
2 2  

 
 :  2 

 
 ;4 2  

  
 :5  2 

  
 ;   

  
 

   , 

Since  (   ) =   
 

    ;
 

   is a positively homogeneous functionof α and   of degree 

one, we have  

       = (
 2 

 
 ;   

 
 : 2 

  
 

 2 )   (
  

 
 :  

  
 ;  

  
 

 
)  =   

 

    ;
 

 =  (   ) , 

         =  (
 2 

 
 

   
2 2 

  
 

   
   

  
 

  )  
 (;   

 
 :2   

  
 ; 2 

  
 )

  = 0 , 

           =

(
;3 2 2 

 
 ;    

 
 :6 2 2 

  
 ;6    

  
 :   

  
 

  )     

(
2 2  

 
 :  2 

 
 ;4 2  

  
 :5  2 

  
 ;   

  
 

  )  =  (
 2 

 
 

   
2 2 

  
 

   
   

  
 

  ) =      , 

         = .
    

 

      
  

   2 
  

 

 3
/   .

  
 

     
  

    
  

 

 2
/  = 0  

Substituting (13) into (2), (3), (10) and (12), we have 

  =
 2 

2
*

𝑀

 
} 

Where, 

 =    ( 2 
 

     
 

   2 
  

 )      2 (  
 

    
  

    
  

 ), 

 =   2 ( 2 
 

     
 

   2 
  

 )   2 2 (  2 
 

     2 
  

   3 
  

 ) -  2 (  2 
 

  

   2 
  

   3 
  

 ), 
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  = .
   

 

     
  

   2 
  

 

 2 
 

     
  

 

/      

  =

   ,(
   

 
 :   

 
 
 ; 2 

  
 

 2 
 
 :   

  
 

 
  2 

 
 ;2  2 

  
 :   

  
 

   
 
 ;    

 
 : 2 2 

  
 

)    (
   

 
 ;2   

  
 : 2 

  
 

 2 
 
 ;   

 
 : 2 

  
 

)   -  

(
   

 
 :   

  
 ; 2  

  
 

 2 
 
 ;   

 
 : 2 

  
 

)   
 ,  (14) 

 =
   ( 2 

 
 ;   

 
 : 2 

  
 );2   2(  

 
 :  

  
 ;  

  
 )

 2 ,  (15) 

 =
 

 
  (16) 

Where 

 =  3 2 
 

   2 3 
 

    4 ;
 

   3 2 2 
 

    3 2 
  

  2   2 3 
  

  2    4 
 

  

    4 
  

   5 
  

 , 

 =  3, 

𝑨 

= (
n+1

α5
) {(-2α4β

4
e

3β

α +α5β
3
e

3β

α +α5β
3
e

β

α+4α3β
5
e

-β

α -5α2β
6
e

-β

α +2α3β
5
e

3β

α -α4β
4
e

β

α-α4β
4
e

3β

α +2αβ
7
e

-β

α -2α2β
6
e

β

α  α3β
5
e

β

α

  3αβ
7
e

-3β

α -2β
8
e

-3β

α )

   
1

α5
(4b

2
α3β

5
e

β

α-8b
2
α4β

4
e

β

α+8b
2
α4β

4
e

-β

α +b
2
α6β

2
e

3β

α -2b
2
α6β

2
e

β

α+6b
2
α5β

3
e

β

α+4b
2
α2β

6
e

-β

α -8b
2
α3β

5
e

-β

α

   2b
2
α3β

5
e

-3β

α +b
2
α5β

3
e

β

α-2b
2
α5β

3
e

-β

α -4β
8
e

-β

α +8αβ
7
e

-β

α -2αβ
7
e

-3β

α -α3β
5
e

β

α+2α3β
5
e

-β

α -8α2β
6
e

-β

α -4αβ
7
e

β

α+ 8α2β
6
e

β

α-α4β
4
e

3β

α +2α4β
4
e

β

α-6α3β
5
e

β

α)} 

(17) 

 =
 2 2 

2 
 ;2 2 2:2   ;2    

 2 
 :   

 2 
 

 2 ,  (18) 

 =
 (𝑏2 2; 2)

   (  5 2 
2 

    3 4     6 
 2 

    4 3 
2 

     2 5  

  3 4 
2 

   2 5 2 
2 

    5 2 2    2 4 3    2 3 4 
 2 

    2 2 5 
 2 

  

  2 2 5   2  6 
 2 

    2 3 4    7     6    7 
 2 

    2 5 
2 

 )    (19) 

 =
1

   (   2 5 4 
2 

   0 2 4 5    2 6 3 
2 

    2 6 3     2 4 5 
 2 

  

 0 2 3 6 
 2 

     3 6 
2 

    3 6     2 7    4 5 
2 

    4 5     2 7 
 2 

  

   8 
 2 

     2 4 5 
2 

   0 2 2 7 
 2 

    2 7 
2 

    4 6 3 
2 

    4 6 3  
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 4 5 4    4 6 3 
 2 

   0 4 5 4 
 2 

    4 4 5 
 2 

    2 4 5 
2 

  

   2 3 6      8    4 4 5     2 2 7    9     4 4 5 
 2 

 )   (20) 

 =
1

   (  5 4 
2 

    4 5 
2 

    3 6    2 5 4 
2 

    5 4 2    2 4 5  

 0 2 7    2 4 5 
2 

    2 7 
2 

     8 
 2 

    2 3 6 
 2 

    2 2 7 
 2 

  

  9 
 2 

 )   (21) 

Substituting (17), (18), (19), (20), (21) into (11), we have 

  
 *   11 2   1 1  3   2 9 4   3 8 5   4 7 6   5 6 7   6 5 8  

 7 4 9  8 3 1   9 2 11   1   12   11 13+     * 12 1  2   13 9 3  
 14 8 4   15 7 5   16 6 6   17 5 7   18 4 8   19 3 9   2  2 1  
 21  11   22 12+    * 23 13   24 12   25 11 2   26 1  3   27 9 4  
 28 8 5   29 7 6   3  6 7   31 5 8   32 4 9   33 3 1   34 2 11+  
  * 35 11 2   36 1  3   37 9 4   38 8 5   39 7 6   4  6 7   41 5 8  
 42 4 9   43 3 1   44 2 11+  (22) 

Where, 

  = (  
  

    2 
  

    2 
  

    4 
  

    4 
  

    4 
 

 ), 

 1 = (   
  

     2 
  

     2 
  

     4 
  

     4 
 

    4 
  

    
  

    2 
 

  

  4 
  

 ), 

 2 = (  
  

    
  

   0 2 
  

    2 
  

   0 4 
 

     4 
  

    4 
  

    4 
  

  

   2 
 

 ), 

 3 = (    
  

    
  

   00 2 
 

     2 
  

    2 
  

     
 

   0 2 
  

     4 
   

 

   4 
  

     4 
  

 )  

 4 = (   
  

    
 

   00 2 
 

    
  

  5  2 
  

    4 
 

     4 
  

     4 
   

  

 0 2 
  

    2 
  

    2 
  

 ), 
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 5 = (    
 

    
  

     2 
  

    2 
 

    4 
  

    4 
   

     
  

  5  2 
   

 

   4 
   

    2 
  

 )  

 6 = (7  
 

   0 
  

  7  2 
  

  7  2 
   

    2 
 

    4 
   

   0 
  

    
  

  

  4 
   

 ), 

 7 = (    
  

    
 

     2 
   

     2 
  

     
   

     2 
   

    2 
  

 

   4 
   

    
  

 )  

 8 = ( 0 
  

  5  
   

    2 
   

    
 

   0 2 
   

 )  

 9 = (  
   

    
  

    2 
   

 )  

 1 = (  
   

     
   

 ), 

 11 = (  
   

 ), 

 12 = {𝑛 (  
  

   
  

   2 
  

   2 
  

    2)   
  

   
  

    2 
  

    2 
  

  

  2     4 
  

 }, 

 13 = {𝑛 (5 
  

    
  

  5 2 
 

    2 
  

  7 2 
  

 )  5 
  

    
  

    2 
 

    2 
  

 

   2 
  

     4 
  

     4 
  

   5 4 
 

  5  4 
 

 }  

 14 = {𝑛 (   
 

  7 
  

    
  

   0 2 
  

     2 
  

    2 
 

  5 2 
  

 )    
 

  

7 
  

    2 
  

     2 
  

     2 
 

    2 
  

   5 2 
 

   7 4 
 

     4 
  

  

   4 
   

 }, 

 15 = {𝑛 ( 0 
  

     
 

    
  

   5 2 
  

    2 
  

  5 2 
 

    2 
  

 )   
  

  

 5 
 

    
  

   0 2 
  

     2 
  

    9 2 
 

    2 
  

     4 
 

     4 
  

  

  4 
   

    4 
  

   4 
 

     4 
  

 }, 
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 16 = {𝑛 (    
  

     2 
   

     
 

   9 2 
  

     
  

    
  

    2 
 

  

  2 
  

 )   9 
  

    2 
   

   7 
 

   9 2 
  

    
  

     2 
 

    2 
  

  

  4 
  

   4 
 

    4 
   

     4 
   

 }, 

 17 = {𝑛 (5  
  

     
 

   7 2 
   

     
  

    2 
  

    
  

    
  

 )   9 
  

 

 5  
 

     2 
   

     
  

    2 
  

     2 
 

   4 
  

  5 4 
   

 

    4 
   

 }  

 18 = {𝑛 (    
  

   5 2 
   

     
 

     
   

    2 
   

    
  

 )   0 
  

 

  0 2 
   

     
 

    2 
   

    
  

    2 
  

   2 
 

   4 
   

 

   4 
   

 }  

 19 = {𝑛 (   
   

     
  

    2 
   

  7 2 
   

 )   5 
   

     
  

    2 
   

  

   2 
   

   0 
 

   2 
  

   4 
   

 }, 

 2 = {𝑛 (    
   

  9 
   

    2 
   

 )     
   

    
   

    2 
   

    
  

    
 

 

  2 
   

 }  

 21 = (𝑛(5 
   

    
   

 )    
   

     
   

    
  

   2 
   

  ), 

 22 = ( 𝑛 
   

 )  

 23 = (   2 
  

    2 
 

    2 
  

    4 
  

    4 
  

    4 
  

  )  

 24 = {𝑛 (  
  

    
  

    2 
  

    2 
 

    
 

 )    
  

    
  

     2 
 

    
 

 

    2 
  

   0 4 
  

    4 
   

     4 
 

    2 
  

    2 
  

 

   4 
  

    4 
  

 }  
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 25 = {𝑛 (   
  

     
  

    2 
  

   9 2 
 

    2 
  

   0 
 

   0 2 
  

 )     
  

 

   
  

    2 
  

     2 
 

    2 
  

   0 
 

     2 
  

    4 
 

 

     4 
  

  5  4 
   

      4 
  

 }  

 26 = {𝑛 (   
 

    
  

     
  

   0 2 
  

     2 
 

    2 
  

    2 
  

     
  

 

     2 
   

 )    
 

     
  

   0 
  

     2 
  

     2 
 

 

    2 
  

     2 
  

     
  

     2 
   

     4 
 

      4 
  

 

  5  4 
   

     4 
  

    4 
   

 }  

 27 = {𝑛 (    
  

  5  
 

    
  

   0 
  

     2 
   

     2 
 

    2 
  

 

    2 
  

 )    
  

     
 

    
  

  5  
  

      2 
   

      2 
 

 

  0 2 
  

      2 
  

     4 
 

  7  4 
  

   9  4 
   

 

  0 4 
   

    2 
  

  5  4 
  

    4 
  

 }  

 28 = {𝑛 (   
  

  5  
 

     2 
  

    
  

  5  2 
   

  70 
  

   0 
   

  

   2 
   

 )     
  

  5  
 

      2 
  

   0 
  

      2 
   

   9 
  

     
   

  

  2 
   

      2 
 

   0 4 
  

  9  4 
   

     4 
   

  5  2 
  

    4 
 

 }, 

 29 = {𝑛 ( 70 
  

     
 

     2 
   

     2 
   

    
  

  7  
   

 )   0 
  

  

    
 

       2 
   

   0 2 
   

  7  
  

      
   

   5  2 
  

      
  

  

   2 
   

     2 
 

    
  

     4 
   

     4 
   

    4 
  

   0 4 
   

 }, 

 3 = {𝑛 (   
  

     
   

    2 
   

     
   

     2 
   

 )   0 
  

    7 
   

 

     2 
   

    
   

     2 
   

  9  2 
  

      
 

     
  

 

   4 
   

    4 
   

       2 
 

 }  
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 31 = {𝑛 (    
   

     
   

    2 
   

 )   50 
   

   0 
   

     2 
   

  

70 2 
   

     
  

   0 
 

    
  

     2 
  

 }, 

 32 = {𝑛 (  
   

     
   

 )      
   

     
   

  5  
  

    2 
   

    
 

 

    2 
   

 }  

 33 =  {𝑛 (   
   

 )    
   

  5  
   

    
  

 }, 

 34 = (   
   

    
   

 ), 

  35 = (   
  

    2 
  

    2 
  

    
  

    2 
 

 ), 

 36 = (  
  

     2 
  

    2 
  

     
  

     2 
 

    
 

    2 
  

 ), 

 37 = ( 0 
  

    
 

    2 
  

   0 2 
 

     2 
  

    
  

    2 
  

 ), 

 38 = (   
  

  50 
 

     2 
  

     
  

   0 
  

     2 
   

    2 
  

 ), 

 39 = (50 
 

     
  

     
  

     2 
  

    
  

    2 
 

     2 
   

 )  

 4 = (   
 

     
  

    2 
   

     
   

    
  

    2 
  

    2 
   

 )  

 41 = (   
  

    
 

     
   

    2 
   

   0 
   

    2 
   

 ), 

 42 = (  
   

    
  

     
   

    2 
   

 )  

 43 = (  
   

   0 
   

 ), 

 44 = (  
   

 ). 

Now we assume that F
n
 is a Weakly-Berwald space, then   

  is hp(1). Since α is irrational 

in ( 𝑖), the equation (22) is divided into two equations follows, 

 2𝐹1  
   3𝐺1     2𝐻1    2 2𝐼1  = 0    (23) 

 2𝐹2  
   𝐺2     2𝐻2    2 2𝐼2  = 0    (24) 
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Where, 

𝐹1 =    1   2 8 2   4 6 4   6 4 6   8 2 8   1  1 , 

𝐺1 =  13 8   15 6 2   17 4 4   19 2 6   21 8, 

𝐻1 =  23 1   25 8 2   27 6 4   29 4 6   31 2 8   33 1   

𝐼1 =  35 8   37 6 2   39 4 4   41 2 6   43 8, 

𝐹2 =  1 1   3 8 2   5 6 4   7 4 6   9 2 8   11 1 , 

𝐺2 =  12 1   14 8 2   16 6 4   18 4 6   2  2 8   22 1   

𝐻2 =  24 1   26 8 2   28 6 4   3  4 6   32 2 8   34 1 , 

𝐼2 =  36 8   38 6 2   4  4 4   42 2 6   44 8, 

Eliminating   
   from these equations, we obtain 

       2     2 2   = 0   (25) 

Where, 

 =  2 2 1   1 2; 

 =  2 1   1 2; 

 =  2 1   1I2. 

Since only the terms  2 {* 1 (   2 
  

    2 
 

    2 
  

    4 
  

    4 
  

  

  4 
  

 )   1 (   
  

     2 
  

     2 
  

     4 
  

     4 
 

    4 
  

  

  
  

    2 
 

    4 
  

 )   1 (𝑛 (  
  

    
  

    2 
  

    2 
 

    
 

 )    
  

  

  
  

     2 
 

    
 

     2 
  

   0 4 
  

    4 
   

     4 
 

    2 
  

  

  2 
  

    4 
  

    4 
  

 )   1 (  
  

    2 
  

    2 
  

    4 
  

    4 
  

  

  4 
 

 )   } of S   in (25) do not contain    we must have hp (22) V22 such that  

 22  =   22  

Case 1: 

First we are concerned with 2   0 (     )and  2 ≠ 0  Shows the existence of a 

function k(x) satisfying    22 =   22, and hence s0=kβ, then (25) is reduced to  

      2𝑘   2    = 0  

So the terms  
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{  1 (  
  

    2 
  

    2 
  

    4 
  

    4 
  

    4 
 

 )   1 (𝑛 (  
  

  

 
  

   2 
  

   2 
  

     2)    
  

   
  

    2 
  

    2 
  

    2     4 
  

 )}r00 

 {( 1 (   2 
  

    2 
 

    2 
  

    4 
  

    4 
  

    4 
  

 )   1 (   
  

  

   2 
  

     2 
  

     4 
  

     4 
 

    4 
  

    
  

    2 
 

    4 
  

 )  

 1 (𝑛 (  
  

    
  

    2 
  

     2 
 

    
 

 )    
  

    
  

     2 
 

    
 

  

   2 
  

   0 4 
  

    4 
   

     4 
 

    2 
  

    2 
  

    4 
  

    4 
  

 )  

 1 (  
  

    2 
  

    2 
  

    4 
  

    4 
  

    4 
 

 )  2𝑘 } 

Of the above do not contain β. So there must exist hp(1) U1 satisfying   {{ (  
  

  

  2 
  

    2 
  

    4 
  

    4 
  

    4 
 

 )  (𝑛 (  
  

   
  

   2 
  

   2 
  

   

  2)    
  

    
  

    2 
  

    2 
  

    2     4 
  

 )}      ((   2 
  

  

  2 
 

    2 
  

    4 
  

    4 
  

    4 
  

 )  (   
  

     2 
  

     2 
  

  

   4 
  

     4 
 

    4 
  

    
  

    2 
 

    4 
  

 )  (𝑛 (  
  

    
  

  

  2 
  

    2 
 

    
 

 )    
  

    
  

     2 
 

    
 

     2 
  

   0 4 
  

  

  4 
   

     4 
 

    2 
  

    2 
  

    4 
  

    4 
  

 )  (  
  

    2 
  

  

  2 
  

    4 
  

    4 
  

    4 
 

 )   )}  2 =   1  

It is a contradiction, which leads to k=0.Hence we obtain s0=0; sj=0.Substituting s0=0 into 

(25), we have 

      2    = 0     (26) 

Then only terms  3 { 1 (  
   

 )   8 ( (5 
   

    
   

 )    
   

     
   

    
  

  

 2 
   

 )}     of (26) do not contain  2, and hence we must have hp(21)V21 such that 

 21   =  2 21   From 2  0(𝑚𝑜  β) there exists a function f(x) such that 

   =  2 ( )  𝑖𝑗 =  𝑖𝑗 ( )    (27)  

Transvecting (27) by b
i
y

j
, we have  
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  =   ( )  𝑗 =  𝑗 ( )    (28) 

Substituting (27) and (28) into (26), we have  

 ( )(   2 ) = 0  (29) 

Let us assume ( ) ≠ 0 Then (29) implies 

{ (  
  

    2 
  

    2 
  

    4 
  

    4 
  

    4 
 

 )   ((  
  

   
  

  

 2 
  

   2 
  

    2)    
  

    
  

    2 
  

    2 
  

         4 
  

 )}α
20

 = βV19, 

Where V19 is hp(19). This implies V19=0, provided that b
2
≠ 0. Hence f(x)=0 must hold 

and we obtain  

   = 0  ij = 0       = 0  j = 0  

Conversely, substituting   = 0   = 0and r0 =0 into (22), we have   
 =0. That is, the 

the Finsler space with (1) is a weakly-Berwald space. 

On the other hand, we suppose that the Finsler space with (1) be a Berwald space. Then 

we have    = 0   = 0 and r0 =0, because the space is a weakly-Berwald space from the 

above discussion. Substituting the above into (14), we have   = 0  that is, the Finsler 

space with (1) is a Berwald space. Hence sij=0 hold well. 

Case 2: 

Now consider  2  0(     ), Lemma (2.2) shows that, n=2, b
2
=0 and  2 =     =

 i( ) i. From these conditions (25) is rewritten in the form 

           = 0  (30) 

Where, 

  =  2 [{ 5𝛿5 (   
  

    
  

 )   6𝛿4 (    
  

    
  

     
 

 )   7𝛿3 (    
 

  

  
  

     
  

 )   8𝛿2 (    
  

    
 

     
   

    
  

 )   9𝛿 (  
   

    
  

 )  

 1 (  
   

 )}  { 4 4 (𝑛(5 
  

    
  

 )  5 
  

    
  

 )   5𝛿3 (𝑛 ( 0 
  

     
 

  

  
  

 )   
  

   5 
 

    
  

 )    6𝛿2 (𝑛 (5  
  

     
 

     
  

    
  

    
  

 )  

 9 
  

  5  
 

     
  

 )   7𝛿 (𝑛 (   
   

     
  

 )   5 
   

     
  

   0 
 

 )  

 8 (𝑛 (5 
   

    
   

 )    
   

     
   

    
  

 )}]  [{ 5𝛿5 (  
  

 )   6𝛿4 (  
  

  

  
  

 )   7𝛿3 (   
  

    
 

    
  

 )   8𝛿2 (7  
 

   0 
  

   0 
  

    
  

 )  
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 9𝛿 ( 0 
  

  5  
   

    
 

 )   1 (  
   

     
   

 )  ( 5𝛿5 (𝑛 (  
  

   
  

 )  

 
  

   
  

 )     6𝛿4 (𝑛 (   
 

  7 
  

    
  

 )    
 

  7 
  

 )   7𝛿3 (𝑛 (    
  

  

   
 

     
  

    
  

 )   9 
  

   7 
 

    
  

 )   8𝛿2 (𝑛 (    
  

     
 

  

   
   

    
  

 )   0 
  

    
 

    
  

 )   9𝛿 ((𝑛 (    
   

  9 
   

 )     
   

  

  
   

    
  

    
 

 ))   1 ( 𝑛 
   

 ))}], 

  =

[{ 6𝛿4 (𝑛 (   
  

     
  

   0 
 

 )     
  

    
  

   0 
 

 )   7𝛿3 (𝑛 (    
  

  

5  
 

    
  

   0 
  

 )    
  

     
 

    
  

  5  
  

 )    8𝛿2 (𝑛 ( 70 
  

  

   
 

    
  

  7  
   

 )   0 
  

      
 

  7  
  

      
   

      
  

    
  

 )  

 9𝛿 (𝑛 (    
   

     
   

 )   50 
   

   0 
   

     
  

   0 
 

    
  

 )  

 1 (𝑛 (   
   

 )    
   

  5  
   

    
  

 ))  ( 5𝛿5(   
  

    
  

 )   

 6𝛿4 (    
  

    
  

     
 

 )   7𝛿3 (    
 

    
  

     
  

 )   8𝛿2 (    
  

  

  
 

     
   

    
  

 )   9𝛿 (  
   

    
  

 )   1 (  
   

 )}]  *,( 5𝛿5 (𝑛 (  
  

  

  
  

    
 

 )    
  

    
  

    
 

 ))   6𝛿4 (𝑛 (   
 

    
  

     
  

     
  

 )  

  
 

     
  

   0 
  

 )   7𝛿3 (𝑛 (   
  

  5  
 

    
  

  70 
  

   0 
   

 )  

   
  

  5  
 

   0 
  

   9 
  

     
   

 )   8𝛿2 (𝑛 (   
  

     
   

     
   

 )  

 0 
  

    7 
   

    
   

      
 

     
  

 )   9𝛿 (𝑛 (  
   

     
   

 )  

    
   

     
   

  5  
  

    
 

 )   1 (   
   

    
   

 )-  { 5𝛿5 (  
  

 )  

 6𝛿4 (  
  

    
  

 )   7𝛿3 (   
  

    
 

    
  

 )   8𝛿2 (7  
 

   0 
  

   0 
  

  

  
  

 )   9𝛿 ( 0 
  

  5  
   

    
 

 )   1 (  
   

     
   

 )}+. 



 

 

 

 

 

 

112 Brijesh Kumar Tripathi, Dhruvisha Patel
 
and T.N. Pandey 

Since the only term which does not contain δ is  2 { 1 (  
   

 )   8 (𝑛 (5 
   

  

  
   

 )    
   

     
   

    
  

 )   1 (  
   

     
   

 )   1 ( 𝑛 
   

 )}r00 in (30), 

we must have hp(1)v1 such that    = 𝛿𝑣1. We have   = 0  𝑗 =0, now (30) becomes  

     = 0   (31) 

This implies that 

r00=0; rij=0 and r0=0; rj=0. 

Conversely, from    = 0    = 0 and s0=0 we have   
 = 0  Thus the space with (1) is 

weakly-Berwald space. Thus we state that 

Theorem 3.1. A Finsler space with the special exponential (   )-metric is weakly 

Berwald space if and only if the following conditions holds; 

1.  2  0(𝑚𝑜  ) 𝑖𝑚𝑝𝑙𝑖    𝑖𝑗 = 0  𝑛   𝑗 = 0  

2.  2  0(𝑚𝑜  )𝑖𝑚𝑝𝑙𝑖   𝑛 =     2 = 0  𝑛   𝑖𝑗  =  0  𝑗 =  0 are satisfied, where 

  2 =  𝛿 𝛿 =  𝑖 
𝑖  
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