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Abstract: The study of non-contraction mapping concerning the existence of fixed
points draws attention of various authors in non-linear analysis. It is well known that
the differential and integral equations that arise in physical problems are generally non-
linear. Therefore the fixed point methods specially Banach’s contraction principle
provides a powerful tool for obtaining the solutions of these equations which were very
difficult to solve by any other methods. Recently Yadava, Rajput, Bhardwaj [5] proved
a results in 2-Banach spaces for non-contraction mappings. In this paper we prove a
common fixed point theorem for non-contraction mapping in 2-Banach spaces, which
contains new rational expressions.
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1. Introduction
Browder [2] was the first mathematician to study non-expansive mappings.

Several mathematicians have done the generalization of non-expansive mappings as well
as non-contraction mappings. Kirk [4] gave the comprehensive survey concerning fixed
point theorems for non-expansive mappings.

Gahlar [3] introduced the concept of 2-Banach spaces. Badshah and Gupta [1], Yadava et al.
[6] worked for Banach and 2-Banach spaces for non contraction mappings. Also Yadava et
al. [5] proved a results in 2-Banach spaces for non-contraction mappings as follows:

Theorem 1.1. Let F be a mapping of Banach spaces X into itself. If F satisfies the
following conditions:

) F2=1

y l—FGo).allly-Foo,all+ly-F).alllx-F().al
- <

(i) FG) = FO) all < ey e r el y—F ol r—FO).al

; lx—F@o).allly—F»).all+lly—Fx).alllx=F(y).all
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Ix—FC).alllly-F).all+lly—FC).alllx—F).all
llx—F().all+ly-Fo.all+ly-F).all+llx-F(y).all

X, yeX, x #y,a>0,0<a,B,y, 6 <landa+78+8y+46 <8

Then F has fixed point, further if 8 + 2§ < 2, then F has unique fixed point.

In this paper, we prove another common fixed point theorem in 2-Banach spaces in
which multiplication of two mappings is an identity mapping.

ThatisTG=1=GT
2. Preliminaries

Definition 2.1. In a paper Gahler [6] defined a linear 2-normed space to be pair (L, ||., ||),
where L is a Linear space and ||, . || is non negative, real valued function defined on L
such thata, b,c € L

Q) |la, b|| = 0 if and only if a and b are linearly dependent
(i) lla,bll =1b,all

(i) la,Bbll = |Bllla, Bbll, B is real

(iv)  lla,b+cll <lla,bll + lla,cl|

Hence ||.,. || is called a 2-norm.

Definition 2.2. A sequence {x,} in a linear 2-Normed space L, is called a convergent
sequence if there is, x € L, such that

lim [|x, —x,y|| = 0forall y € L.
n—-oo

Definition 2.3. A sequence {x,} in a linear 2-Normed space L, is called a Cauchy
sequence if there exist y,z € L, such that y and z are linearly independent and

lim |2, — 2, yl = 0.
n—oco

Definition 2.4. A Linear 2-normed space in which every Cauchy sequence is convergent
is called 2-Banach Spaces.

3. Main Result

Theorem 3.1. Let T and G be two non-expansive mappings of a 2-Banach space X into
itself. T and G satisfy the following conditions:

TG = I = GT where | is identity mapping. 1)

llx=T(x)allly-6(»).all
— <
ITG) = (), all < o AL

+8 IT-T@).alllx=6).all+lly-T().allly-6¥).all+lIx-y.al?
Ix=T()all+lly-6().all+llx-GW).all+Ily-T).all+lIx-y.all

+yllx —y,all + 8[llx = T(x), all + lly — 6(¥), alll
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+nlllx — G, all + lly = T(x), alll

54

(2)

For all x#y, apB,y6ne01[ with [llx—TC0),all+Ily -G all]l+|lx -

G all+lly =T, all + [lx —y,all # 0
Then T and G have common fixed point.

Proof.

Taking y =3 I(T + NIl 2 = 6(),u = 2y — llx - y,all
then |lz—x,al = |[G(y) = TG(x)x,all

So by using (1) and (2), we get,

ly-G).all||T(x)-G(T(x)),al|
ly=TCOll

ly=6.alllly=6(T()).a|[+IT()-6().alllT(x)=6(T(x)) .all+ly-Tx),all?

lz—x,al]| <a

B e al [0 —6(r ) al+ -6 () al+IT - al+ T .al
+ylly = T(x),all + 8[lly = (), all + ||T(x) = G(T(x)), al|]

ly=G(),allllT(x)—x,all

<a T
SlIx=T(x).al

1 1
ly-c.alzllx-Tx,all+IT(x)-y+y-c),allIT () —x ,all+lx-T(x),all®

+B ly=T@),all+IT()—x all+lly—x.all+lly-T(x).all
+¥lly = T(x), all + 8llly = 6®), all + IT(x) — x,all]
+nllly —x,all + ITG) —y +y — GO, all]
= 2ally - 6, all + 2 51y — 6O, all +3IT(x) - x,all]
1
+2yllx =T, all + 8lly = 6O, all + IT(x) - x,all

+nlllx =T (), all + lly = (), alll

38 v
—_ < —_ —_ —_
|z —x,al < |lx—T(x),all [10 + > +4 +n]

6
+lly = 6, all [2a + 2+ 6 +1]
Now we calculate ||u — x, a,

lu —x,all =112y — z,all = IT(x) = G(y), all

llx-T).alllly-6).all
lx—y—all

©)
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+ IT-T(x),allllx=6W),al+Ily-Tx).allly-6 »).all+lx-y.al®
=T +y -G +Ix=G I +ly-T C.all+lIx-yl|

+yllx —y,all + 8[llx = T(x), all + lly — 6(¥), alll

+nlllx — G, all + lly — T(x), alll

lx-TG).alllly-6().al
Sl=Tx-al

IT-T(0).allllx-y,all+lly-Gy.all+llx—T(0),all+y-6),all+3llx-T(x).all?

5
Slx=T(x).all

+3vllx = T@), all + 80lx = TG, all + ly — G(), all]
1[5 1lx = TGO, all + 16G) =y, all + 3 llx = T(x), all
It — x,all < llx — T(x), all [1 +L +5+n]

+lly = 6O all [2a + L + 5 + 7| (4)
Now,

Iz —u,all < llz - x,all + llu —x,all

Iz —wal < |lx = T(), a||[f Z+25+2 ]
+|ly — G(y), al| [4a+?+26+2n] (5)
Butllz—wu,all =IG(y) — 2y + z|| = 2||c(y) — yl| (6)

By (5) and (6)
36
2ly = G, all < llx = TG, all |5+ +26 + 21

+lly = 6O, all [4a + L + 26 + 21|

£ 3By Yr26+21)
ly — G(),all < Sllx —T(x),all, where S =

2—[4a+°F +25+277] <1 (7)

Because 20a + 98 + 5y + 206 + 20n < 10
LetF = %[T + I], then for any xeX
1
IF2(x) = F(x), all = IF(Fx) — F(x),all = IFQ) —y,all =2 lly = T(), all

=-IT6() =T, all <5 16() — ), al
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Because

T is non-expansive. So ||F2(x) — F(x),a|| < ;”x —T(x),all

By the definition of S, we claim that F,(x) is a Cauchy sequence in X. Also by the
completeness, F, (x) converges to some element (x,) in X.

i.e lim

n—oo

F™'(x) = xy = F(xg) = xo.

Hence T'(xo) = x,. That is x, is fixed point of T.

Again

We can

IF?(x) = F(x),all < llx = T(2), all
=2|ITG(x) = T(x), al
<>llx— G(x),al

conclude that G (xy) = x,. That is x, is fixed point of G.

S0, T(xy) = G(xy) = x¢. SO x is common fixed point of T and G. The uniqueness part

is trival.
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