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Abstract: Exact solution of Barber's field equations of self-creation theory of gravitation
in the presence of cosmic string source with bulk viscous fluid and magnetic field is
obtained for LRS Bianchi type-1l space-time. To obtain the determinate model of the
universe, we have assumed that the coefficient of bulk viscosity & is inversely
proportional to the expansion scalar © in the model. We have also used the power law
relation between Barber's scalar function ¢ and average scale factor R. It is found that the
scalar function ¢ affects the other physical parameters of the model and contributes very
high to matter density and particle density at late times of the universe. Some geometrical
and physical aspects of the model are also discussed.
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1. Introduction

Various cosmological problems are being studied by cosmologists to reveal the evolution of
the universe. Einstein's general theory of relativity [7] has provided a sophisticated theory of
gravitation. It has been very successful in describing gravitational phenomena. It has also
served as a basis for models of the universe. Mach's principle is not substantially
accommodated i.e. inertial properties of matter is not taken satisfactorily into consideration in
Einstein's [8] general relativity and therefore there have been many interesting attempts to
generalize general theory of relativity by incorporating the Mach's principle and other
features. One of them is Barber's [3] second self-creation theory of gravitation, developed by
coupling the scalar field ¢(t) with trace of energy-momentum tensor T; in order to
accommodate the Mach's principle substantially by the theory. Barber's theory is a variable
G-theory and predicts local effects, which are within the observational limits. In it, the
Newtonian gravitational parameter G is not a constant but a function of time parameter t.
Also, the scalar field ¢(t) does not gravitate directly but divides the matter tensor acting as a
reciprocal gravitational constant, which is not the case in Einstein's general theory of
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relativity. This theory is capable of verification or falsification. It can be done by observing
the behaviour of both bodies of degenerate matter and photons.

Right from Barber [3], the following cosmologists have studied the theory and developed
the models of the universe and investigated geometrical and physical aspects of the
universe in self-creation cosmology theory. Pimentel [16] and Soleng [23] have discussed
the Robertson-Walker solutions in Barber's second self-creation theory of gravitation by
using power law relation between the expansion factor of the universe and the scalar
field. Reddy and Venkateswarlu [19] have presented Bianchi type VIo cosmological
solutions in Barber's second theory of gravitation both in vacuum as well as in the
presence of perfect fluid with pressure equal to energy density. Venkateswarlu and Reddy
[25] have also investigated spatially homogeneous and anisotropic Bianchi type-I
cosmological macro models when the source of gravitational field is a perfect fluid.
Shanthi and Rao [21] have investigated Bianchi type-1l and Il space-times in Barber's
second theory of gravitation, both in the vacuum as well in the presence of stiff-fluid.
Ram and Singh [22] have investigated spatially homogenous and isotropic R-W model of
the universe in Barber's second self-creation theory of gravitation in the presence of
perfect fluid by using "Gamma law" equation of state. Pradhan and Pandey [17] have
studied bulk viscous cosmological models in Barber's second self-creation theory.
Cosmological models in self-creation theory of gravitation have been widely discussed in
the literature (for example see Reddy [20], Rao and Vinutha [18], Katore et al. [12],
Borkar and Ashtankar [4], Jaiswal and Tiwari [9], Pawar et al. [14] and Chauhan [6]).
Johri and Desikan [11] studied cosmological models with constant deceleration parameter
in Brans-Dicke theory.

Pawar and Solanke [15] have studied magnetized anisotropic dark energy models in
Barber's second self-creation theory. Jain and Jain [10] have discussed Bianchi type-I
magnetized radiating cosmological model in self-creation theory of gravitation. Borkar
and Ashtankar [5] have investigated LRS Bianchi type-1l string cosmological model in
the presence of Magnetic field in Barber's second self-creation theory. Recently, Advani
and Jain [1] have studied cosmological model of Bianchi type-l involving magnetic
radiation in self-creation theory of gravitation with constant deceleration parameter. Bali
and Jain [2] investigated magnetofluid cosmological model in Bianchi Type | space-time
representing expanding and shearing universe.

Motivated by the above discussions, in this paper, we shall focus upon the problem of
establishing a formalism for studying LRS Bianchi type-1I anisotropic model with string
bulk viscous fluid along with magnetic field. The outline of the paper is as follows : The
metric and field equations are presented in Section 2. In Section 3, we deal with an exact
solution of the field equations. In Section 4, we describe some physical and geometric
properties of the model. Finally, conclusions are summarized in the last Section 5.

2. The Metric and Field Equations
We consider LRS Bianchi type-1l metric of the form
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ds? = —dt? + Az(dx2 + dzz)+ B*(dy — xdz)’, (1)

where the metric potentials A and B are functions of t alone. The field equations in
Barber's second self-creation theory [3] are

8T
R, _leii -2 @)
2 ¢
and
[¢=§7Z’77T', (3)

where ¢ is the Barber's scalar function of t , T' is the trace of the energy-momentum
tensor, 77 is a coupling constant to be determined from experiments.

The energy-momentum tensor Tij for a cloud of strings with bulk viscous fluid and

electromagnetic field E/' is given by
T) = pvyv! —axx) - &, (gij +vivj)+ EJ, (4)
where V; and X; satisfy the conditions

vV =—1=-xx', vx =0. (5)

I 1
Here p is the proper energy density for a cloud strings with particles attached to them, A

is the string tension density, V' is the four-velocity of the particles, X' is a unit space-like
vector representing the direction of string and & is the coefficient of bulk viscosity.

If the particle density of the configuration is denoted by p,, then
pP=p,+4i. (6)

The electromagnetic field Eij [12] is defined by

_ 1. _
E/ =/7[|h|2(vivJ +§gijj—hih‘] (7)
where £ is the magnetic permeability and hi is the magnetic flux vector defined by

T

21

Siju Fv?, (8)
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where F¥

is the electromagnetic field tensor and €, is the Levi-Civita tensor.
The expansion scalar 6 is given by

, _2A B

0=V, =—+—. 9
= tg ©)

In a co-moving coordinate system, we assume

v'=(0,0,01), X' = (%,o, 0, oj. (10)

We assume that the magnetic field is in Yz -plane. Therefore, the current is flowing along
x-axis. Thus Fy is the only non-vanishing component of electromagnetic field tensor F;.
We have h, #0, h, =h,=h, =0.

Maxwell's equations

Fix +Fui +Fe; =0 (11)
and FJ =0 (12)
lead to

F,, = H = constant. (13)

The components of electromagnetic field with the help of equations (7), (8) and (13) are
obtained as

—H?

Ell :W:—Ej :—E33 = E: (14)
For the line element (1) the field equations (2) and (3) lead to the following system of equations:
. ) )
é+E+ﬁ+ 84 = l+§0+% 8—” (15)
A B AB 4A 20AB° | ¢

A A 2 2 2
2—A+i2—384 = 59—% 8—ﬂ (16)
A A" 4A 2uA°B° | ¢

A D A 2 2 2
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AB A" 4A 2uA°BT | ¢
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;}5+[2—AA+EJ¢_ (/1+3§9+p) (18)

Here and in what follows an over dot denotes ordinary differentiation with respect to t.
3. Solution of the Field Equations

The field equations (15) - (18) are a system of four equations with six unknown
parameters A, B, p, 4, & and ¢. Two additional constraints relating these parameters are

required to obtain explicit solution of the system. We firstly assume the power law
relation between average scale factor R and the Barber's scalar function ¢ [11] as

¢pxcR" = p=CcR", (19)

where n is any integer and c is the constant of proportionality.

Secondly, referring to Thorne [24] observations of the velocity-red shift relation for
extragalactic sources suggest that Hubble expansion of the universe is isotropic today to

within 30 percent. More precisely, the red-shift studies place the limit % <0.30, where

o is shear and H is Hubble constant. Following Bali and Jain [2], we assume that the
expansion (0) in the model is proportional to the shear (), which is physically plausible
condition. This condition leads to

A=R™, (20)
where m is a constant.

The spatial volume for the model (1) is given by
R®=A’B. (21)
From equations (20) and (21), we get

B=R>"". (22)

To obtain the determinate model of the universe, we assume that the coefficient of bulk
viscosity (&) is inversely proportional to expansion scalar (0). This condition leads to

£0=K, (23)
where Kk is a proportionality constant.

By using equations (19) - (23) in equation (16), we get
R R? 3 { K H? } 87

2R +(3m-2 (24)

+ —~ —.
4mR8m77 Rn—l zﬁRn—ZerS mc
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Now on putting R=f (R) in equation (24), we get

f? 3 K H? 87
+(3m_2)_ |:Rnl - 2/—1Rn2m+5:|E'

d(f?)
= -
R 4mR*™’

dR (@)

On integration, equation (25) leads to

, (drRY K H? 8 3 L 2
fo=l—1 = 2 5 —2m+d | gmD) T pamz’ (26)
dt (Bm-n)R™?  2z(5m-n-6)R"*™* mc 4m(5m-6)R* ™Y  RM
where L is an integrating constant.
With the help of equations (20), (22) and (26), the metric (1) reduces to

ds® =— K _ H’ 87 3 L L N
@m-n)R"? 2aBEM-n-6R™>™* [mc 4mBEm-6R* ™Y R | (27)
dR? + R2"(dx? + dz? )+ R*“" (dy — xdz)?.

After making a suitable transformation of co-ordinates the metric (27) takes the form

o -]

@Bm-nT"? 2aBm-n-6T"2"* [mc  4m(5m-6)T o™ T2 (28)
dT2 +T2"(dx? +dz? )+ T " (dy — xdz)°.

4. The Geometric and Physical Significance of Model

The cosmic scale factors A, B and the spatial volume V of the model (28) are given by

A=T", B=T**"andV =A’B=T". (29)

The scale factors A, B and volume V are increasing function of cosmic time T. Initially,
when T — 0, the scale factors A, B and volume V tend to zero value and finally, when T
—o0, they attain infinite values. This shows that the universe starts evolving with zero
volume and expanding with infinite volume at final stage.

The scalar function ¢ for the model (28) is given by
¢=cT". (30)

We find that the scalar function ¢ is an increasing function of cosmic time T. Therefore,
during evolution of the universe the scalar field is growing and affects the behaviour of
the physical parameters of the model.

The energy density (p), the string tension density (A) and the particle density (p,) for the
model (28) are given by
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_3(m-2)K (n—2m)H? (m-3)  3mm-2)L) ¢
a (n—3m) +2/7(5m—n—6)|'6—2m +((5m_6)-|-8m—6 - T3m j (31)

3(mn—6m—n-+6) (mn—14m?+22m+3n)H°

A=
2m(n—3m) ’ 2zm(5m—n—6)T *2" -
(m?—38m+54) 18m2-3m+2)L) 4
+ 1
m(5m — 6T *"¢ T" 327
_3(2m? +mn—10m—n+6)K . (LOm? + mn —22m —3n)H?
Pp= 2m(n —3m) 2zm(5m —n—6)T &2" @)
(3m? +26m-54) (5m?-13m+6)L) ¢
m(5m —6)T °"* T 327

From the above equations we observe that at the initial epoch i.e. when T—0, the energy
density, string tension and particle density are infinitely large and tend to small values
when T —oo. It is also observed that when T —o0, the energy density and particle density
tend to small positive values but never approach to zero due to the presence of bulk
viscosity, whereas the string tension density tends to a small negative value which shows
that the string phase in the universe switched-off or disappeared as predicted by
astronomical observations. Since scalar function ¢ is an increasing function of cosmic
time T and so in the early universe its contribution to energy density and particle density
is very small, but at the later times it is playing the important role and affect the
behaviour of these parameter.

The dynamical scalars 6 and ¢ have the values given by

K H? 8 3 L |2
0_3|:{(3m_n)_2ﬁ(5m—n—6)-|-6zm}m_¢_4m(5m_6)-|-8m6 +T3m} ) (34)

0=\/§(m—1)H(3 K ak }8” 3 L T. (35)

m) 2 n G mg a6 T

It is seen that the expansion scalar 6 is a decreasing function of cosmic time T. It attains a
very large value in the beginning and a small value in the end of the model. Thus, the
model starts evolving with highest expansion and the expansion continuously decreases
and approaches to a small finite value at late times and is affected by the scalar function
¢. That is our universe continue to expand at a finite rate in the end of the model. With
regard to the nature of shear o, we can put the similar argument as that of expansion
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scalar 6. Furthermore, sincefim € =0 provided m=1,the model does not approach
T 9

isotropy for large values of T. The shear scalar o is zero when m = 1, hence m = 1 is the
isotropy condition.

5. Conclusion

In this paper we have presented a new exact solution of Barber's second self-creation
theory of gravitation for LRS Bianchi type-1l space-time in the presence of cosmic string
source with viscous fluid and magnetic field. The model starts evolving with zero volume
at T = 0 and expand with cosmic time T. It is found that the Barber's scalar function ¢
affects the behaviour of physical parameters. At late times scalar function ¢ contributes
very high to energy density and matter density and due to this contribution these densities
decreases at slightly slower rates. The expansion scalar 0 in the model is inversely
proportional to cosmic time T and the scalar function ¢. This suggest that in the presence
of scalar function expansion scalar decreases at high rate at late times. Also !im %¢0
provided m=1, the model does not approach isotropy at any time. Initially string

tension density A is very high but it tends to a small negative value when T—oo.
Therefore, the strings disappear from the universe at late times (i.e. at present epoch).
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