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Abstract. In this paper, we define a Multiparameter S-K-Mittag-Leffler function and
have investigated the properties of the above new function such as integral representations of
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Leftler function and K-series. Some particular cases have been obtained by particularizing the
values of the parameters.
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1. Introduction

Gehlot[3] established the functional relation between Multiparameter K-Mittag-Leffler
function and K-series. Various properties of Multiparameter K-Mittag-Leffler function
are also proved. Gehlot[4] introduced the generalized S-K-Gamma function (I} (x) as

X
nls"+1(ns)k "t

(%) =2 lim ,s,k>0,x € C\kZ™, (1)
kn-oo s(nk
where
s@nge = CIE+ )G +29)....C+(n—1)s),x€C, 5,k ERNEN". )

and the integral representation of S-K-Gamma function

k() = [, t*'e"sdt, x€C,s,k€RRe(x)>0, 3)

and it follows easily that

L@ =2rd). @
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S

she(e+k) =2 (L) (%)

sk =" Qn (6)

Tk (x+nk)

S(x)n,k = Srk(x) . (7)
ns s(x)n—l,k =s (x)n,k_s(x - k)n,k- )
sn+jre =s jx s+ jk)nk 9)
2. Definition

Let s,keR,=(0,2); a;,b.,p;€C;n€RG=12,..,p;r=12,..,q;i=12,..,m).
Then the Multiparameter S-K-Mittag-Leffler function is defined in the following form :

p
Hj=1 s(@jnk z"

ol : 10
ZTL—O ngl s(br)nk H:r:ll sTe(Min+B;) ( )

B, =
pKsi 2] =

Where (I} (x) is the S-K-Gamma function and ¢(y ),k is the S-K-Pochhammer symbol.

The series (10) is converges when no parameter b,.(r = 1,2,..,q) is zero or a negative
integer. Next, if any numerator parameter a;(j = 1,2,..,p) is zero or negative integer, the
series terminates and the question of convergence does not arise.

For cases other than these by D’ Alembert’s ratio test :

i Ifp<q+X, ( 1), RHS of (10) is absolutely convergent for all z € C.

@ If p=q+3X1, (m) then the RHS of (10) is absolutely convergent for all
sP R 2] < TIL, (1D and [P0 5 Gz = 12, (D,

a 2+q+m P
Re (T ( D)+ Xt ( N =30, D) >——
3. Relation between Multiparameter S-K-Mlttag-Lefﬂer function and K-series

In this section we established the functional relation between Multiparameter S-K-
Mittag-Leffler Function and K-Series.

3.1 Theorem
TRED™[(a)P_ 1 ()i, (B )y 2]

_ S - KPRy, G Ty op-a B (1)

=1 Gr=0 G 3 )i=13 28

And its counter part is given by

pKEP @)Dy (b, (Bum)Tys 2]
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= ks B K B [(ea )P (b, (kBy kn) Ty 2sTEM*AP]. (12)
Proof : Using equations (4) and (6), (10) becomes

a:
14 ]
M., s (hin 2"
nintpB; >

q bry rym s_K ni . Bi
[Iroy s GO I, ——T G+

RS 2] = T

after some simplification, we obtain

a; —_g-ym g
M., (Do (s 2= T)n

b By
M7, GO T2, rGin+th

_ym Biy
= k™Ms Zl:l(")Zn:O

using the definition of K-series, we get

-y, i M (Y br Bi mi —q-3,
A ] (G N GO K G D e S

This completes the proof of (11).
Similarly we can prove the counter part.
4. Reccurence Relations

In this section, we proved some reccurence relations of Multiparameter S-K-Mittag-
Leffler function.

4.1 Theorem

Let b € C, € R and the convergent conditions of Multiparameter S-K-Mittag-Leffler
Function are satisfies, then

k
= DK @)y (0 s, B m) e, (B, B 7]
= bIKEP ™ [(@)P_ s (b, (B, (b + K, B); 2]

d ’ m
+Bz2 SRRV (@) (b)iy, (B )T, (b + ke, B); 2] (13)

Proof : Consider the right hand side of equation (13) and using equation (10), we have
bLKG ™ ()Y (b iy, B ), (b + K, B 7]

d ’ m
+Bz= LKAV (@) (b, (B )i, (b + K, B); 2]

I—[?zl J(@nk z"

=1 sk T2y sTeMin+B)sTk(Bn+b+k)

= bz%o=0 l-[q

14 n
d Hj:l @pjnkz
+.BZ o Z?lo=0 q m = ] . 4
dz Hrzls(br)n,k lel sTkMin+Bi)sTk(Bn+b+k)
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g M=y (@)nje(Bn+b) 2"
=0 Bnk T2y sTkMin+By) sTk(Bn+b+k)’

using equation (5), we obtain LHS of (13)

k m
= - ‘;,Ks(fi") (@)= (br)foy, (Bum)s, (b, B); 2],
Hence.
4.2 Theorem

Let a € C and the convergent conditions of Multiparameter S-K-Mittag-Leffler Function
are satisfies, then

DK (@) a+ k; (b)I—y, (B 1)y, (k1) 2]

— LK™ (@)D, @ (b)) I-y, (B )y, (k1) 2]

P=all_i (%)  q ,B+nmm
= kz (k) né;(b) p+1Ks Pl + o a+ ks (by + k)],

Bi +numi)ize, (L1); 2] (14)
Proof : Consider the left hand side of equation (14) and using equation (10), we have

DK (@) a+ k; (b)I-y, (B )y, (k1) 2]

— K& (@) a; (), (Bu )Ty, (K, 1); 2]

_ g Hj=1s(aj)n,k z"
=0, (OonkIIRy sTe@in+Bi)sTk(n+k)

[s (a + k)n,k_s(a)n,k]t

By making use of (8), it yields

ME_, @)Dnkz"
= Zn 1 s [ns s(a+ k)n—l,k]'

r=1 S(br)n,k H?:l1 sTk(Min+By) s (n+k)
replacing n by n + 1, we obtain
Hﬁ;l S(aj)n+1,k Z"+1

r=1 (Brnsai[IZy sTe@i(n+1)+B;) sTi(n+1+k)

Zn 0 1—[ [(n + 1)k s(a + k)n,k]'

using equations (5) and (9), we obtain
M= @)1k s(@j+Hng 2 [(+1)s s(@+i)n ]

+1 ,
M-y B aie sOrtini Ty sTk@in+Bin) D (ry(n+1)

= Z?f:o

after some simplification, the above expression becomes equal to

P-4l (@) (B+1.1)m
= kz () nézi(br) p KT (0 + )P_ L a+ ks (b + KT, (B +
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Mo M)i=1, (L1); z].
The RHS of (14) is proved.
4.3 Theorem

Let f € C,Re(B) > 0, € R and the convergent conditions of Multiparameter S-K-
Mittag-Leffler Function are satisfies, then

k2
= DK @)y 0 er, B M) Eer, (B + k)i ]

k
= ARG (@) () Isy, (B ), (B + 2k, @); 7]
= 2a? LR ()01 ()i, (Bo ), (B + 3k, ); 2]
+z{a? + 2a(B + K} SKEP™ [(@)P_ 15 (b1, (B )Ty, (B + 3k, a); 2]

+B(B + 2k) LK™ [(@)E_ 5 (b)izy, (Bo )iy, (B + 3k, a); 2], (15)

Proof : From equations (10) and (5), we have

qusgin)m-"l[(a] j= 1' (b‘f‘)zzl' (ﬁil 771 l 1 (B + k a) Z]

p
= (@nk z"

: 16
Z" 0ma_ 1Bk 12, TeMin+Bi) (an+p) sTk(an+p) (16)
Again,
TREDm [P (b, (B )i, (B + 2k, @); 2]
1_[5-;1 J@dnk z"
Zn 0 4 m . . ' (17)
| 1$(br)nkl'[l=1Sl"k(mn+l?l)(an+3+k)(an+ﬁ)sl"k(0m+3)
] 1 (a])nkz 1 1
Zn Oy bk TTEy  sTk(in+Bi)sT(an+B) k [(“’H'ﬁ) (0”1+B+k)]
by making use of (16), we obtain
k3
58 = K @)y 0 er, B m)Er, (B + k)i 2]
—kLREPm (@) (b, B )Ty, (B + 2k, a); ). (18)
Where
Hz'j: @jnrz"
o T (19)

= Zn=o0 M7y ()i T2y sTk(in+BsTi(antB)(an+p+k)’
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k
u(u+k) o (u+k)

using the identity % =

H]':1S(aj)n,k z"

r= 1S(br)n,k H:Z1 sTekMin+tBi)sCk(an+p)

S Znol—[

k + 1
X [(an+[>’+k)(an+ﬁ+2k) ((xn+ﬂ+2k)]'
S =y M=y (@) 2"
=0T, bonk IR, sTk(in+Bo)sTr(an+p)

k(an+p) (an+B)(an+L+k)
[(an+ﬂ) (an+B+k)(an+B+2k)  (an+pB)(an+p+k) (an+B+2k)]’

using equation (5), we have

H -1 (a]-)n_kz"[nzaz+2na([>’+k)+[>’([i’+2k)]
k3 Zn oL 150 2y sTkMin+Bi)sTk(antf+3k)

We express each summation in right side of (15) as follows;

—{ZL RGP (@) () iy, (BT, (B + 3k, @); 2]}

_ g M. (@)ni(ntD) 2"
=0 M2, Gk, Te(in+Bo)sTi(an+B+3k)’

29K (@) () Iy, (B 1)a, (B + 3k, ); 2]

+ 9 KEDm[@)P_ s (b, (B )y, (B + 3k, @); 2]

g M-y @)ne(m+1) 2"
n=0 T, (bnklly  sTk(in+B)sTi(an+p+3k)’

2IKEP™ (@) ()3, (B ), (B + 3k, ); 2]

P
nlljoy (@pnk 2"

ZTL 0 Hq
Again

d? m
A2 LR (@) (b, (B )T, (B + 3k, a); 2]}

M-, J@nxm+2)(n+1) 2"

r=1sPnk M2y sTk@in+Bi) sTk(an+f+3k)’

Znol—[

22IREDm (@2 (b)), (Bun) Ty, (B + 3k, a); 2]

+4z3KEP™ ()P (b1, (B )Ty, (B + 3k, @); 2]

o1 s POni 2y sTre@in+B)sTr(an+p+3k)’

foru = an + [ + k to equation (19), we obtain

(20)

21)
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+29 KB @)y (b, (Bu ), (B + 3k, a); 2]
(n2+3n+2) H?:l @k zn

r=1 S(br)n,kn_{r:l1 srk("in+ﬁi)srk(an+ﬁ+3k)’

Zn 0 H
using equation (21)
22 IRED ™ [(@)P_ s (b, (B, (B + 3k, a); 2]

+z K™ [(@)P_ 1 (b, (B )Ty, (B + 3k, @); 2]

n H (a])nkz
= Yo T - (22)

r= 1s(br)nkn =1 sTkMmin+By) srk(an+ﬁ+3k)

using equations (21), (22) in equation (20), we obtain

3
-8 =22 RV (@) Br)er, Bun)s, (B + 3K, @) 2]

+z{a? + 2a(B + K)YSKEP™ [(@)P_ 15 (b1, (Bi )Ty, (B + 3k, a); 2]

+B(B + 2k) LK™ [(@)E_ 1 (b, (B )Ty, (B + 3k, ); 2.
Hence.
5. Integral Representation of ZK gﬁ"")"‘ [z].

In this section, we investigated the integral representation of Multiparameter S-K-Mittag-
Leffler function.

5.1 Theorem

Let S € C,Re(B) > 0, € R and the convergent conditions of Multiparameter S-K-
Mittag-Leffler Function are satisfies, then

1
[ e R @]y (b (B, (B @) £
0

= S OREMm (0P (b (Bond s, (B + )i 1]
2

— T ORGP (@) ()i, (B, (B + 2k, @); 1], (23)

Proof : Put z = 1 in equations (18) and (19), we have
%Kgin)mﬂ [(a])j 1’ (br)r 1’ (ﬁiﬂh i=1r (/3 +k, a) 1]

— S A REDme ()P (), B, (B + 2k, @); 1]

v
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g MM, (@nk
TAmEO L ok TR, sTkMin+B)sTi(an+B) (an+B+k)’

24
Consider the left hand side of (23) and by making use of (10), we obtain,

tan+ﬁ+k—1dt

i [Ty, @)k fi
n=0 z=1 s (br)n,k HIZ1 st(nin + ﬁi)s['k(an + B) 0

g M-y (@)nk
TAmEO T boakIRy  sTk(in+Bi) sTk(an+B)(an+B+k)’

from equation (24), we obtain RHS of (23),
= 4RGP ()5 (b)ioy, (Bun) s (B + k)i 1]

2
— T OREDm[(@)?_; (b)ioy, B ), (B + 2k, )3 1.

This completes the proof of (23).

6. Particular Cases

The particular cases of this paper are given by particularzing the values of parameters, we
obtain the result for different known Mittag-Leffler Functions, given as:

(a) If we set s = k, then we obtain the results for Multiparameter K Mittag-Leffler
function defined by Gehlot[2].

(b) Ifwesets = k = 1, then we get the results for K-Series defined by Gehlot and Ram([5].

() Ifwesets=k=1,p=q=mand by = b, =...= b, = 1, we get the results
for the 3M-Parameter Multi-Index Mittag-Leffler function defined by
Konovskal[6].

(d) If weset k=1,p=q=1,a, =p,b; =1, then we obtain the results for the
Generalized Mittag-Leffler function studied by Luchko[7].

(e) Ifwesets=k=1,p=q=1,a,=b; =1 and n; =%, then we arrive at the
results for the Multi-Index Mittag-Leffler function studiedl by Kiryakova[11].

) If we set s =k =1,m =1, then we get the results for Generalized M-Series
defined by Sharma and Jain[10]

(2) Ifwesets=k,p=q=m=1,a; =6,b; =k, then we obtain the results for
the K- Mittag-Leffler function studied by Dorrego and Cerutti[1].

(h) Ifwesets=k=1,p=q=m=1,a; =§,b; =1, then we get the results for
the Generalized Mittag-Leffler function studied by Prabhakar[9].

(i) Ifwesets=k=1,p=q=m=1,a, = b; =1, then we obtain the results for
the Mittag-Leffler function studied by Wiman[12].

3g) Ifwesets=k=1,p=q=m=1,a, = b; =1 and f = 1, then we obtain the
results for the Mittag-Leffler function studied by Mittag-Leffler[8].
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