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Abstract: The present paper mainly concerns with three theorems involving generating
functions expressed in terms of single and double Laplace and Beta Integrals. These
theorems have been applied to obtain Bilinear and Bilateral Generating functions
involving polynomials of generalized Rice, Jacobi, Lagrange, Gegenbauer and other
polynomials hypergeometric in nature. A number of generating functions have also been
obtained as special cases. One variable special cases of hypergeometric polynomials are
important in several applied problems.
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1. Introduction

Hypergeometric polynomials occupy the pride place in the literature on special functions.
One variable special functions namely generalized Rice polynomials[15], Jacobi
polynomials[14], Generalized Laguerre polynomials[1], Legendre polynomials,
Gegenbauer polynomials and other polynomials hypergeometric in nature, are closely
associated with problems of applied in nature. For example, Ultraspherical polynomials
are deeply connected with axially symmetric potential in n dimensions and contain
Legendre and Chebyshev polynomials as special cases. The generalized Laguerre
polynomials play an important role in finding the wave function associated with the
electron in a hydrogen atom. Further Laguerre polynomials are encountered in the
solution of the problems on propagation of electromagnetic waves and in the analysis of
the motion of electrons on Coulomb field, as well as in certain other problems of
theoretical physics.
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Further, Bessel functions are closely associated with the problem possessing circular or
cylindrical symmetry. For example, they arise in the study of free vibration of a circular
membrane and in finding the temperature distribution in a circular cylinder. They also
occur electromagnetic field theory and numerous other areas of physics and engineering.

This paper aims at making applications of three theorems given by Chaudhary [5] in
obtaining Bilinear and Bilateral Generating Functions for a variety of hypergeometric
polynomials [12]. The theorems used in our work, are as follows:

Theorem 1. Let F(x, t) be a function having formal power series expansion in t, given by

F(x,t) = Y=o Cn fu (O™ (1)
where {c,} is a specified sequence of parameters, independent of x and t, and
fn(x);n =0,1,2,3, ... are polynomials of degree n in x; with restrictions on x;, X5, X3 and
t such that triple hypergeometric series of Srivastava and F (x, Zt_—zl) remain uniformly
convergent for z € (0,1), then

cn(PIn 3) [p+n:(aA) 2 (bp); (b g )s ("' grr):(eedi(c r)s(c” orr); ] n
. (1 + p— q)n q.(dp) : (eg); (e’E’);(e”E”):(fF):(f,F’);(f,’F”); X1,X2,X3 fn(x)t
n=

I'(q)
I'(p)I'(g-p)

z)47P~1 p(3) [

fol Zp_l(l -

(aa)::(bp)i(b' gr)i(b"" grr):(cedi(c’ cr)i(c”! crr);

(dD)::(eE);(e'E/);(e”EH):(fp);(f’Fl);(f”F//);

x F(x,-%) dz )
(@q—p #0,£1,£2,43...,R(q) > R(p) > 0)

X1Z,X5Z, xgz] X

where F®) [xl’xz, x3] is Srivastava’s triple hypergeometric function[29-34].
Theorem 2. : Let
G(x,t) = Y=o Cnfn (X)E" 3)

where f,, (x) are the polynomials of degree n in x, then

[oe]

Z cn(Mn FRIA+n;a,c;d,b;2,y] f,(x) t" =

n=0
- ﬁ Jy ePp*11F, [c; b;ypl 1Fyla; d; zp] G (x,tp) dp; (R(A) >0) (4)

where F, is Appell’s function of second kind [34].
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Theorem 3. : Let

Gt = Y eafa ()L
n=0

where f;, (x) are polynomials of degree n in x, then

(o]

Z cn(@nb)p Fyla+nb+n;c,d;y, z] fr(x) t" =
n=0

1 © 00 _ _ _
torado Jo €TV o FL [ 6 ypal oFi[— d; 2pql G (x, tpq) dp dq (R(a) >
0,R(b) > 0) (5)
where F, is Appell’s function of fourth kind[34].
Corollary : On taking B=B'=B" =E =E'=E" =C" =F" =0, Theorem 1, with

x3 = 0 reduces to:

C cn(@n 2) [P+n.(aA)= CRHCD) ] n_
1 (1+p—n F A )y Y1 X2 | Fn(ET =
n=

- @ (1 p-1/q_ Na-p-15@2) [ (an):Cec)i(c’o1); ] Lz
torrap o 2 L= DTS oy, %22 | F (v;5) dz (6)
where
Fx,t) = Z CafaCOt™ (G —p # 0,41, +2,43, ..., (R(q) > R(p)) > 0)
n=0

and F(® is Kampe' de Fe'riet’s double hypergeometric function [4,8,9, See also 2, p.150,
eq. (29)].

Again on adjusting parameters and variables suitably, the results for Lauricella’s function

F,®, F,® F.® F 316, See also 20, pp.222-223], equations (8)-(11) follow as
special cases of Theorem 1.

Further the known results of Brafman [3], Chaudhary [5], Chaudhary et al. [6], Chaundy
[7], Manocha [17-18], Manocha and Sharma [19], Sharma and Mittal [27] are obtained as
special cases of our findings.

Again on making applications of these theorems, many more known and new generating
functions can be obtained by specializing the parameters or variables or sometimes both

It is to be noted that F® is a generalization of F, to Fy, [16] series of Lauricella,
Kampe' de Fe'riet’s double series F( [2 eq.(29), See also 4.,p.112], Hy, Hg and H, of
Srivastava [28, See also 30] and Fy of Sharma [26,p.613,eq.(2)].
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2. Definitions

Some of the hypergeometric functions and hypergeometric polynomials used in our work
are as follows:
The generalized Rice polynomial [13] is defined by:

(1+(x)n

H,““P) [v,0,x] = sE,[-nn+a+B+1,v;1+a,0;x] (7

has Jacobi polynomials Pn(“'ﬁ )(x) [22], Ultraspherical (or Gegenbauer) polynomials
1

C,%“(x) [22, p.277], Legendre polynomial C,z(x) and the generalized Lagueree
polynomials L,,(® (x) [22,p.200] as special cases defined below.

Py PG = H, P |0,0,77] = (~1)"P, P (=) ®)
1
(a,@) (A+a)n “"'E _ (+a)n -nl+2a+n; 1-x
P, (x) = SO €, () = L0 R, [T E ©)
1+a) . : 2
Ln(a)(x) (&11:1 1re x] = lim|g|-0 {Pn(“ﬁ) (1 _?x)} (10)
Pu(0) = Py®0(x) = C,2(x) = (—1)" Pa(—) (11)
p, iy - L_TATD (1 +x)" [ 1]
" nl(l+a—n)\ 2 2l [tramiy 41
— (et By (= g [ 2
= (20 oA [T (12)
Further szego [35, p.64] defined Jacobi polynomials Pn(“’ﬁ )(x) as follows:
(@.p) — (== (—a—-p-2n-1,p) (X+3
e ™
and
-n,B- 1- +3
pan50 = (5 e (22) o

where in each of the equations (7) — (14),Re(a) > —1,Re(f) > —1 and n is a non-
negative integer.

The Lagrange’s polynomial g, ‘@ (x,y) [10, p. 267] is defined as :

(@)r(B)n—r - B)ny™ -n,a; X
gn(a,ﬁ)(x’ y) = ;}=OW xryn r — T 2F1 [1_1;1?“ ;:I (15)

= gn(B'a) . x).

The Chebyshev polynomials [34, p. 125, eqns. (4) and (5)] of first and second kind
denoted by T,,(x) and U, (x) , are defined as:
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1,1

n@=(""2) PlE e (16
n
and
1\71 11
Un ) = ("+5> P, Do), (7
n+1

The triple hypergeometric functions Fy and F; [34, eqns. (26) and (28)] in the notation of
Saran[23-25], indicating also the numbering of Lauricella [16] on the left, are given as
follows:

(D m+n+pDIm(On+p ﬁy_”f (18)
(DmE@n(Np m! nl p!’

Fy:Fgla,a,a,b,c,c;d, e, f;x,5,z] = ¥mnp=o

1 142
where (|x| <, |y| <s,|z| <t) suchthat r + (55 + ti) =1
an

(@D m+n+p@)m(n(dp ﬂﬁi
@mNn+p m! n! pt’

ng FG [a, a, a; b; C: d: e; fl fl x; y' Z] = Z%,n,p:O (19)

where (|x| <71, |y| <s,|z| <t) suchthat r+s=1=r+t¢t.

Further for the definitions of following hypergeometric functions and hypergeometric
polynomials used in our subsequent work, we refer to the monographs of Erdelyi et al.
[10], Exton [11], Rainville [22],Shrivastava and Manocha [34] and Szego [35].

i.  Kampe’' de Fe'riet’s double hypergeometric function F(®[x,y]
ii.  Srivastava’s triple hypergeometric function F®3) [xlsz, x3]
iii. ~ Lauricella’s triple hypergeometric functions F,®, F;®, F,.®and F, ®

iv.  Appell’s functions F;, F,, Fz and F,

v.  Generalized hypergeometric function of one variable
3. Applications
Case (I) Consider the generating relation [34, eq.(34), See also 15,p.1206,eq.(4.2)]
o [(96)]n (a—n,B-n) n_ (2 ge) vi—a; _
Y=o Comp H, [v,o,x]t"=F [(hH) Co—a—p, Xt t] , (20)

where Hn(“'ﬁ ) [v,0,x] are generalized Rice’s polynomials, defined by (7).

In (1.1), we take F(x,t) =F® [(hH()’ﬁg)f_ﬁjgf Xt,—t], combining (20) with (1) then

application of the Corollary of Theorem 1, would give us
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[oe]

(®n [(gc)]n pHn,(ag):(cc)(c’ Cr) a—n.B-n
A I Wy 1 MR RS o] i o
(p)r+s+u+v [(aA)]u+v[(CC)]u[(C’C’)]v[(gG)]r+s %
L T Dres@arrs (@) Gl O )l

which on taking H = 0 and G = 1 such that replacing g, by 1 + p — g, reduces to :

o * [p+n (oariconlc e (a-n,p-n) n_—
Zn= 0 (—a—p)n (@p): (R (f' g )xl»xz Hy [v,o,x]t

o @r0)r )" 3) [ p+r—(ag);—:—a; (Cc):(C’CI): _ ]
Zr=0" gy, rt F | ) i e s (1)~ 2| @h

Againon putting A = C = C' = F = F' = 1,D = 0 and then replacing
a; by q,vbya,xby ==,cy by Ay, ci by Ay, fi by iy, fi by o, x1 by y,and x, by ,

equation (21) in the hght of result (18) and the binomial theorem reduces to a generating
relation for special Jacobi polynomials in the form:

(P)n
(—(X - ﬂ)n
F(3) [P' A1, Az, =0 Py, oy — = B
which is a known result of Manocha [17].

Similarly on taking € =C'=D =0,F =F' =1,A=2 and letting one of the A’s
parameter be q and other be A, equation (3.2) reduces to a known result of Sharma and
Mittal [27] in the form:

1—x\ \ P
FZ [p + n, /11' /12:#1' .uz;y' Z] Pn(a_nlﬁ_n)(x)tn = (1 - ( 2 )t) X

2z -2t ]

2- (1 0t 2-(1-x0t’ 2-(1-0t )’ (22)

& F4- [p + Tl,,ﬂ; Ui, 123 Y, Z] Pn(a—n,ﬁ—n)(x) t"
— (—a—PB)n
n=0
_ -t
= W)PFg [ppp—a Ak —a — B a2 2 (23)

where, for convenience, we put
v=(1-21-2t).

Since on replacing %(x + 1) by - X, a by - a, B by - 3, the result [30-34] in view of the

result [22] reduces to a result involving Lagrange polynomial g, @) (x,y), the above
replacement in (22) offers us
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(»)
(a +;) o [P+ 15 A0, At piy, 15y, 2] 9, @B (X, X + 1)
n
_ -t
= (w) pP,'4(3) [Pi Ay, Az, & iy, Py @ + ﬁi%. %;;] ) (24)

wherew =1—(1+ X) t.

Further, equation (20a), on taking x; = y and x, = 0 gives:

(p)n [(gG)]n p+n,(aa),(cc); (a-n,B-n) n
(= B+ 7 — D L)l 224" veoer | gtam oy Y| Ha [v,o,x]t
=0
_ (3 p =—;(gg);—:(aq) (cc);v;
=F [— g () e ) ) s~ VX t] (25)

which on putting C =D =F =G = H =0, A =1 such that on replacing a,;by y, the
equation (25) in view of result (14) reduces to a generating relation for special Jacobi
polynomials:

C (p)n [(gG)]n p+ny; (a— _
F [Py PP () e =
= P 7= [l 2L ¥ P (x)
— (3 pu=; (gg) —v; 05— (1= x) _
=F [— —14p-qi(hi—gsoi—a—f; Y 2 t] (26)

Again, equation (26) in the light of the result (14) gives an elegant bilateral generating
relation:

(p)n (1 - x>n [(gG)]n F p+ny ] P, (~a-B-1,8-n) (X + 3) i
— (—a = f)n(l+p—@n \ 2 [(h)]y 27 x—1
_ 3 p:—(g6)—vi——a . (- X) _
=F [— i —1+p—q,(hp)i—: G——a—f; Y 2 t] 27)

Further by means of the relations (9) to (1 1) equation (26) reduces to generating functions
involving Ultraspherical, Legendre and generalized Laguerre polynomials respectively.

Case (II) Consider the generating relation [34, p.145, eq. (31)]:

[(96)]n (@B) n
z(a+1)n(/3+1>n[(hH>] Pu ()t

= F@ [(hH) G i S — DL (x + 1)t] (28)

a+1; B+1 2

where Pn(a’ﬁ ) (x) are a Jacobi polynomials, defined by equation (8).
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In (3), we take F(x,t) = F® [(hH):&qfi;;E: %(x - 1, %(x + 1)t] , combining (28)

with (3) in Theorem 2 and then taking y = H = 0, G = 2 such that on replacing g, by y
and g, by 6, we get a bilateral generating relation:

(0)n(¥)n(6)n b+na (a.,B) n _
L@+ (B + Dy ofi [z PR e =
= FO [ br b L= D2+ D, (29)

Again in (29) putting z =0 and then replacing by;, multiplying by e*k~P and

evaluating the result obtained with the help of Hankel’s contour integral for Gamma
function, given in [11,p.32, eq. (1.5.1.5)]:

= feft-amgr = ——
27L

['(a+m)

(30)

where m is a non-negative integer and a does not take non-positive integer values, we
obtain a linear generating relation:

(O
L (@ + DB+ Dn

=F [n&a+1Lp+1 5 —- Dt @+, 31)

Pn(a:ﬁ) (x) tn —

which is a known result of Brafman [3].

Now in (29) using results (16) and (17) for Shebyshev polynomials of first and second
kind respectively, we obtain two more bilateral generating relations:

1
(o] n n 5 n - -
Zn:O (b)l(}/)l( ) (Tl 2) 2F1 [b + n,a; d; Z] Tn(x) tn =

(.G, \

=p(3)[f"-1’5 ‘;_1_12 (x—1)t,§(x+1)t], (32)
T Ty

and

Z ( )W 2Fi[b +n,a;d; z] U, (X)t"
n+1

2,6,

= F® [b iy 5"'“'3";'2 ~(x - 1)t,%(x + l)t]. (33)

n=0

—Emmidi gy

Further in result (28) the application of Theorem 3, with G = H = 0 would give us:
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(@)n(b)n @) om
_o(a’+1)n(.3+1)n Falatnb+mnicdyz] Py Gt =

— @ . . 1. 1

=Fc [a, b;c,d,a+ 1,8+ ].,:)/',Z,2 (x ]_)t,2 (x + ]_)t]_ (34)

which is known result of Chaudhary [5].

Now on taking a = A,b =3§,c =1+ pand z = 0, equation (34) gives a known result of
Manocha and Sharma [19, p.79, eq.(31)] in the form:

- (8
Zn:o% A +n 8+l + wy] PP () en = F.® [,1, 81+ a+

1B+ 1y, 850 GrUe) (35)
which was originally obtained by using fractional derivative technique.

Case (III) Consider the generating relation [21]:

Trino (ot p, () ¢ = PO [Ger SO T S+ D - - De], G6)

where P,,(“"™F~™ (x) are special Jacobi polynomials defined by the relation (12).

In (5), we take F(x,t) = F® [(Q(GJH;“_ _f—%(x + 1)t, —%(x — 1)t], combining (36)
with (5) in Theorem 3 and then putting z = 0, we obtain a bilateral generating relation
N [(90)]n
Z(a)n(b)n [(hG)] [a+nb+n y] P, (a-n,B- ")(x) =
n=e b 1 1
= PO [ S = G D=3 - @7

Now in (37), putting G = H = 0, replacing t by i and multiplying by eP*9(p)~*(q)~*

and then evaluating the result obtained with the help of Hankel’s contour integral for
Gamma function given by (30), we get

¢ b
% oF; [a+n,b+n;c;y] Pn(a—n,ﬁ—n)(x) th =
= Wnt)n
F(3) [ab _— __/'],_y_—_ca— l_; y, —%(x + 1)t, _%(X - 1)t] (38)

Again on putting y = 0 and then replacing b by u, in equation (38) we obtain a linear
generating relation:

S P00 ¢ = Fia,—a, B - G DE,—3 &= D (39)

which is a known result of Manocha [17] .

Also equation (39) on replacing a by A and then using binomial theorem gives:
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yo_ p, @B () n = [1 +2(+ 1)t]a [1 +2 - 1)t]ﬁ, (40)

(19 <minfr755))
s Cpr L g
which is a known result of Chaundy [7, p.62, q.(25), See also 34, p.205, eq.(10)].

Further in relation (36), the application of the Corollary of Theorem 1, with x; =y
and x, =0 gives:

[o0]

Z[(g(;)]n ON . [p+n, (an), (cc);
[(Dln L+ p — D TP g (dp), (fp) Y

n=0
— F(3)[ P —;(9e) s—i(an), () - —p;
=i —=i(hy),1+p—q ;—:q,dp),(fr) ;——

Now in equation (41), putting G=H =C =D =F =0, A = 1 such that letting a; = y and
then replacing 1+p-q by i, we obtain bilateral generating function for Saran’s function Fg
in the form:

- (D) 2
~ (Wn

]Pn(“'”'ﬁ Mt =

v, =2+ Dt =2 (x = Dt [ (41)

ptn, v; —n,B-
F1[ q ;y] P, () ¢ =

1 1
= Fglp.pps vo—a=B; g y,—5(x+ Dt, — (x — 1)t] (42)
which is known result of Chaudhary et al. [6, p.48, eq. (3.12)].
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