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Abstract: The present paper mainly concerns with three theorems involving generating 

functions expressed in terms of single and double Laplace and Beta Integrals. These 

theorems have been applied to obtain Bilinear and Bilateral Generating functions 

involving polynomials of generalized Rice, Jacobi, Lagrange, Gegenbauer and other 

polynomials hypergeometric in nature. A number of generating functions have also been 

obtained as special cases. One variable special cases of hypergeometric polynomials are 

important in several applied problems.  
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1. Introduction 

Hypergeometric polynomials occupy the pride place in the literature on special functions. 

One variable special functions namely generalized Rice polynomials[15], Jacobi 

polynomials[14], Generalized Laguerre polynomials[1], Legendre polynomials, 

Gegenbauer polynomials and other polynomials hypergeometric in nature, are closely 

associated with problems of applied in nature. For example, Ultraspherical polynomials 

are deeply connected with axially symmetric potential in   dimensions and contain 

Legendre and Chebyshev polynomials as special cases. The generalized Laguerre 

polynomials play an important role in finding the wave function associated with the 

electron in a hydrogen atom. Further Laguerre polynomials are encountered in the 

solution of the problems on propagation of electromagnetic waves and in the analysis of 

the motion of electrons on Coulomb field, as well as in certain other problems of 

theoretical physics.  
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Further, Bessel functions are closely associated with the problem possessing circular or 

cylindrical symmetry. For example, they arise in the study of free vibration of a circular 

membrane and in finding the temperature distribution in a circular cylinder. They also 

occur electromagnetic field theory and numerous other areas of physics and engineering.  

This paper aims at making applications of three theorems given by Chaudhary [5] in 

obtaining Bilinear and Bilateral Generating Functions for a variety of hypergeometric 

polynomials [12]. The theorems used in our work, are as follows: 

Theorem 1. Let        be a function having formal power series expansion in  , given by 
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where      [        ] is Srivastava’s triple hypergeometric function[29-34]. 

Theorem 2. : Let 
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where    is Appell’s function of second kind [34]. 
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Theorem 3. : Let 
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where    is Appell’s function of fourth kind[34]. 

Corollary : On taking                              Theorem 1, with 

     reduces to: 
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where 

       ∑         
 

 

   

                                   

and      is Kamp   de F  riet’s double hypergeometric function [4,8,9, See also 2, p.150, 

eq. (29)]. 

Again on adjusting parameters and variables suitably, the results for Lauricella’s function  

  
      

      
      

    [16, See also 20, pp.222-223], equations (8)-(11) follow as 

special cases of Theorem 1. 

Further the known results of Brafman [3], Chaudhary [5], Chaudhary et al. [6], Chaundy 

[7], Manocha [17-18], Manocha and Sharma [19], Sharma and Mittal [27] are obtained as 

special cases of our findings. 

Again on making applications of these theorems, many more known and new generating 

functions can be obtained by specializing the parameters or variables or sometimes both 

It is to be noted that      is a generalization of           [16] series of Lauricella, 

Kamp   de F  riet’s double series      [2 eq.(29), See also 4,p.112],              of 

Srivastava [28, See also 30] and    of Sharma [26,p.613,eq.(2)]. 
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2. Definitions 

Some of the hypergeometric functions and hypergeometric polynomials used in our work 

are as follows: 

The generalized Rice polynomial [13] is defined by: 
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 [                     ] (7) 

has Jacobi polynomials   
         [22], Ultraspherical (or Gegenbauer) polynomials 

  
     [22, p.277], Legendre polynomial   

 

     and the generalized Lagueree 

polynomials   
       [22,p.200] as special cases defined below. 
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Further szeg ̈ [35, p.64] defined Jacobi polynomials   
         as follows: 
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where in each of the equations                             and   is a non-

negative integer. 

The Lagrange’s polynomial   
           [10, p. 267] is defined as : 
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The Chebyshev polynomials [34, p. 125, eqns. (4) and (5)] of first and second kind 

denoted by       and       , are defined as: 
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The triple hypergeometric functions           [34, eqns. (26) and (28)] in the notation of 

Saran[23-25], indicating also the numbering of Lauricella [16] on the left, are given as 

follows: 
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where                      such that            . 

Further for the definitions of following hypergeometric functions and hypergeometric 

polynomials used in our subsequent work, we refer to the monographs of Erdelyi et al. 

[10], Exton [11], Rainville [22],Shrivastava and Manocha [34] and Szego [35]. 

i. Kamp   de F  riet’s double hypergeometric function     [x,y] 

ii. Srivastava’s triple hypergeometric function     [        ] 

iii. Lauricella’s triple hypergeometric functions   
      

      
         

   
 

iv. Appell’s functions                   

v. Generalized hypergeometric function of one variable 

3. Applications  

Case (I) Consider the generating relation [34, eq.(34), See also 15,p.1206,eq.(4.2)] 

∑
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where    
      [     ] are generalized Rice’s  polynomials, defined by (7). 
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application of the Corollary of Theorem 1, would give us 
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which on taking             such that replacing             , reduces to : 

∑
    

       

 
        [                  (  

  ) 

              (  
  ) 

]    
         [     ]     

 ∑
        

    

 
    

     

  
     [                                       (  

  ) 

                               (  
  ) 

]   (21) 

Again on putting                   and then replacing 

                      
   

 
              

                       
                          , 

equation (21) in the light of result (18) and the binomial theorem reduces to a generating 

relation for special Jacobi polynomials in the form: 
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which is a known result of Manocha [17]. 

Similarly on taking                     and letting one of the A’s 

parameter be   and other be  , equation       reduces to a known result of Sharma and 

Mittal [27] in the form: 
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which on putting                 such that on replacing       , the 

equation      in view of result (14) reduces to a generating relation for special Jacobi 

polynomials: 
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Again, equation (26) in the light of the result (14) gives an elegant bilateral generating 

relation: 
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Further by means of the relations (9) to (11) equation (26) reduces to generating functions 

involving Ultraspherical, Legendre and generalized Laguerre polynomials respectively. 

Case (II) Consider the generating relation [34, p.145, eq. (31)]: 
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where    
         are a Jacobi polynomials, defined by equation (8). 
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In (3), we take             *   
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with (3) in Theorem 2 and then taking           such that on replacing    by γ 

and    by δ, we get a bilateral generating relation: 
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evaluating the result obtained with the help of Hankel’s contour integral for Gamma 

function, given in [11,p.32, eq. (1.5.1.5)]: 
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which is a known result of  Brafman [3].  

Now in (29) using results (16) and (17) for Shebyshev polynomials of first and second 
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Further in result (28) the application of Theorem 3, with       would give us: 
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which is known result of Chaudhary [5]. 

Now on taking                        equation (34) gives a known result of 

Manocha and Sharma [19, p.79, eq.(31)] in the form: 
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which was originally obtained by using fractional derivative technique. 

Case (III) Consider the generating relation [21]: 
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Now in (37), putting        replacing   by 
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and then evaluating the result obtained with the help of Hankel’s contour integral for 

Gamma function given by (30), we get  
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Again on putting     and then replacing b by  , in equation (38) we obtain a linear 
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which is a known result of Manocha [17] . 

Also equation (39) on replacing   by   and then using binomial theorem gives: 
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which is a known result of Chaundy [7, p.62, eq.(25), See also 34, p.205, eq.(10)]. 

Further in relation (36), the application of the Corollary of Theorem 1, with x1 = y  

and x2 = 0 gives: 
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Now in equation (41), putting G = H = C = D =F = 0, A = 1 such that letting        and 

then replacing 1+p-q by  , we obtain bilateral generating function for Saran’s function FG 

in the form: 
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which is known result of Chaudhary et al. [6, p.48, eq. (3.12)]. 
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