Journal of Rajasthan Academy of Physical Sciences
ISSN: 0972-6306; URL.: http://raops.org.in
Vol.20, No.1&2, January-June, 2021, 83-92

SOME PROPERTIES OF THE BIQUADRATIC SEQUENCE
SPACE I

Aradhana Verma® and Sudhir Kumar Srivastava®

2Department of Mathematics & Statistics

Deen Dayal Upadhyaya Gorakhpur University, Gorakhpur, Pincode-2730009,
Uttar Pradesh, India

Email: ‘vermapinky0501@gmail.com, *sudhirprs66@gmail.com

Abstract: In this paper, we introduce the biquadratic sequence spaces I'* and study some
basic properties of it. We obtain certain results for separability, reflexivity, rotund and inner
product on I'*. Comparison of weak and strong convergence is also the part of our study.
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1. Introduction

Throughout w, T and A denote the classes of all, entire and analytic scalar valued single
sequences respectively. We write w* for the set of all complex sequences (X)), Where
m,n,k,l € N, the set of positive integers. Then, w* is a linear space under the
coordinate-wise addition and scalar multiplication.

We can represent triple and biquadratic sequences by matrix. In the case of double
sequence, we write in the form of a square. In the case of a biquadratic sequence, it will
be in the form of a box in four dimensional case.

Some initial work on sequence space and series is found in Kamthan and Gupta [5],
double series is found in Apostol [1] and infinite series is found in Bromwhich [3]. Later
on, it was investigated by some initial work on double sequence spaces is found in Hardy
[4], Basarir and Solancan [2], Moricz [6], Moricz and Rhoades [7], Subramanian [13-14],
Tripathy [15]. Some initial work on triple sequence space is found in Sahiner [8],
Subramanian [9-12] and many others.

Let (xnx)be a biquadratic sequence of real or complex numbers. Then the series
Ymnki=1Xmnk 1S called a biquadratic series.

The biquadratic series Y7, k. 1=1Xmnks 1S Said to be convergent if and only if the
biquadratic sequence (S;,nx) IS convergent, where
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m,nk,l

Smnkl = Z xijqr (m, nl kll = 112l3l )
i,j,qr=1

A sequence x = (x;nk) IS Said to be biquadratic analytic sequence if
Supmnkllxmnklll/m+n+k+l <
The vector space of all biquadratic analytic sequences is usually denoted by 4*.

A sequence x = (xnk) Sequence is called biquadratic entire sequence if
|xmnkl|1/m+n+k+l - 0 asm,n, kﬂl - ®©
The vector space of all biquadratic entire sequences is usually denoted by I'*.

The spaces 4* and I'* are metric space with the metric
1
(1 1) d(x, }’) = Supm,n,k,l {lxmnkl - ymnkll /m+n+k+l ‘m,n, k,l = 1'2'3' }

forall x = (xmnkl) and y = (ymnkl) in ]4
Consider a biquadratic sequence x = (X,nx). The (m,n, k, )" section x[™™k4 of the
sequence is defined by

mnk,l

X[m’n’k’l] = Z xl-jqr 5ijqr vm,n, k,l EN

i,j,q,r=0
0 0 ..0 0 ..
00.00 ..
Smnkt =
00.10 ..
0 0 ..0 0 ..

with 1 in the (m, n, k, 1)t position and zero otherwise.

An FK-space (or a metric space) x is said to have AK-property if (8,,,%;) IS @ Schauder
basis for X. Or equivalently xI™mkU 5 x An FDK-space is a biquadratic sequence space
endowed with a complete metrizable; locally convex topology under which the
coordinate mappings are continuous.

If X is a sequence space, we give the following definitions:
0] X' = the continuous dual of X;
(i) X% ={a = (@mni): Tmnki=1lGmnkiXmnia] < oo, for each x € X};

(i) XP = {a = (Amnk1): 2mnki=1 AmnkiXmnk 1S convergent, for each x € X};
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(iv) XY = {a = (amnk1): Supm,n,k,121|2?;l,n,k,l=1 amnklxmnkl| <o, foreach x € X};
1
(V) XA = {a = (amnkl): SUPmn k1 |amnklxmnkl| fmnic+ < oo, foreach x € X};

X% XB, XY and X are called a —( or Kothe- Toeplitz) dual of X, 8 —(generalized-Kothe
Toeplitz) dual of X, y — dual of X and 4 —dual of X, respectively.

2. Preliminaries

Let w* denote the set of all complex sequence (X,,nx;) Where m,n, k,1 € N. A sequence
x = (Xmnk) iS Said to be biquadratic analytic sequence if

SUDm k1| Xmnkt Umantktl < oo
The set of all biquadratic analytic sequences will be denoted by 4*.
A sequence x = (x,,nk) Sequence is called biquadratic entire sequence if
|xmnkl|1/m+n+k+l - 0asm,nk,l - o
The set of all biquadratic entire sequences will be denoted by T'*.

The spaces 4* and T'* are metric space with the metric
1
d(x' :V) = Supm,n,k,l {lxmnkl - ymnkll /m+n+k+l ‘m,n, k,l = 1'2'31 }

for all x = () aNd y = Wpnrr) in 17
3. Main Results

Proposition 3.1: 7* has monotonic metric.
Proof : We know that

1
d(x' Y) = Supm,n,k,l {lxmnkl - Ymnkll /m+n+k+l tm,n, k’l = 1'2:3: }
1
d(x",y") = SUPnnnn {lxnnnn = Ynnnnl /n+n+n+n}

1
dx",y") = SUPnnnn {lxnnnn = Ynnnnl fan }
and
1
d(xm; ym) = SUPmmmm {lxmmmm - ymmmml /am }

Let m > n. Then

1 1

SUPm mmm {lxmmmm - ymmmml /4m } = SUPnnnn {lxnnnn - ynnnnl /4n }

B.1)dE™y™) =dx",y"),m>n
Also {d(x™,y™):n = 1,2,3, ...} is monotonically increasing bounded by d(x, ).
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For such a sequence

1 .
(3- 2) SUPnnnn {Ixnnnn - Ynnnnl Intntnn } = hmn—>oo d(xn'yn) = d(x: y)
From (3.1) and (3.2) it follows that
1
d(x, y) = Supm,n,k,l {lxmnkl - ymnkll /m+n+k+l ‘m,n, k'l = 11213' }
is a monotonic metric for 7*.

Proposition 3.2: The dual space of I'* is A%,
Proof : We recall that

00.00

00.00
Smnki =

00.10 ..

0 0 ..0 0 ..

With 1 in the position (m, n, k, [)*"*and zero’s else where. With

1
X = Smnkis |xmnkl| [mn+ic+t

01/4 01/m+n+k+l 01/m+n+k+l
- 1 1 1
0 /m+1+141 1 [man+k+1 .0 /men+k+l
Y Y Y
10 /(m+2)+1+1+1 (0 /(m+2)+n+k+l (0 /(m+2)+n+k+1]
0 0 .0 .07

0 0 ..()/men+kst .0

0 0 ..0 ... 0
This is a biquadratic entire sequence.

Hence 8,nk; € T*. We have f(x) = Yo 1 ki=1 XmnkiYmnke With x € T*and f € (T'*)*
the dual of ™.

Take X = (xmnkl) = 6mnkl (S F4.
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Then |Vmnkil < fAd(Gmnks, 0) < o for all m,n, k, L.
Thus (y,mni) 1S bounded sequence and hence a biquadratic analytic sequence.
Proposition 3.3: T'* is separable but its dual A* is not separable.
Proof: Part (i)- It is routine verification. So omitted.
Part (ii) - Since
Ixmnklll/m+n+k+l - 0asm,nk, |l - oo,
It may be happen that first row or first column may not be convergent, and may not be bounded.

Let A be a set of biquadratic sequences such that first row is construct by sequences of
Zero's or one's.

Then A is uncountable.
Consider an open ball of radius 37 units. Then these open balls will not cover A*.
Hence A* is not separable.
Proposition 3.4: T'* is not reflexive.
Proof: Use embedding to prove it.
Proposition 3.5: I'* is not an inner product space and hence not a Hilbert space.
Proof : Let
0 0 .. 1 _1/4 00
0 0 ] 0o 0 00
I
|

1 1

(X101 = O1/4  |x122, — O]'/7 ]|
1 1

d(x,0) = sup ||XZ111 - 0] /s [x5255 — O] /g |
L |

1
[|1 —o|Ys Jr—o|”

1 1
= sup ||0_0| /s |0—0|"/s

I
|

d(x,0) =1.



88 Aradhana VVerma and Sudhir Kumar Srivastava

Similarly, d(0,y) = 1.
Hence d(x,0) = d(0,y) = 1.

1 1/4 0 0 .. 1 -1/4 0 0 ..
[O 0 00 ] [0 0 0 0 ]
x+y=|. [+ 1. |
| || |
L. I L |

2 0 0 0 ..

I[O 0 0 O ]I

= |

| |

l0 0 0 O J

1
dx+y,x—y) = sup{ (Imnkt + Ymnktl = 1Xmnkr — Ymnkil) fminti+ :m,n, k,l
=1,23,..}

Y Y
%1111 + V1111l 7% |X1222 + V2222|777

d(Xmnki + Ymnki, 0) = sup

1
1 /7
|11+ 1/ L-1] .
= sup { : ‘
12Ya Jo1"7 . 1189 0
e =sup | - =1.189

Therefore d(x + y,0) = 1.189

Similarly, d(x — y,0) = 0.908.

By parallelogram law,

= [d(x +,0)]* + [d(x —¥,0)]* = 2[(d(x,0))* + (d(0,¥))*]
= (1.189)% + (0.908)% = 2[1 + 1]

= 1414+ 0824 =4

= 2.238=14
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Hence it is not satisfied by the law. Therefore I'* is not an inner product space. Assume
that I'* is a Hilbert space. But then I'* would satisfy reflexivity condition. I'* is not
reflexive. Thus I' is not a Hilbert space.

Proposition 3.6: I'* is not rotund.

Proof : Let
0 0 0 ..
0 0 O ]
|
I

T ——|

1
lo
X = Xmnkl = | .

Then x = (Xpni) ad Yy = Vpnir) are in T4,

Also,
1 1
1111 — Y1111l /4 X1nkl — Yinkil /14n+k4l Q
d(x,y) = sup
. y y
[Xmikt — Ymak| /m+1+k+l o Xkt — Ymnka| /mAntk+l 0
0 0
Therefore
1 0 0 O
0 0 0 O

[
d(x,0) = sup ! '
E
|

Hence d(x,0) =1
Similarly, d(0,y) =1

1 0 0 0 .. 1 0 0 0 ..

I[O 0O 0 O -i |[0 0O 0 O -i
xmnkl""ymnkl:l. |+| |
[ | | |

l0 0O 0 O J l0 0 0 O J
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0 0 0 O
Xmnkl + Ymnki
d|—————,0
2
_ 1 1
(x1111+y1111) /a (x1nkl+3’1nkl) I4nsic+ 0
— s
= sup
1/ 1/
(xm1k1+3’m1k1) m+1+k+l (xmnkl+J/mnkl) m+n+k+l
— - (T
0

X +
d( mnkl . Ymnki , 0) = sup

= 0 0
2
0 0
+
i <ankl Ymnki ’ 0) = sup
2
0 0 0 O
MY« 0 0 0
N 0 0 0 0 ..
X
d( mnkl . ymnkl’0> = sup . =1
0 0 0 O

Therefore I'* is not rotund.

Proposition 3.7: Weak convergence and strong convergence are equivalent in I'*.
Proof : Step 1. Always strong convergence implies weak convergence in T'%,

Step 2. So it is enough to show that weakly convergence implies strongly convergence in I'#.
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y tends to weakly inT#, where (v, ..) = ¥", andy = ypnp. Takeany x = (Xppig) € T'*

and

(o]

B@D = D Vmmatmnsal minsicrt for each 2 € ) € T*

mmnk,l=1
Then f € (I'*)* (by proposition 3.2). By hypothesis (y") - f(y)asn - o,
B4) f(y"—y) > 0asn >
An appeal to (3.3) and (3.4),

o)

1
E n / 1
= <|ymnkl - Ymnkl| mintktl [kl /m+n+k+l) — 0,asn — oo.

mnk,l=1

. 1
(Since x = (X)) € A* we have Yo 1 i=1%mnkl /mintk+l < o0, Vx € A%)

o)

1
n /mtntk+l
= E <|ymnkl ~ Ymnki| ) - 0,asn > .

mmnk,l=1
n Y man+k+
= suppnt (|0t — Yt) = 0] ) > 0.asn -

= d((y" —y),0) > 0,as - o.
= yT—y - 0,asn - .

= yT - y,asn - oo.

4. Conclusion

Biquadratic Sequence spaces has great importance in study of functional analysis,
specially their monotonicity, separability and convergence. We have proved that I'* is not
reflexive and hilbert space but weak convergence and strong convergence are equivalent.
We also conclude that the dual space of Biquadratic Sequence is A* but not separable
although I'* is separable.
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