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Abstract: The object of this paper is to establish fractional integral and differential
formulas involving the generalized Mittag-Leffler (p,s,k)-function. The considered
fractional integral and differential operators contain the Appell’s function F;(.) as a
kernel and are introduced by Saigo-Maeda[15]. We obtain the images of the generalized
Mittag-Leffler (p,s,k)-function in terms of the Wright hypergeometric function.[18] We
also consider some new and known results from the derived results.
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1. Introduction and Preliminaries
In 1903, the Swedish mathematician Mittag-Leffler [12] introduced the function E,(2)
defined as

Ea(?) = Sioras (@ € GR(@) > 0) M

A generalization of E,(z) was studied by Wiman [17] and known as generalized Mittag-
Leffler function or Wiman's function in the following form

Eup(2) = i miagy + (@B € GR(@) > 0,%(8) > 0) @

In 1971, Prabhakar [13] introduced the Mittag-Leffler function Ec]x/,[? (z) in the form

ELp(2) = Lo rransss o ®
where a, B,y € C; R(a) > 0,R(B) > 0and (y),, the Pochhammer symbol given by
'y +n)

W =y + DG +2)..(r+n-1= X))
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Another generalization of the Mittag-Leffler function called k-Mittag-Leffler function has
been introduced by Dorrego and Cerutti [6] and defined as

Mnk Zn
o(ﬂ(z) ZTL 0 Tk («n+p) TL' (4)

where k > 0; a,f,v,z € C; R(a) > 0,R(B) > 0 and (y), the Pochhammer k-symbol
given by Diaz and Pariguan [5] as

L, (y + nk)

Dinje = Y@+ +2k) . (v + (0 = Dk) = =

L)

and I}, the k-Gamma function given by
tk

Li(2) = [t 1e™ & dt, (R(z) > 0).
Cerutti et al. [4] introduced the Mittag-Leffler (p-k)-function pEZ’ ap (z) as

.
aﬁ(z) = ZTL 0 F:(an+l;() jl' (5)

where a,B,7,z € C; R(a) > 0,R(B) > 0,R(y) > 0;p,k € R*\{0} and p@nk the
Pochhammer (p-k)- sympol defined by Gehlot [8] as

p Wi = (%) (% +p) (ylf +2p) ... (% +(n—1p) = %

and pTx® the (p- k)-Gamma function defined as
tk
plk(z)= [, t*L e P dt,(z € C\KZ™;p, k € R"\{0})
A further generalization of (5) was studied by Ayub et al. [2] and known as the Mittag-
Leffler (p,s,k)-function in the following form

(y)n k,s Zn

PE o p(2) = Xo- OW (6)

where k,p € R,a, 8,y € C,Re(a) > 0,Re(B) > 0,Re(y) >0and pWnks s the
Pochhammer (p,s,k)-symbol defined by Gehlot and Nantomah [9] (see also [2]) as

poss = [2] [ 2], 24 0= ], = T

n!

—gY
where [y]s=11Tss, VYERO<Ss<1

and pTsk gamma (p,s,k)-function defined as

¢
| yn+1 71
s ® = 5 g PP "
n—-oo p(g)n,k
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By putting specific values of the parameters in (6), we get (1) - (5).

Proposition 1.1 [[2], p.3, eq. (35)]: The relation between three parameters, two
parameters and the classical Pochhamer’s symbol is given by

pWnks = g™ pWnic = (Sp) Wi = o)™ (& )n (7)

Proposition 1.2 [[2], p.3, eg. (36)]: The relation between gamma (p,s,k)-function, gamma
(p,k)-function, gamma k-function and classical gamma function is given by

£/k g1k
plsk @) = (5)E/k pTk® = (%) I, (&) = (sz)c T (%) (8)

To study, we need the following well-known definitions and results:
(1) Relation with generalized Wright hypergeometricfunction ;¥ [z]

B/k Y 1
k a )
peys o) = S | (opyt- (’; a) (©)
" (e%)
(2) Relation with Fox H-function

k(g)_ﬁ/k 1
EVe 5(2) = T) Hi5 |—z(sp)'”
k

(1-%)
(10)
Jon(-L2)

where p¥q [z] is the generalized Wright hypergeometric function for z € C,a;, b; €
Cand a;,B; € R*(a;, B # 0;i=1,2,..,p;j = 1,2,..,q) introduced by Wright [18]
(see also [7], [16]) and defined by

(ar, @), ... (ap, “p)

17 =p¥
p¥q [z] = p¥q by, Bo), . (bq’ﬁq)

r(a;+a;n)...r(ap+apn) z"

- Zn=0 r(b1+31n)....1"(bq+ﬁqn) nl (11)
— yip ) [ (1-ay,ay),. ap' ap) ]
p.a+ (011)' (1 bllﬁl) bCI’ﬁQ)

Let a,a’,B,B',y,€C and x > 0, then the generallzed fractional integral operators
involving the Appell function F; are defined by Saigo and Maeda [15,p.393, egs. (4.12)
& (4.13)], the following equations:

(15227 ) ()

= S G- e (a8 1 -1 15 fOdE, (RO >0 (12)
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(1%« BB £)(x)

SR (ad BB 151 - ) fOdE, R > 0) (13)

The corresponding fractional differential operators [15] (see also [11, p.3, egs. (12) &
(13)] are defined by the following equations:

(g PEYF) ) = (15 7P P77 ) () (14)
()" () )
(D2 BB £)(x) = (12" =P7 ) () 19)

— (_ :_x)m (I:a',—a,—ﬁ',—ﬁ+m,—y+mf) (x)
where (R(y) > 0;m = [R(y)] + 1).

If aisreplaced by + 8, 2’ = B' =0, =—nandy = a in (12), (13), (14) and (15), we
get the following relationships:

U POy () = (16" £) () (16)
(UHFOTI0f) () = (1960f) (x) (an
where the operator & B " denotes the Saigo fractional integral operator defined by Saigo [14].
similarly (g7 () = (DEF" £) () (18)
(DEHPOTOAL) () = (DEPAF) (x) (19)

The following two results will be required to establish Main theorems:

Lemma 1. [[15], p.394, eq. (4.18)]: Let a,a’,B,B’,v, p, € C be such that R(y) > 0 and
R(p) > max.{0,R(a’ — B'),R(a + a' + B — y)} then there exists the relation

aa BB Y, p-1 _ _T@rp-a'+pNrp+y=a=a'=p) o g-a'+y-1
(10+ x )(x) ~ T(p+ BT (p+y—a—a) T (p+y-a'—B) 0

Lemma 2. [[15], p.394, eq. (4.18)]: Leta,a’,B,B',v, p, € Cbe such that R(y) > 0 and
Rp) <1+ min.{R(-PL),R(a+ a’ —y),R(a+ B’ —y)} then there exists the relation

aa' BBy xp-1 _ F+a+a’—y—p)r(i+a+p'—y—p)r(1--p) p-a-a'+y-1
(1— X )(x) r(1-p)r(l+a+a’+p'—=y—-p)r(1+a—pB-p) X (21)

2. Main Results

In this section, we establish two theorems that give the images of the generalized Mittag-
Leffler (p,s,k)-function under the Saigo-Maeda fractional integral operators in terms of
the generalized Wright function.



Fractional Calculus of the Generalized... 77

Theorem 1. Let a,a',B,B',y,p,0;,6;,9; € C with R(g;) > 0,R(6;) > 0,R(9;) >
0,R(y) >0, R(p) > max{0,R(a’ —B"),R(a+a"+B —y)}and t >0, p;, k;,5; >0,
Vi=1,2,..,r, then left sided fractional integral formula holds

aa BBy - 0,5 ’ 4 ki(sipl.)_ﬁi/ki
g PP ] | B @ | © = erree | ] o
i=1 et 4

i=1 k.
i

(%’1)1 (o), (p-a'+B' 7). (p+y—a-a’'-B,r)

(40
><r+3\Pr+3 (Sipi) kit (22)

(ﬁ,ﬂ) (p+B' M) (p+ty—a-a'r),(p+y—a’'-B,r)
Kikily

Proof. In order to prove (22), we first express the generalized Mittag-Leffler (p,s,k)-
function with the help of (6) and interchanging the order of integration and summation,
we obtain (say J,)

31 =Ili=1{2x, —pi(gi)ni'ki'si L 1“’“”ﬂ'ﬁl'ytnir+p—1 ®) (23)
J1 = Hi=1 =0 syl (mi0i+0) mt | \10F
L

Now, using the result (20) in (23), we have

5 = 1—[ 3 pws 1 T+ mn)T(p+nr —a’ + )
! ni=0 p; ek O my! T(p +myr + BOT(p+mr +y —a —a’)

i=1
Fo+nr+y—a—a' —p) (o y—a—a'-1 (24)
Fo+nr+y—a' —p)
Using the results (7) and (8) in (24), we get
x = ¢pry—a-a'-17r ki(sip)~Pi/ki yoo 1 F(l’:_::-‘-ni) T(p+nr)
V1 SHor(®) MO nd TuOH90/k) Tptnirt 1)
i

Flp+nr—a' +BOrp+nr+y—a—a —p) (s; .)(1_%)1: :
Fp+nr+y—a—-a)l(p+nr+y—a’ —p) i

Finally, re-interpreting the above series thus obtained in terms of generalized Wright
hypergeometric function defined by (11), we arrive at the right hand side of result (22).

Also, we can easily obtain the result in terms of H-function by using the relation (10).

Theorem 2. Let a,a',[)’, B,,)/, p, 0;, 61'! 191' € C with iR(Ul-) > O,ER(BL) > 0,9%(,191') >
0,R() > 0,R(p) <1+ min{R(—B),Ra+a —y),R(a+pB —y)}and >0,
pi. ki, s; 0,Vi=1,2,..,r, then the right sided fractional integral formula holds
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r =9
(Iaa BBY P 1{1_[291 ,f‘glﬁ ( )D t) = tp—a—a’+y_11_[ %

i=1 %
i

9
( ’1) ,(1—p—B,r),(1—p+a+a’—y,r),(l—p+a+[)”—y,r) . (1_"_1')
(sipy) (25)

r+3\Pr+3 e

(i z) ,(1-p,r),(1—p+a+a’+B'-y,r),(1-p+a—-B,r)
1,r

Proof. In order to prove (25), we first express the generalized Mittag-Leffler (p,s,k)-
function with the help of (6) and interchanging the order of integration and summation,
we obtain (say J,)

3, =11k 1{an_ %}(1 VBB gpmmir=1) () (26)
Now, using the result (21) in (26), we obtain
P70, vkis; 1 | FA—p—B+nn)r(1—p+nr—y+a+p’)
32 = IIi- 1{2”1 Ts, k; (ni9i+ll9i) F} r(1—p+n;r)r(1—p+n;r—y+a+a’)
r(i-p+nir-y+a+a') pHnir-a—a hy—1 27)

r(1-p+njr+a—R)

Using the results (7) and (8) in (27), we get

9i
32 — tp+y—a—a’—1 r {k (Slpl) Zn F(kl+nl) r(1-p-B+nr)
;=0

=1 F(k) nl' (049 /k;) I(1—p+n;r)

AN
rl—p+nr—-y+a+p)rl—-p+nr—y+a+a’) (sipi)(l ki)
rd—-p+nr—y+a+a)rl—p+nr+a-—_p) tr

Finally, re-interpreting the above series thus obtained in terms of generalized Wright
hypergeometric function defined by (11), we arrive at the right hand side of result (25).

3. Special Cases:

We obtain some new and known results involving Saigo-Meada fractional integral and
differential operators, Saigo operators, Riemann-Liouville, Erdélyi-Kober operators etc.
of derived results.

Corollary 1. Let the conditions of Theorem 1 be satisfied withr =1, p; = p,0, =
0,51 =S, ky = k,0, = 6 and 9; = 9, then there holds the formula:

9
k(sp) *

r (%)

(1 57 001 (pigs () () = e0#r=ee’
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(sp)' % t]}

Ifwe putp = s = k = 1 inabove Corollary 1, we get known result given by Chouhan et al. [3].

(%,1),(p,1),(p—a'+,8',1),(p+y—a—a'—ﬁ,l)
(22).(o+B"D.(p+y-a=a’ D (p+y-a’'~B,1)

x4‘{'4[

Corollary 2. Let the conditions of Theorem 1 be satisfied, «a is replaced by a + S,
a'=p"=0, B=-n and y =ain Theorem 1, we get the following new result
concerning Saigo-fractional integral operator:

( aﬁntp 1{1_[291 61510 (ﬂ}) ()

__191' g 9;:
o ki(sipy) k; (Frl) (o), (ptn—B,1) 1--t
= PPl [Ti=1 % r+2 1 +2 ,9.gl. " (sip) k‘) t"
(%) (521) (o-pir)(o+arnn)
L/ r

1

Ifweputr =1,p; =p, 00 = 0,51 =5,k = k,0, =6 and9; =9, in the above Corollary
2, then we coincide with known result of Kabra and Nagar [[10], p.15, Cor. 3.1.2].

Also, Ifweputr=1,py=p=1,s,=s=1ki=k=1,0, =0, =0and 9, =9
in the above Corollary 2, then we coincide with known result given by Ahmed [1].

We can obtain result concerning Riemann-Liouville fractional integral operators by
putting 8 = —a in Corollary 2.

Again, we can also obtain result concerning Erdélyi-Kober fractional integral operators
by putting 8 = 0 in Corollary 2.

CorOIIary 3. Let a’,a",ﬁ,ﬁ',y,p, oy, 91', 191' € C with %(Ui) > 0,%(01) > 0,9%(,19L-) >
0,R() > 0,R(p) > max{0,R(B —a), Ry —a—a" —pB)} and t>0, p;k;s;>
0,vi=1,2,..,r then left sided fractional differential formula holds

9

T ; -

’ / _ s I\ ki(sipi) ki

<Dg_’,_a BBV p-1 {1_[ piE,Zl";:'ﬁi(t)}> (t) = tprata-y-1 1_[ W
i=1

i=1 k;
(1) (o) (p+a-pr) (pra+a’+f'-yr) (-2)
oo (sip)' /¢t (28)
(BH) (o= pra+a’=yr)pra+p'=yr)
1,r
Proof. On using result (14), we obtain (say J3)
o = (I P e I, piEsE, (0)) (O (29)

We get the required result as given in (28) after applying Theorem 1 in (29).
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Corollary 4. Let a,a',B8, B',v,p, 0;,6;, 9; € C with R(g;) > 0,R(6;) > 0,R®;) >
0,R() >0,R(p) <1+ min{RPB), Ry —a’ —B),R(y —a—a’) }and t>0,
pi, ki,s; > 0,Vi=1,2,..,r thenright sided fractional differential formula holds

Yi

r ; -

’ ’ e 1 ’ k(Sp) ki

— 0i,Si = o o

(DE"“ BB Y1 {1_[ piEki.9iﬂ9i (;)}) (t) = gptata’-y-1 1_[ W
| | i=1 k;

L

o4

(sipi)
tT

(%1) -pr) (1-p-a-a'=ptyr).(1=p-a'+5'r)

X 1+3¥rs 9: 6: v (30)

(k—Lk—L) ,(1-p—a—-a'+vy,r),(1-p—a’-B +y,r),(1-p+B'1)
17

[ ke A

Proof. On using result (15), we obtain (say J,)
Yo = (1=t e IR, (1) © @y
We get the required result as given in (30) by using Theorem 2 in (31).

A number of several other new and known results can also be obtained by considering
specific values.

4. Conclusion

In the present paper, we have investigated two theorems of generalized fractional integral
operators given by Saigo-Maeda involving the generalized Mittag-Leffler (p,s,k)-function,
which are expressed in terms of generalized Wright hypergeometric function. Also, we
obtained the left and right sided Saigo-Maeda fractional differential operators for the
generalized Mittag-Leffler (p,s,k)-function by using Theorem 1 and Theorem 2
respectively. The results derived in this paper also correspond to Saigo fractional calculus
operators as corollaries. It can be easily seen that, if we put § = —a and § = 0 in Saigo
fractional calculus operators (16), (17), (18) and (19) then we can obtain results concerning
Riemann-Liouville and Erdelyi-Kober fractional integral and differential operators.

Acknowledgment: The authors are grateful to the referee for valuable comments and
suggestions to improve the paper in present form.
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