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Abstract: In this article, analytical approximate solution of time fractional non-linear
biological population model which arises as a result of spatial diffusion is proposed.
Considering the fractional derivatives in Atangana-Baleanu-Caputo and Caputo-Fabrizio-
Caputo sense, the Laplace transform technique has been employed in combination to the
homotopy perturbation method. Examples corresponding to Malthusian and Verhulst laws are
worked out and it is shown that in most of the cases the numerical solution converges to the
exact solution. The numerical simulations are presented to depict the behavior of the solution
corresponding to the variations in the fractional parameter and time.
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1. Introduction

To study the dynamic behaviour of various physical and biological systems which are
expressible in the form of non-linear equations, fractional calculus has drawn the
attention of many researchers [11, 17]. In this paper, we aim at finding an approximate
solution to the time fractional biological population equation [18] which represents the
diffusion of biological population. The equation is considered in the following form:

ABEDY = U2, + 12, + x(w) 1)

DY w=uby +ufy, + () 0<v<1t20xy€R (2)
With initial condition «(x, %, 0) = @(x, 4).

Here w(x, 4, t) is the population density and y( «¢) denotes the supply of population due
to births and deaths.In the above equations the fractional operators are taken in Atangana-
Baleanu-Caputo(ABC) [1] and Caputo-Fabrizio-Caputo(CFC) [2] sense respectively.
ABC operator is non-local and non- singular, based on the Mittag-Leffler kernel whereas


http://raops.org.in/
mailto:2arvind533@yahoo.com

58 Neelu Pareek and Arvind Gupta

CFC operator being local and non-singular is based on exponential kernel. Both the
operators have an advantage over the Riemann-Liouville and Liouville-Caputo operator
by overcoming the singularity of kernel at the end point of interval.

To solve the equation, a more general form of y(4)is considered asy(w) =
Aus (1 —ruM). & n, A, being the real numbers, the population equation corresponds
to Malthusian and Verhulst law when specific values are assigned to them.

The population model has been solved previously using VIM[18], ADM[3], HPM with
power law kernel [13]. However we will be using an efficient technique LHPM[10]
which couples the Laplace transform[5,14] with homotopy perturbation method (HPM),
first proposed by He [6-9]. HPM has been successfully applied by the researchers to find
the approximate series solution of various fractional problems[4,12,15,16,19].

The paper is organized as follows:

In Section 2, ABC and CFC fractional derivatives along with their Laplace transform are
presented, Section 3 is dedicated to LHPM technique, Section 4 deals with solving the
examples and Section 5 provides the conclusion.

2. ABC AND CFC Fractional derivatives
2.1 Atangana-Baleanu Type Fractional order derivative
The Atangana-Baleanu fractional derivative [1] in the Liouville-Caputo sense (ABC) is
defined as

B -
D f(8) = 2 fy a fOE, [T dg m—1<v<m, 3
Where B(v) is a constant of normalization depending onv, which satisfies B(0) =
B(1) =1.
The Atangana - Baleanu fractional integral of order v of a function f(¢) is defined as [1]

BILFE) = &) = £(0) = G2 () + g o FOE =¥ O

For 0 <v <1 andn € N, the Laplace transform of ABC type fractional derivative [1] is
defined as

ABCpy (v+n) __ B S"HLIF()]-8"f(0)=8""£'(0)..f™(0)
L[ ODt f(/t)] (5) - (1-v)(s17VY) 5V+(1 — (5)
2.2 CAPUTO-FABRIZIO TYPE Fractional order derivative
The Caputo-Fabrizio fractional derivative [2] in the Liouville-Caputo sense (CFC) is
defined as

A( )
DY F(©) =52 [y 2 F@e T DdE -1 <v <n (6)

where A(v) is a constant of normalization depending on v,which satisfies A(0) = A(1) = 1.
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The Caputo-Fabrizio fractional integral of order v of a function £ (t) is defined as [2]

CERFE) = (1 =) +v [, f€)dE . (7)

For 0 <v < 1and n € N, the Laplace transform of CFC type fractional derivative[2] is
defined as

LI ()] -8"£(0)—5""1f(0)...f*(0)
L [CFth(V""n) f(t)] (5) — [/5 f s"f 3 f f ] (8)

8+v(1-23)

3. Application of LHPM to Fractional Biological Population Model

As the first case (ABC fractional operator), consider the fractional biological population
model as

ABEDY w = ul, + uZ, + Aub (1 —rul) 9)
With the given initial condition ¢ (x, ¢, 0).

Using (5) with . = 0 and applying Laplace transform to equation (9), we get

Vs _gv-1
BW) Sarys)ms ulny0) L{uZ, + 42, + Aut (1 — rum},
a-v)

1-v’ 8+

which on simplifying reduces to

— (x4,0) | (1-v)s+
(x,y,8) == xj + BZV;V S L{uZ, +ul, + Aub (1 —ru)} (10)
Applying the inverse Laplace transform to (10), we get

(1-v)sV+v
B(v)sY

w(x,y,t) = u(x,4,0) + L1 [ L{u2, +u2, + Aut(1 - ru”)}]. (12)
As HPM assumes the solution (x, y, t) to be of the form

u(x, Y, t) = Z;f:o pnun(x' Y, t)v
We get

1-v)sV+v
B(v)sY

Y=oy (2, 4,t) = u(x,4,0) + pL7!
% (Z;?:O pnun(x' Y, t))z +
A(Eo 9", (4,0 (1= 7 (T ™ (2,4, D)D) (12)

Comparison of coefficients of like powers of p on both sides gives

2 oo
L {ﬁ (Zn:O ﬂ)nun(x: y" t))z +

#90: uO(x' /y" t) = ’LL(?C, y; 0)
—-v)8'+v (0%u3 N 0%u3
B(v)s8Y 0x? = dy?

pliu(x,y,t)=L71 [(1 + Ayt (1 — fruon)}]
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2. o1 @)Yy 0%2(Qugu,) |, 9%Quouq) &1 _
prru(x,y,t) =L [ Bv)a? { 5.z T 297 + Aéuy® Tuy
o (§ + gt | (13)

and so on.

For the second case (CFC fractional operator), consider the fractional biological
population model as

CFGDY w = uf, + ul, + Aus(1—rul) (14)
With the given initial condition «(x, ¢, 0).
Using (8) with .« = 0 and applying Laplace transform to equation (14), we get

SU(x,y,8)—u(x,y,0)
8+v(1-238)

= L{u2, +uZ, + Aul(1—rum)}, (15)

which on simplifying reduces to
wxy0) | sHv-s) L{u?, + uz, + Aub(1—rum)} (16)

8 8

Applying the inverse Laplace transform to (16), we get

u(x,y,8) =

w(x,y4,t) = u(x,4,0) + L1 [@L{uﬁm +uZ, +Aut(1— ru”)}]. (17)

As HPM assumes the solution w(x, y, t) to be of the form
’LL(.?C, }" t) = Z;?:o pnun(x' /ou“' t)v
We get

+v(1-8) [ 0% oo
% L {ﬁ e o p™u, (2,4, t)* +

o2 1t (x,4,6) = u(x,4,0) + pL7|
o (Lo 2"k (14, 0) +
A(E=0 2" (4, ) (1 = 7 (Ti " (5,1, )] (18)
Comparison of coefficients of like powers of p on both sides gives
PO o (x, 4, t) = u(x,4,0)
s+v(1—23) L{(’)Zu% 0%u?
ox? = dy?

2. 1 [stv(1-9) 02(Quou,) , 0%Quouq)
poiuy(x,y,t) =L [ p L{ ozt 297

Ao (€ + gt | (19)

pliu(x,y,t) =L [ + At (1 — 4~u0’7)}]

8

+ ﬁfuo‘f—lul —

and so on.
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4. Solution of Biological Population Model

This section includes the application of iterative scheme of LHPM described in Section 3
to solve four examples for the population model and numerical simulation of the obtained
solution.

Example 4.1

In this example, we consider equation (9) with ¢ =1, =0 and «u(x,4,0) = /xy
(verification of Malthusian law). The exact solution of this equation is ¢ (x, 4, t) = \/xy e’*

Applying the scheme described in equation (13) and comparing the coefficients of like
powers of p, we get the successive approximation as

P ug(x,4,t) = u(x,y,0) =/xy,

Pl (x,y,t) =L71 [(1;8;1}:1},6{ “ | azu" + /Luo}]

[(1 V)8V + v

S s
= A Jxy [3( ){(1 - v+ r(v+v1)}]

A-v)8¥+v (02Quou,) 0%?Quou,)
2. _ -1
piuy(x,y,t) =L [ Bv)s’ T2 + PR + Au,

=t [% {ﬁz@ [B( ){ r(wi: 1)}]}]
= h% [xy

Similarlyus; (x, 4, t) = A3, /2y [B( 5 {(1 —1)3+3v(1 —v)? T +1) + 3v2%(1 -
2v 3v
Ve 13 | (20)

F(2v+1) r(3v+1)

1 1-v)?2+2v(1-v) ’ + v2 e
B(v)? rv+1) rev+1)

And so on.

Accordingly, the approximate series solution of the population model (9) is
o) 1 tv
w(x, 4,t) = Yo Upn(x, 4, )=\/2y + A /2 [m {(1 -v)+ r(1;+1)}] +
2 1 Y _ v 2 t% 3
A xy [B(V)Z{(l VT -V)y Y F(2v+1)}] A xy [B( E {

201 3 _t%
+3vi(1—v) F(2v+1)+v F(3v+1)}]+ (1)

v)3 +3v(1 —v)? o +1)
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Forv - 1,B(v) = Lwe have w(x, 4, t) = 7y X022 =[xy e, (22)

I'(n+1)
which is the exact solution.
Now considering equation (14) with ¢ = 1,7 = 0 and «(x, ¢, 0) = /2y (verification of
Malthusian law).

Applying the scheme described in equation (19) and comparing the coefficients of like
powers of p, we get the successive approximation as

#70: ’”fo(x/yn t) = /M'(xry' 0) :\/ x/y'

1. g [etv(1—8) . (0%ud | 8%ud
phiu(x,y,t) =L [ P £{6x2 + 297 +/Lu0}]
2
o |stv(-8) (0%xy 0°xy
=L [ P L Fy + 352 + A /xy

=h oy [0 = afogl(1 - v) + vi),

L [s v —») (0%Quou,)  0*(uou,)
[ P L Fy + PR + Auq

pruy(x,y,t) =L

-1 [wﬁ{ﬁz\/@{(l —V) +Vt}}]

= hz@[(l -2+ 2v(1 =)t +v2t2—2],

8

imi — 53 3 2 2 t? 3t’
Similarly s (x, 4, t) = #3 /%y [(1 —v)* +3v(1 —v)?t + 3V (1 - S +v z], (23)
and so on.

Accordingly, the approximate series solution of the population model (14) is

w(x, 4, t) = Yo ou, (2,4, t)=/xy + A Jxy{(1—Vv) + vt} + A% [xy [(1 -v)? +
2 2 3
2v(1 —v)t+v? %] + A3 [xy [(1 —v)* +3v(1 —v)?t +3vi(1 — v)% +v3 %] + -
(24)
w _(AD"
Forv — 1,we have u(x, 4, t) = /2y ¥o_, oD = VY et (25)

which is the exact solution.
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u(x.y)

(d)
FIGURE 1: Approximate solution «(x, ¢, t) for equation (21) with 4 =1, t = 10:

@v=.25;(b)v=5;(c)v=.75,(dv=1.

0 0

FIGURE 2: Exact solution «(x, ¢, t) given by equation (25)

-10  -10

-10 -10
X y
(c) (d)
FIGURE 3: Approximate solution «(x, ¢, t) for equation.(24) with 4 =1, t = 10:
@v=.25;(b)v=.5;(c)v=.75;(d)v=1.
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Example 4.2 As second example, we solve equation (9) with ¢ = 1,n = 1 and initial

hr
condition being w(x,#,0) :e\/;(xw) (Verhulst law). The exact solution of this

hr
L o A
equation is u(x, ¢, t) = 61[ 3 (c+y)+ t

Applying the scheme described in equation (13) and comparing the coefficients of like
powers of p, we get the successive approximation as

o
#90: Uy (x, Y, t) = u(x, y, 0) :e\/;(x+y,)

_1 [a-v)sY a2 9%
pliu(x,y,t)=L71 [ IBZ}V;VWL{ 5 + “0 + Aug — /w*u%}]
— fe F(x+y)ﬁ_ (1 - V)4S +v F(xH” [ { 1/) N vtY }]
B(v)s " B(v)sVtl B(v) rv+1)
A-v)8"+v (0°Quou,) 0?Quou,)
2. _ -1
priU (x, Y t) L [ B(V)év dx2 ayz + hul

— thruoul}]
3 (e+10) tv t2v
= e F [B( )? {(1 —vi v -w) r(v+1) +v? r2v + 1)}]

. (x+y)
Similarly u3(x y,t) = Ale */7 e [B( E {(1 —v)P 31 -v) +1)

21 3 3V
3vi(1—v) F(2v+1)+ F(3v+1)}] (26)

and so on.
Accordingly, the approximate series solution of the population model (9) is

w(x,y,t) = Y=o tn(x, 4, t)= ef( v + fe f(ﬁy) _{(1 —V)+ r(v +1)}] +

B(v)
A2e f(ﬁy)[

2 3 , ¥
B(v )2{(1 v)*+2v(1 V)F(v+1) v F(2v+1)}]+
3|5ty .83 N2 201
PERY: [Bw{m V)4 3v(1 - )P +1)+3v (1 V)r<2v+1)+
3v
i+ 27)

riav+1)

2v

Forv - 1,B(v) = 1,we have

hr n r
w(x,y,t) = AT BT A Tirureas (28)

“UT'(n+1)
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Now considering equation (14) with &é=1,n=1 and initial condition being

w(x,y,0) = e (Verhulst law).

Applying the scheme described in equation (19) and comparing the coefficients of like

powers of p, we get the successive approximation as

P uo(x, 4, t) = u(x,y,0) =e\/h;¢(x+y).

[5 +v(1 - 5) {azuﬁ 0%uj
0x? = 0y?

hr —
B T vy [8 V(1 —8)
= feN 8 L1 [T

pliu(x,y,t) =L71 + huy — /L/ru%}]

hr
= he\/;(ﬁy){(l —v) + vt}

s+v(l—28) c 0%2Quou,) 0%2Quou,)
8 0x? oy?

+ Ay

Py (x,y,t) =L [

— thruoul}]
hr
= /Lze\[;(x+y) [(1 —v)?+2v(1 —v)t +v?2 g],

fr 2 3
Similarly 15 (%, 4, t) = pred s [@=v)? +3va -2t + 302 - S +v3E]

(29)

and so on.
Accordingly, the approximate series solution of the population model (14) is

Ar A
w(x, ¢, t) = Yoo Un (X, 4, t)=e\/:(x+%) + /Le\/:(xw){(l —v)+vt}+

i 2 ir
el ) [(-v)2 + 2@ - +v2 L] + el 5 ) [a-v)* +
2 3

3v(1—v)2t+3v2(1—v)%+v3%]+--- (30)

A n A
Forv » 1,We have ’I/L(x, Y, t) — e\/:(x+'y)) Z$=0 (At) _ J?(x+y)+ﬁt, (31)

[(n+1)

which is the exact solution.
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0 0
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0 0 0 0
-10 -10 -10 -10
y X y X
(@ (b)
10000
=
X 5000
35
0
10 10
0 0
10 -10
y X
(c)

(d)
FIGURE 4: Approximate solution «(x, ¢, t) for equation (27) with £ =.1,

t=10,=15:(@)v=.25;(b)v=.5;(c)v=.75;(dv=1.

10000
5000
0
10 10 10
0 0 0 0
-10 -10 -10 -10
Yy X y X

(@)

10000

5000

u(xy)
u(xy)

(b)

-10

(c) (d)
FIGURE 5: Approximate solution «(x, ¢, t) for equation (30) with 4 =1, ¢t =

10,7 =15:(a)v =.25;(b) v =.5; (c)v=.75; (d) v = 1.
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y A0 -0

FIGURE 6: Exact solution #(x, y, t) given by equation (31)

Example 4.3
In third example, we solve equation (9) with & = —1,1n = 1 with the initial condition

being (x,4,0) = J—xz +Z Y2+ 4 +5..

The exact solution of this equation is «(x, 4, t) = J}”{xz +25y2 +y +2ht +5[18]. (32)

Applying the scheme described in eq. (13) and comparing the coefficients of like powers
of p, we get the successive approximation as

hr

hr
Woiuo(x,%,t) = /u’(x'yJO) = \/sz +T/y‘2 +y+ 5.

—v)8'+v (0%u3 0%u} .
Bv)s" EP) + EPE + Ay — hr

I‘(v+1)}]

1
pliu(x,y,t) =L71 [(

— ! [wﬁ{huo‘l}] = Au,? [B( ){(1 )+

B(v)sY
2. o1 [y L (0%2uouy) | 0% (2uguq) _ 9
peiuy(x,y,t) =L Br)s? L{ 5z T 297 Ay ul}] ,

Wy [ —v b2 -y 2
%o Bz e S T P N F(Zv 1)
Similarly w3 (x, 4, t) = A3y ™> [B( S {(1 —1)3+3v(1 —v)? e +1) + 3v2%(1 -
tZV 3 t3v
v) r(2v+1) tv F(3v+1)}] ' (33)
and so on.

Accordingly, the approximate series solution of the population model (9) is

wu(x,y,t) =
Ei-o tn (9, D=tt0 + hatg™ [75{(1 = v) + 15 +1)}] Wug™ (i -w?+
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_ tv 2 t¥ 3, -5 1 N3 N2t
2vA =V T F(2v+1)}] + A [B(v)3 {(1 V' +3vA - et
2 _ tZV 3 t3V »
VA=V tY F(3v+1)}] + 34)

Forv - 1,B(v) = 1, we have

1 A%t?

- -3 £33 -5
w(x,y,t) = uy + Atuy + — S Uo "~ t

u — e
6 0

Now considering equation (14) with ¢ = —1,n =1 and initial condition being

(x,4,0) = /%xz +%y2+/y,+5.

Applying the scheme described in equation (19) and comparing the coefficients of like
powers of p, we get the successive approximation as

poiug(x,4,t) = u(x,y,0) =\/%x2 + ’%y,z +4+5,

%u? + %u?
dx2 dy?

e ,0) = £ [0 £ byt — ]

= Auy, (1 —v) + vt}

+v(1-
Py [5 viz 5)]

s+v(1-3) r {62(2u0u1) 9% (2ugu,)

-2
0x? oy? — A }]

Py (x,y,t) = LT [
= —hluy,3 [(1 —v)2+2v(1 —v)t +v? g],

Similarly ws (%, 4, t) = A3uy~° [(1 —v)2 +3v(1 —v)?t + 3v?(1 - v)g +v3 %] (35)

and so on.
Accordingly, the approximate series solution of the population model (14) is

w(x,y,t) = Yoo, (2,4, )=ty + Auy {1 —v) + vt} — A2uy 3 [(1 -v)? +
2v(1 —v)t +v? tz—z] + Aduy 0 [(1 —v)3 + 3v(1 —v)%t + 3vi(1 — v)g +v3 t—;] + -
(36)

242 3+3
1 Aot -3 ht -5
2 /I/LO + 6 /I/LO —_ .

Forv — 1,we have u(x, ¢, t) = uy + Atuy™ —
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5 5 5 5

_ X y X
(c) (d)
FIGURE 7: Approximate solution «(x, ¢, t) for equation(34) with 4 =.1,t =
10,7 =15:(@)v =.25;(b)v=.5;(c)v=.75; (d)v = 1.

(© (d)
FIGURE 8: Approximate solution «(x, ¢, t) for equation (36) with 4 =1, t =
10, =15: (@ v =.25; (b)v=.5;(c)v=.75; (d) v = 1.
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FIGURE 9: Exact solution w(x, ¢, t) given by equation (32)
5. Conclusion

In this paper an efficient technique LHPM has been used to approximate the solution of
fractional biological population model, fractional derivative being taken in Atangana -
Baleanu and Caputo - Fabrizio in Liouville - Caputo sense. The solutions obtained exhibit
that for the same model the solutions corresponding to the CFC operator are the particular
cases of the solutions for the ABC operator. The solution behaviour for the various forms
of the model is numerically analyzed corresponding to the parameters v, £, &, and # and
compared with the exact solution .Thus Homotopy perturbation method is an easy to use,
powerful and effective technique for linear as well as non-linear partial differential
equations. Matlab R 2015a has been used for the graphs presented.

Acknowledgement: The authors are thankful to the Referee for valuable comments and
suggestions.
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