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Abstract: We have considered the conformal S-change of the Finsler metric given by
L(x,y) = L(x,y) = e°@f(L(x,y),B(x,¥)), where ¢ (x) is a function of x, B(x,y) =
b;(x)y" is a 1-form on the underlying manifold M", and f(L(xy),B(x,y)) is a
homogeneous function of degree one in L and g.Let F® and F™ denote Finsler spaces
with metric functions L and L respectively. It has been investigated how S-likeness and
S,-likeness of F™ are linked with corresponding properties of F™. Further, necessary and
sufficient conditions for a Killing vector field of F™ to be a vector field of the same kind
in F™ have been obtained.
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1. Introduction

Let F" = (M", L) be an n-dimensional Finsler space on the differentiable manifold M"
equipped with the fundamental function L(x, y). Prasad and Kumari [11] and Shibata [12]
have studied the general case of B-change, that is, L*(x,y) = f(L,B), where f is a
positively homogeneous function of degree one in L and 3, and B given by B(xy) =
b;(x)y' is a one-form on M. The B-change of special Finsler spaces has been studied by
Shukla, Pandey and Mandal [14].

The conformal theory of Finsler space was initiated by Knebelman [8] in 1929 and has
been investigated in detail by many authors (Hashiguchi [3], Izumi [5, 6] and Kitayama
[7]). The conformal change is defined as L'(x,y) = e°®L (x,y), where o(x) is a
function of position only and is known as conformal factor. In 2008, Abed [1, 2]
introduced the change L (x,y) = e°®L(x,y) + B(x,y), which he called a B-conformal
change, thus he generalized the conformal and Randers changes. Moreover, he studied
some special Finsler spaces under this change such as C-reducible and S;-like Finsler
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spaces. In 2009 and 2010, Youssef, Abed and Elgendi [18,19] introduced the
transformation L"'(x,y) = f(e°L, ), which is general g-change of conformally changed
Finsler metric L. They have not only established the relationships between some
important tensors of (M™",L) and the corresponding tensors of (M™,L""), but have also
studied several properties of this change.

Shukla and Mishra [13] have changed the order of combination of the above two changes,
i.e., they have applied 3-change first and conformal change afterwards as follows :

Lxy) = e®@f(L(x y), B(x, ), )

where o(x) is a function of x , B(x,y) = b;(x)y' is a 1-form.They have called this change
as conformal B-change of Finsler metric. In this paper they have investigated the
condition under which a conformal B-change of Finsler metric leads a Douglas space into
a Douglas space. They have also found the necessary and sufficient conditions for this
change to be a projective change.

They have studied quasi-C-reducibility, C-reducibility and semi-C-reducibility of the
Finsler space with this metric in their paper [15], wherein they have also calculated the
T-tensor [4] of F*. When ¢ = 0, it reduces to a p-change. When o = constant, it

becomes a homothetic f—change. When f(L, ) has special forms as L + g ,% ,%2 ,L;n%
(m= 0,—1), one obtains conformal Randers change, conformal Matsumoto change,
conformal Kropina change, conformal generalized Kropina change of Finsler metric

respectively.

In the present paper, we investigate some other properties of conformal B-change. The Finsler
space equipped with the metric L given by (1) will be denoted by F™. Throughout the paper
the quantities corresponding to F™ will be denoted by putting bar on the top of them.

Homogeneity of f gives

Lfi+Bfo =T, 2)

where subscripts “1” and “2” denote the partial derivatives with respect to L and 8
respectively. Differentiating above equation with respect to L and S respectively, we get

Lfi1 + Bf21 =0and Lfi, + Bfa; = 0. 3)
fuu _ 2 _ fo2

Hence we have 75 = 22 = 2, 4)

which gives

fi1 = ,820) v f12 = —LPw, f2, = L*w, (5)

where Weierstrass function w is positively homogeneous of degree-3 in L and f.
Therefore

Lw; +Lw, +3w=0, (6)
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where w, and w, are positively homogeneous of degree — 4 in L and . Throughout the
paper we frequently use the above equations without quoting them. Also we have
assumed that f is not a linear function of L and f8 so that w # 0.

Killing equations play an important role in the study of a Finsler space whose points
undergo an infinitesimal transformation. In fact, they give a characterization for the
transformation to preserve distances. In 1979, Singh et al. [17] have discussed Killing
correspondence between Randers space (M™, L = a + f8) and the space (M™",L;), where
L% = L? + B2. In 2014, Shukla and Gupta [16] have discussed Killing correspondence
between Randers space (M", L) and the space (M", L"), where L* = f(L, ). Kumbar et al.
[9] have studied Killing correspondence between (M",L)and (M",L""), where L' =

f(eSL, B).

The aim of this paper is to study some special Finsler spaces arising from conformal f-
change of Finsler metric, viz., S3-like and S,-like Finsler spaces. Further, we study
Killing correspondence between the Finsler spaces F™ and F™.

2. Fundamental quantities of F™

Differentiating equation (1) with respect to y* we have

l; = e?(fil; + f>by). (7
Differentiating (7) with respect to y/ , we have

fr
hij =e2”(T1hij+fL2wmimj), (8)
Where ml‘ = bi - %Ll
From (7) and (8) we get the following relation between metric tensors of F™* and F™ :

= ff
gij = €2 [ giy = PRty + p(Uiby + iby) + (FL2w + fP)biby] 9)

where p=fif, — fLBw.
The contravariant components g/ of the metric tensor of F™, obtainable from g% g, =
5L, are as follows :

Zij — g=20y L gij L PL (fB _ i @ pip _ PLE iy pig
gl =e [ gl + B (22— ap,) 10 22 b'b) — B (b + b)), (20)
where I' = gY1;,b" = gYb; ,b* = b'b; , g" is the reciprocal tensor of g;; of F", and
2
A=b? -Et=f +1PwA. (12)

Cartan’s covariant C-tensor Ci of F" is defined by

Cijk =%5i5j8k L = %Skgij and Cartan’s C—vector is defined as follows:
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Ci=Ci g* (12)

Under the conformal change (1) we get the following relation between Cartan's C-tensors
of F" and F" :
Coin = 2L ¢y + 2 (hyymy, + haemy + g NI ] (13)
ijk = L Cijk T o Ulijmy ik klmj) 2 Ny,
where = 3f,w + fw, .
We have
. . 2 . X .
(a) mill =0, (b) mibl = bz - i—z = A= biml , (c)gl-jm‘ = hijml = m] . (14)

From (7), (9), (10) and (13), we get

. . p _ . . pLA . (2pL + qL*D) '
jlk = jlk + ﬂ (hjkml + h]lmk + hkm]) - mhjknl - ijmknl
L . 13 ;
—f—tC.jknl + zqf—flmjmkn‘ , (15)

where n" = fL?wb" + pl™ and h} = g'hy; , C ji = Cyjb', C ; = Cyjb/b* and so on.

Proposition 2.1. The normalized supporting element [;, angular metric tensor h;;,
fundamental metric tensor g;; and (h)hv-torsion tensor C;;, of F™ are given by (7),(8), (9)
and (13) respectively.

From (10), (12), (13) and (14) we get the following relations between the

C-vectors of F™ and F™ :

C_‘i = Ci - LZO_)Ci" + um; (16)
_a3pl3 3A01_13
where = p(n+1)-3pL°> wA+qL>A(1-L°Aw) .
2ff

3. Expression for v-curvature tensors of F*

The v-curvature tensor of Finsler space with fundamental function L is given by

Shijk = CijrChk — CirrChyj -

Therefore the v-curvature tensor of conformally B-changed Finsler space F™ is given by
Shijk = CijrChr — CirrChrj - (17)
From equations (13) and (15), we have

=~ = ff p
CijrChi = eZJ[T CijrChic + z(cijkmh + Cijnmy + Cingem;j + Cpjxm;)
pf ffil’w p2A

+2_Li (C.ijhhk + C.hkhij) - —1t CijChi + oy hpichij
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L?(af1—2pw)
12—t (C.ijmkmh + C.hkmimj) +

p(p+L3qh)

+ 4Lft

(hl-jmkmh +

p?
hhkmimj) + m(hijmhmk + hhkmimj + hhjmimk + hjkml-mh +
L?(2pqt+(afi—2wp)(2p+L3qA)}
atff

Interchanging j and k in (18) and subtracting the equation thus obtained from (18) and
using (17), we get

hpimymy, + hikmhmj) + mpmm;m;]. (18)

5 ffi
Shijk = eza[_lshijk + O (dnichij + dijhnk + EnkCij + EijCh)], (19)
where d;; = QC;; + Rh;j + Pmym;, (20)
Ej=Imm;+TCy, (21)
p= p{p(fi-L’wA)+L3qw} Q= fir , _ P*A

atfL TooLt’ T o8Lft’

[ = L2(fiq—2pw) T= filPwf wf
2t 2t

and @, denotes interchange of j and k and subtraction .
Proposition 3.1 The relation between v-curvature tensors of F™ and F™ is given by (19).

We get the following expressions for the vertical Ricci tensor S;x and the vertical scalar
curvature S associated with the transformed space F™:

c L*wA (n-3)L
Sik = Sik + Khik + {f;:t nff }dik + Qi (22)
where K = [ffltd__ - —{PA +QC+ (n— 1)R}]
L flewf
Pir = f_fl{ErkCir. + EyiC. — (IA — ) C
L*w
- ff (d.kmi + d.imk + Ek.Ci__ + Ei.Ck.. - E..Cik. — EikC...
1
ff1
; Shukbhbi)
d__ = dhjbhbj JE = Ehjbhbj
and
S = —20 L — % L_(x) — _ _ _(1) L ]
S=e [ff1 S ff { ( 2)} ffit P. +ff1t(p ff tShL]kb b ], (23)

where ¢_ = @p,;b"bJ, ¢ = ;9"
and ¢@;; is symmetric and indicatory .
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4. The Ss-likeness and S,-likeness
In this section, following Matsumoto [10], we shall investigate special cases of F".

Definition 4.1. A Finsler space (M™,L) with dimension n > 3 is called S;-like if the
v-curvature tensor Sy . satisfies

S
Shijk = R C)) (hixchnj — hnichif),

where scalar S is vertical scalar curvature .

Define the tensor

S
Kniji = Shijk — m(hikhm—hhkhu)-

Itis clear that the tensor Ky, . vanishes iff F™ is S5-like.

Proposition 4.1. Under the conformal B-change(1), the tensor I?hijk

associated with the space F™ has the form

74 ff
Khijic = e 7+ Knijie + Uniji (24)
h = 020 @ [dphi; + diihne + EniCii + EiiCoe — =222 by —
where  Upij = e“? Oj |dpihij + dijhpg + EpkCij + EijCpi 1) (n—z) tikthj
fl’w pff
(n-1)(n-2) (S + 1) (h kmhm] + hh]m mk)] (25)
_Le kY _ 2LK AP0 o
p =g — 12 (0. + Subib¥) - 2L L - (n - 2)))

From (24) we have the following theorem :

Theorem 4.1. Conformally B-changed Finsler space F™ is S;-like iff F™ is S3-like and the
tensor Uy . given by (25) vanishes identically.

Definition 4.2. A Finsler space (M™,L) with dimension n > 4 is called S,-like if the
v-curvature tensor Sy, j satisfies

Shijie = Oje(hnjKix + hiKnj),

1 S
where K, = E{Sik — mhik}.
Define the tensor
Hhiji = Shijk — O (hnjKix + hiKnj).
Then F™ is S,-like iff Hp; ) vanishes.

Proposition 4.2. Under the conformal B-change(1), the tensor Hp; i,
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associated with the space F™ has the form
q fr
Hhijk = eZUTthijk + Vhijk ' (26)
where
Vhijic = Eniji[EnkCyj. + fL2wKpemym;
+ ffi <AL3w

L(n—3)\ ffit

pf fihij (ff1
—=hpy + fL? ) +

2L(n — 2)(n—3) nk + fL2wmpmy

L
L*w MPow it
t s {(phk + <—t (n 3)) dnk =~ 350D hhk} mymy] (27)

fL2wS
" 2n-2)(n-3)

dnichij + Khijhy + <Phkhij> mpmyh;;

fLthhkmimj
(n—3)

and Zp;j (XpiYi;) denotes Xy Yy; + X ¥npe — XnjYie — XuYnj -

From (26) we have the following theorem :

Theorem 4.2. Conformally B-changed Finsler space F™ is S,-like iff F™ is

S4-like and the tensor Vy,; ;. given by (27) vanishes identically.

5. Killing correspondence of F* and F®

Let us consider an infinitesimal transformation

x!' = xite vi(x), (28)

where € is an infinitesimal constant and v‘(x) is a contravariant vector field. This vector
field v'(x) is said to be a Killing vector field in F™ if the metric tensor of the Finsler
space with respect to the infinitesimal transformation (28) is Lie invariant, i.e. if

£Ugij = 0, (29)
where £,, is the operator of Lie differentiation. The condition (29) is equivalent to
vilj + vjli + ZCi}]l-Uhm = 0, (30)

where v; = g;;v* and the symbol | denotes h-covariant differentiation with respect to the
Cartan’s connection CI'.

In this section we investigate a necessary and sufficient condition for Killing vector field
in F™ to be a Killing vector field in F™. For the aforesaid investigation some
preliminaries are required, which are given below.

We put 215 = by + by, 25ij = byj = bjy; .

The transformed Christoffel symbols of the Finsler space F™ are given by
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_i 1 _; _ _ _
Vik = gglr(ajgkr + 0k djr — 0rgjr)- (31)

Now we deal with the well-known functions G*(x, y) which are (2)p-homogeneous in y*
and are given by

G'=2 vy y". (32)
Using (9), (10), (31) and (32) ,we have

Gi=§ 7hylyk =Gt + DY, (33)
where the vector D' is given by

D' = ;1 0~ ff ——(firoo — 2Lfo5r0b") (py* — L2wfb') + oy — Sf2at, (34)

in which s§ = g™s,jy/.
LetCl = ( N : C ) be the Cartan’s connection on the space F™.

For coefficient Nj‘ = ale to the non-linear connection, we differentiate (33) with respect
to y/ and get

N.i = N.i + D.i, (35)

where the tensor D‘ a D' is given by

. Le20 i L
Dj = fef1 AL — QA bT + fpszzz bo{—Lfib" + (fB — AL’ f)y'} + ajy"

~f o' (filj + fab)) | %)
in which

A = 1By + €27 A o + Vim)D™
ij = 3TooBij + e“7ffasij + 5:0Qj — (= Cimj + Vijm)D™,

A]L: = 9" Arj Vijm = 9sjVin Qi = ez"(pyi + fL2wy; + f£by),

1
Bj = geza(P ik + qL*mymy,),0,Q; = =Bj
020
Vijk = mﬂ(ijk){(n + 1)(a1hij + azmimj)mk + wLZmiijk
+ wl?(f fihi; + LPomm;)Cy },
Lo P _Wh L I pol?
Y72L Lin+ 1) 276 (n+1)

and 7y represents cyclic permutation and sum over the indices I, jand k .



Finsler Spaces From Conformal 3-Change... 45

Let BI' = ( ]k, ],0) be the Berwald connection on the space F™. Differentiating (35)
with respect to y*, we have connection coefficients G ik = 6kN- of BI", which are given by
Gjic = Gjic + Bj, Bjy. = 9]

where Gjik are connection coefficients of BI' on F™. Substituting from (31), (13), (10),
(35) and (15) in

_]lk = ]7]'ik +C ]kr g CTli?“]vjr - C_';]]V,: (37)

we obtain connection coefficients F}j, of Cartan’s connection CI" on F™ as

ka = jik + jik’ (38)
where

. e %9 . . —20p
Dj = g¥ = Q'h° +y° Lfb' + (fB — AL*f,)y"

| fA f3fit s )
(BsjbojitBsibo|j — Bijbojs + S5jQi + Ssi Q) + 1 Qs + ffl CikrDs

ezaff1 ezaffl

+‘/jkng - Tcskijm - Vsijlrcn - T Csijlrcn - Vskijm)
—e 29t P (39)

The tensor Jk, called the difference tensor, has the following properties:

(a) D}y = Bjy = D}, (b) D§o = 2 D". (40)
Theorem 5.1. A Killing vector field v*(x) in F™ is Killing vector field in

F™if and only if

W vpo — v.D}j — Cltv.D}, = 0, (41)
where C/} is the associate Cartan tensor of F™ and W/t = C[} — C[%.

Proof. Assume that vi(x) is Killing vector field in F™. Then condition (30) is satisfied.
The h-covariant derivatives of v;(x) with respect to CI" and CT are respectively given as

(a) vy = ajvi — UTFL'G' , (b) Vi = ajvi — UTF;} , (42)
_ 2

where d; = FwE

By virtue of (42)(a) and (38), the equation (42)(b) takes the form

villj = vilj — UrDl-rj . (43)

From (43) and (40)(a) we have
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v+ i + 2C0vngo = viyj + vy — 20D} + 2CL vpyo — 2C1w D}, (44)
Using condition (30) in (44) and putting W;} = C[ — C[} , we get

v + Vi + 2Chvnyo = 2W/} vpjo — 2v.D]; — 2Cfv, D}y . (45)
From (45) it follows that v*(x) is Killing vector field in F™ iff (41) holds.

Transvecting (41) by y* and y/ and noting equation 40(b) and the fact that W/}y"
y/ =0=_Cly' y/, we get

1,.D" = 0.

Thus we have the following corollary:

Corollary 5.1. If vi(x) is Killing vector field in F™ and F™ both, then it is orthogonal to
the vector D(x, y).
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