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1. Introduction

A continuous function f = u + iv is a complex — valued harmonic function in a complex
domain D if both u and v are real and harmonic in D. In any simply-connected domain
E < D, we can write

f =h+ g, where hand g are analytic in E. We call h the analytic and g the co-analytic
part of f. A necessary and sufficient condition for f to be locally univalent and
orientation preserving in E is that |h'(2)| > |g'(2)| in E (see[2]).

Denote by H the family of functions
f=h+g D
which are harmonic, univalent and orientation-preserving in the open unit disc U = { z :

z < 1} so that f is normalized by f(0) = f,(0) =1 =0.Thus, for f =h+ g € H, the
functions h and g are analytic in U and can be expressed in the following forms:
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h(z)=z+ Z a,z®, g(2) = Z biz* (0 < |by| < 1), (2)
k=2 k=1

and f(z) is then given by

f2) =7+ Z az* + z bezk (0 < |by| < 1). 3)
k=2 k=1

We note that the family H of orientation preserving, normalized harmonic univalent
reduces to the well-known class S of normalized univalent functions if the co-analytic
part of f is identically zero; that is, g = 0.

For functions f € H, Jahangiri et al. [7] defined Salagean operator on harmonic
functions given by

D™ f(z) = D™ h(z) + (—1)"D™ g(2), 4)
where
D"h(z)=z+ ) k™a,z*, D" g(z) = k™bz". (5)

Al oboudy [1] define for a function f € A, ( f(2) = z + X, arz") the following
Integral operator

D° f(z) = f(2)
D' f(2) = A -Df(@) +2zf'(2) =D3f(2) 120
D™ f(2) = D;(D" £ (2))

where

D'f(z)=z+ ) (1+ (k— D))" az*
kz ‘

If =1, above operator reduces as Salagean operator given by Salagean [14].

For a function f € #, given by (1) we define generalized Salagean derivative operator
on harmonic functions given by

D} f(z) = D} h(z) + (-1)"D} g(2) (6)
where

Drh(z2)=z+ ) (1+ (k—DA)"apz®, D g(z) = Y (1 + (k — DA)"bzk.  (7)
; kz 2", D} kz ’
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In 1975, Silverman [15] introduced a new class T of analytic functions of the form
f(z) =z - Y5 ,lax|z® and opened up a new direction of studies in the theory of
univalent functions as well as in harmonic functions with negative coefficients [16].
Uralegaddi et al. [17] introduced analogous subclasses of star-like, convex functions with
positive coefficients and opened up a new and interesting direction of research. In fact,
they considered the functions where the coefficients are positive rather than negative real
numbers. Motivated by the initial work of Uralegaddi et al. [17], many researchers (see
[3-6,11,12]) introduced and studied various new subclasses of analytic functions with
positive coefficients but analogues results on harmonic univalent functions have not been
explored in the literature. Very recently, Dixit and Porwal [6] attempted to fill this gap by
introducing a new subclass of harmonic univalent functions with positive coefficients.

Denote by V5, the subfamily of £ consisting of harmonic functions f = h + g of the form

oree Z apz* + Z bez* (@ = 0,b; = 0,0 < |by| < 1). @)
k=2 k=1

Motivated by the earlier works of [8-10,13] on the subject of harmonic functions, in this
paper an attempt has been made to study the class of functions f € V4, associated with
generalized Salagean operator on harmonic functions. Further, we obtain a sufficient
coefficient condition for functions f € H given by (3) and also show that this coefficient
condition is necessary for functions f € V4, the class of harmonic functions with positive
coefficients. Distortion results, extreme points, convolution properties and convex combination.

Foro<p <1,1<y<4/3 we let P} (4 8,v)be a new subclass of A, consisting of
all functions of the form (1.3) satisfying the condition

2 {(1 ~ D) + ﬁD}f”f(Z)} 3
(1= p)Dif(2) + BD}*'f(2) '

where D;'f (2) is given by (6). Also let Vi (4, 8,v) = P% (A4, B,7) N Vy.

2. Coefficient Bounds

©)

In our first theorem, we obtain a sufficient condition for harmonic functions in
Py (4 B,7).
Theorem 2.1 Let f = h + g be given by (3) then f € VI (4,8, y) ifand only if

[oe]

Z 14+ (k—-DAM1+B(k—DA[1+ (k—1DA—v]

£ y—1 |ak|
 [1+ (k— DAL =28 — Bk — DAL + (k — DA +7]
+Z v —1 | b |
k=1
<1 (10)

wherea,; = 1,1 <y < 4/3andn is an odd positive integer.
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Proof. Assume that f € P} (4, 8,y) Then, in view of (3) to (9), we have

2 {(1 —B)DIf(2) + BD/{”Zf(Z)}
e
(1= PB)Dif(2) + BD}*'f (2)

((1 Bz +TE 1+ (k— DDA = Pagzk + (1)1 X (1 + (k — D)1 - ﬁ)bkzq
e +Bz + X7, (1 + (k — DO 2Bazk + (1) X2, (1 + (k — DA 2Ba,z*
a { A-Pz+ 2,0+ (- D)"A - Pagz* + (D" X, (1 + (k — D™ — B)by z* }
( +Bz + X2, (1 + (k — D)™ Bazk + (1)1 X2 (1 + (k — D)1 pa,z* )

—RelZE Tieo(1+ (k= D™ (1 + Bk — DDa, 2 — (D" Xy (1 + (k = D)™ (1 - 28 — f(k — Dby 2"
- e{ z+ X1+ (k= DDA + Bk — DD az* + (1" T, (1 + (k = DD™1 = 28 — Bk — Dby z* }
<y

If we choose z to be real and let r — 17, the last inequality leads desired assertion (10) of
Theorem 2.1.

Conversely, assume that (10) holds for f(z) € P} (4, B,v), then it suffices to show thats

(1—B)D;*"f(2) + BDI**f(2) _

(1-B)DJf(2) + BD}*f(2)

(1 - B)DI*f(2) + BDI**f(2) _
(1-B)Dif(2) + BD}*'f(2)

(1 =B)D}*'f(2) + BDF*f(2) L
(1 - PB)D}f(2) + BD]Hf(2)
(1= B)DI'f(2) + BD}**f(2) 2y -1)
(1 - PB)D}f(z) + BD]Hf(2)
z+ Y, (1 + (k= D)™ (A + Bk — DD aez® — (D" ¥, (1 + (k= DA™ (1 — 28 — Bk — Db, z*
z+ Y ,(1+ (k—DOA + Bk — DDaz" + (D" Y2 (1 + (K — D1 - 2B — (k — 1)) b, z*
2% 35, (1+ (= DD+ Bk = DDaz" — (152 (1+ (k= DA™ (= 26 = plk = DAbZ* _ o |
Zt 3y, 0+ (k= DDA+ Bk - DDazF + (D7 ye, 1+ (k=DM — 28 - Bk — Dbzt~ &~ D
Y1+ k=DM + (k= DDA+ Bk — D) — (1 + Bk — D] azF 1
| —(D"Ye, 1+ k=DM + (k= DDA =28 — Bk — DA) + (1 =28 — Bk — DD)]b, 2" |
| Qy-2)-Y2, 0+ GE-DDOMA+ k- DA+ Bk —1DA) — 2y — DA + Bk — D) ]a,zk?
+(=D)r Y A+ = DDA+ (k= DDHA =28 = Bk — D) + 2y — 1)1 = 28 — Bk — 1)) by z*1
Y1+ =DM+ k= DDA+ Bk — D) — (1 + Bk — D] a|z|*?
< + ¥ (1+ (k= DDA+ (k= DA =28 — Bk — DA) + (1 — 2B — Bk — D) ]by|z|**
T Qy-2)-X A+ (k-DOHMA+ k= DDA+ B — D) - 2y — DA+ Bk — DD]ay|z]*1
—Yhe 1+ = DDA+ (k= DDA =2 -k — DA + 2y — DA = 28 — Bk — D] by |z|*1

The last expression is bounded above by 1 if

<1 (z€el)

2y-1)

|
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Z(l + (k= DA+ (e = DA+ Bk = D) — (1 + Bk — D] alz]*?
k=2

+ Z(l + (k= DOMA + (k — DDA - 28 — Bk —1A)
+ (1 =28 — Bk = D] byl

< {(Zy -2)- 2(1 + (k= DDMA + (k — DD + Bk — DA)
k=1
= @y = DA + Bk = D)]arlz*

_ 2(1 + (k= DO+ (k= DA =28 — Bk — 1)A)

k=1

+ 2y = D =28 = Bl = D) by |z|*!
which is equivalent to

1+ (—-DAM1+ Bk —-DA[1+ (K —-—DA—-vy]a
k=2

Z 14 (k= DA = 28 — Bk — DAL + (k — DA+ y] by

The result is sharp for

@

Z }/—1 XZk
£ [1+ (k= DAL+ Bk — DAL+ (k — DA -] k

0o y_l
+kZl[1+(k—1)/1]"[1—23—B(k—l)/l][1+(k—1),1—y

]ykzk (11)

Where0 < <1,1<y <4/3,n€ Nyand X |xk| +Xreqlvel = 1.
3. Distortion Bounds and Extreme Points
By routine procedure ([6,8-10]), we can easily prove the following result:

Theorem 3.1 Let f,(z) € P%(4,8,y). Then for |z| = r < 1, we have

y—1 1-2)1+y)
@l < A+ 1o D+ o T v 2= pnnra=n |

where n is odd positive integer.
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y—1 (1-28)1+y) Ibl
[+ |1+ +a—y] [L+BAIA+A—y]""
Proof. We only prove the right hand inequality. The proof for the left hand inequality

is similar and will be omitted. Let f; (2) € P} (4, B,y) taking the absolute value of f;,
we obtain

Ife(@] = (1 = |byDr —

@I < (L + b+ ) (lael + [bDr* < (1+ by + Z(|ak| + by Dr?
k=2 =

y— > [1+ A" 1+,8/1][1+,1 vl
[1+ A" [1+m M+A- yz 1

k=2
+ |by Dr?

< @+ b Dr+ (la|

<A+ |bDr

+

y—1 1+ (k—DA]" [1+ﬁ(k—1)/1][1+(k—1)l—y]
[1+21- yZ[ |

[1+4+A]*[1+ pA]
+[1+(k—1)/1] [1-28 - ,B(k—l)/l][1+(k—1)/1+y b l]
k

y—1
y—1 (1—2ﬁ)(1+)/)
<A+ b+ T g 1 2= 7] [1 'bll]
y—1 (1—2,8)(1+y)
S(1+lbll)r+[1+/1]"[[1+BA][1+/1—)/] [1+4BA[1+2A—7] | 1']

Remark : If we put A = 1 we get the following result.
y—1 (1-20)1+y)

27[1 + B] [[Z—y] T 241 |b1|]7”2 < fi (@)
[V—l (1—2ﬁ)(1+y)|b |]

2r[1+ ] [[2 —v] 1

It should be noted that the result given by K. Vijaya etc. [18 ] is not correct while the
correct result mentioned above.

(1= [bsDr -

<@+ |bDr+

The following covering result follows from the left hand inequality in theorem.
Corollary 3.2 If f(2) € P} (4,8,7), then

{, [14 211+ AL+ A= y] - (¥ = 1)
w: |w|

[1+ 21+ BA[1 + A —y]
A+ A+ A -yl - (A =28)(y -
[1+ 2171+ AL+ A — ]

)
|b1I} < fU).
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Next we state that the extreme points of closed convex hulls of P% (4, 8,y) denoted by
clcoPh (4, B,v).

Theorem 3.3 A function f,,, = h + g,,, be given by (1.3). Then £,,(z) € clco P} (4, B,y) if
and only if

Fn () = ) [0 + Vg (2)] (12)
k=1
where h,(z) = z,

_ -1 _
hk(z)_Z+[1+(k—1)/1]”[1+,8(k—1)/1][1+(k—1)/1—y]2k(k_2'3""""""')
- y—1 _
Imi?) = 2 e DA A2~ Bk~ DA+ (k= DA77 * =12

:E:(Xk +'yk) ==1,xk >0 and ;kaZ 0.
k=1

In particular, the extreme points of P4 (4, 8,v) are {h;.} and {gnx}.

Proof. For the functions f,,, (z) of the form of theorem (3.1) , we have

o)

fn () = ) [l (?) + ViG]

k=1 "
= Z(xk +yk)z
&;1
Y — 1 k
+‘:E: XkZ
o 1+ (k—-DAM1+ Bk —DAI[1+ (Kk—1DA—-v]
+ y r-1 zk
L [T+ (= DAL= 28 — Bk — DA + (k= DA—7] Vi
Then
1+ (k= DAL + Bk — DAL + (k — DA—1y] y—1 )
; y-1 ([1+(k—1)/1]n[1+/;(k—1)/1][1+(k—1)/1—y]x’<
1+ (k— DAL =28 — Bk — DAL + (k — DA—1y] y—1 )
+; y—1 ([1+(k—1)/1]n[1—23—/;(k—1)/1][1+(k—1)/1—y]y’<

=Zxk+ Vi=1—x,<1,
k=2 k=1
and so f,,(z) € P} (4, B,y), conversely, if f,,(z) € clco P} (4, B,v), then
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y—1
%S ¥ k= DAL+ Bk = DA+ (k= DA—7]
and
y—1

by <

[1+ (k— DAL — 28 — Bk — DAL+ (k— DA—y]
set
- [14 (k- DA"[1 + ﬂg/k_—11),1][1 +(k—1DA—y] o b= 23,0

[1+ (k — DAL =28 — Bk — DAL + (k — DA -]

Vie = v —1
thenby Theorem210 < x, <1 (k =2,3,...)and0 <y, <1 (k = 1,2,3,....). We define

X1 =1—Yr-, X — Xr=1 Yk and note that by Theorem 2.1 x; > 0 consequently we obtain

o)

fn () = ) [ichic(@) + Vi (2)]

k=1
as required.
4. Convolution properties

For our next theorem, we need to define the convolution of two harmonic functions. For
harmonic functions of the form

@) =24 ) lagle* + ) Ibylz*
k=2 k=1

and

Fy(z) =z + ZlAklzk + 2|Bk|z‘k.
k=2 k=1
We define the convolution of two harmonic functions f(z) and F(z) as
@ Fa@ = 72+ ) laullAelz* + ) Ibel Bil7*. (13)
k=2 k=1

Using this definition, we show that the class P%; (4, 8,y) is closed under convolution.
Theorem4lForl1 <y, <y; < g,Let fn(2) € P (A4, B,v2) and F,(2) € PF (4, B,y1) then

fo * Fo € P3c(4,B,v2) © Py (4, B, v1)
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Proof. Let f,(2) =z + Xposlaelzk + (—1)" Yeeqlbklz* be in P%(AB,v,) and
Fo(2) = z 4+ Xl Az + (1) X321 |Bi|2* be in PR (4, B, v1).

Then the convolution is given by (13) we wish to show that the coefficient of f,, * F,
satisfies the required condition given in Theorem 2.1.

For F,(z) € P} (4, B,v1), we noted that |[A;| < 1 and |B,| < 1. Now, for the convolution
function f,, * F,, we obtain

[o¢]

[1+ (k — DAL+ Bk — DAL + (k — DA -]
> — sl 14
) Y1
T [14 (k= DA*[1 =28 — Bk — DAI[1 + (k — DA —y]
+kZ1 — |bil 1Byl
T [14 (k= DAL + Bk — DAL + (k — DA —7]
< kzz — el
o [14 (k= DAL =28 — Bk — DAL + (k — DA -]
+k2=1 p— il
o [14 (k— DAL+ Bk — DAL + (k — DA —v]
< kzz — |
o [14 (k= DAL =28 — Bk — DAL + (k — DA -]
+RZ=1 — |by|
<1

since 1<y, <y, s% and f,(2) € P%(4,B,v,) therefore f, *F, € P%(4,B,v2) C
P (A B, v1)

Now we show that P%-(4, 8,v) is closed under convex combination of its members.
Theorem 4.2 The class P% (4, 8,y) is closed under convex combination.

Proof. Fori = 1,2, ........ let f;,, € P3:(4, B,y) where f,_ is given by

) )
fni =zZ+ Zlakilzk + Z|bki|z_k’
k=2 k=1

then by (2.1)
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o)

Z [14+ (k—DA*M1+ Bk —DA[1+ (k—1DA -]

|ar,|
k=2 o )/—1 *
[1+ (k—DA™1—28 - Bk — DA+ (k—DA—7]
i e i
<1 (14)
For Y2, t; = 1,0 < t; < 1 the convex combination of £, may be written as
tfnl=z+ < tial.>z"+ ( tibi)z_k,
Then by (4.2),
i[1+(k—1)1]"[1+B(k—1)/1][1+(k—1)/1—)/] it'a
k=2 )/—1 i=1l ;
o [14 (k= DAL =28 — Bk — DAL + (k— DA—y] [~
+Z[ + (k= DA]"[1 - 28 yﬂ_(l )AL + (k= 1) ”(Znaki>51
k=1 i=1
it i [+ (e = DAL+ pCk = DAL + (k= D2 —y]
i=1 l k=2 )/—1 “
1+ (k= DAL — 28 — Bk — DAL + (k — DA —v]
+Z y—1 bk"}

tl

IA
gl

This is the condition requwed by (10) and s0 X721 t; fn, € P3: (4, B,7).
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