Journal of Rajasthan Academy of Physical Sciences
ISSN : 0972-6306; URL : http://raops.org.in
Vol.19, No.1&2, January-June, 2020, 119-132

LATE-TIME ACCELERATION IN BIANCHI TYPE V
PERFECT FLUID COSMOLOGICAL MODELS

Abhay Singh', Prashant S. Baghel® and J. P. Singh?

'Department of Mathematics, Technocrats Institute of Technology and Science,
Bhopal — 462022, India

Email: abhaysingh5784@gmail.com

2Department of Mathematical Sciences, A.P.S. University, Rewa 486003, India
Email: jpsinghmp@gmail.com, prashantsbaghel@gmail.com

Abstract: Perfect fluid Bianchi type-V cosmological models with time varying
cosmological parameter A are investigated for a specific Hubble parameter. Exact
solutions of Einstein’s field equations yield models of the universe which represent
initially decelerating and late-time accelerating expansion.
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1. Introduction

Observational evidences from the Hubble diagram of SNe la Supernovae
[11,14,15,24,25], Cosmic Microwave Background Radiation (CMBR) and Baryon
Acoustic Oscillation (BAO) [1,5,7,10,21,22,23] favour the scenario that our universe is
currently expanding with acceleration. This currently observed acceleration could be
brought about by some exotic field with an effective negative pressure. Astronomical
observations show that out of total energy budget, our universe at present contains
approximately 4% only of radiation and baryonic matter [13,16,26]. While about 26% is
the non-baryonic dark matter, the rest of our universe content, which is about 70% is the
exotic component known as dark energy. This dominant component with repulsive
gravitation leads to the present accelerating expansion of the universe. There are many
theoretical models to describe the nature of dark energy but the first choice of candidates
for this dark energy has been the cosmological constant A. In Einstein’s field equations,
this term has the concept of intrinsic energy density of vacuum [8]. However, this choice
suffers the fine-tuning problem: why the observed value of vacuum energy density is very
far below that is predicted from particle physics. The cosmological constant A has also
been interpreted in terms of Higgs scalar field [28]. It has also been proposed as a
function of time [12]. Many researchers suggested the idea of a decreasing vacuum
energy by taking into account the conservation of the matter and vacuum taken together.
Hence a varying cosmological term A with cosmic expansion in the framework of general
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relativity has been investigated by a number of researchers. We consider the following
four A-decay scenarios which have been discussed in literature:

Casel: A ~ H?
Case2: A~ H
Case3: A ~ §
S
Cased: A~ p

Here H, S and pare respectively the Hubble parameter, average scale factorand matter
energy density.

In this paper, we intend to discuss the above mentioned A-decay scenarios in the
background of Bianchi type-V space-time with perfect fluid distribution. Exact solutions
of Einstein’s field equations have been obtained by considering a specific form of Hubble
parameter H that yields a deceleration parameter q which has positive value in the early
universe, and it becomes negative at late times. We have discussed cosmological
consequences of the models obtained.

2 Metric and Field Equations

We consider Bianchi type-V space-time in orthogonal form represented by the line-element
ds? = —dt? + A*(t)dx® +e**{B?*(t)dy* + C*(t)dz*}, )
where ¢¢ is constant.

Energy-momentum tensor Tij for the perfect fluid distribution has the form

T, =(p+pP)V;v; + pg; ?)

where p is the matter density, p, the isotropic pressure and V; is the four velocity vector

of the fluid satisfyingV; v' =-1. In commoving coordinatesV' = 6}1 , We have
Tll :T22 :T33 = p,T44 =—p: ©)

Einstein's field equations (in gravitational units 872G = ¢ = 1) with time-dependent
cosmological term A are

1
R; _ERgij =-T; +A(t)gij'

(4)
For the line element (1), the field equations (4) lead to
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p-A= - == ©)

A’ B C BC
a® C A AC
—A=—————— —_— 6
P A> C A AC ©
a> A B AB
—A=—————— Ny 7
P A’ A B AB ()
) .. .
p+A:—a—2+E+§+%, (8)
A AB BC CA
25254‘2
A B C )

where overhead dot (.) indicates time derivatives.
From equations (5)-(9), we obtain

p+(p+ p)[%+§+%}+[\:0.

(10)
When A is constant, we recover the usual equation of continuity for matter.

Equation (10) shows that in order to satisfy the energy conservation, a decaying vacuum
term necessarily leads to matter production.

The average scale factor S for the Bianchi type-Vmodel (1) is defined as

S =(ABC )%. (11)
The volume scale factor V is given by

V =5° = ABC. (12)
From equations (5)-(7) together with (9), we obtain

A S

A S’ (13)
B_S_k

B S S*% (14)
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C S k

—_— =4 — ,

c s s® (15)
where K is a constant.

Generalized Hubble parameter H and generalized declaration parameter q are

S 1

H=—=—-(H,+H,+H

S 3( 1 2 3) (16)
and

H
q:__z_]-!

H 17)

A B C _— :
where H, = H, = B and H, = c are directional Hubble's factors along spatial
directions x, y and z respectively.

We introduce volume expansion &and shear scalar o as usual

o=v; (18)
and
o’ = lo-ijcr”

2 (19)
where ; is the shear tensor defined by
Oy = E(Vi;kh;( +Vj;khik) _léhij

2 3 (20)

Here hij = g; +V;V;is the projection tensor. Semicolon (;) stands for covariant derivative.
For the line element (1) expressions for the dynamical quantities come out to be

S
0=3—, 21
5 (21)
o,=H,-H, (22)

o;=H,-H, (23)
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oy=H,-H, (24)
o, =0. (25)

Shear scalar o is given by

ot =2[(@2)? + () + (o) + (02)']

(26)
Therefore
k
O = 3
S (27)
Equations (5)-(10) can be rewritten in terms of H, o and g as
2
p—A=2_ +(2q-)H?-o?,
S (28)
2
,o+A=—30{2 +3H? -2,
5 (29)
p+A+3H(p+p)=0.
(30)

From equation (29), we observe that in Bianchi type-V space-time, energy density p is
smaller than the corresponding energy density in Bianchi type-Ispace time indicating that

Bianchi type V is a low density universe. Also, from (29), we obtain

o’ 1 p a° A

92 - 3 92 RZGZ 02 ' (31)
o’ 1

Therefore, 0 < —- < ~for A >0. Thus a positive A puts restriction on the upper limit

of anisotropy whereas a negative A provides more room for the anisotropy.

From equations (28) and (29), we have

do 1 , 6°
which is Raychaudhari equation for given distribution. We observe that a positive A will
slow down the rate of decrease.
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3. Solutions and Discussion

For the solution of Einstein’s field equations, we normally assume a form for the matter
content of the universe or a space-time admitting Killing vector symmetries. One can also
generate the solutions by applying a law of variation for Hubble’s parameter H. Berman
[6] proposed Hubble parameter H related the average scale factor for FRW models that
yields a constant value of deceleration parameter which has either positive or negative
value. Thus, the universe is either decelerating or accelerating throughout the evolution. It
is to mention that our model of the universe should have a deceleration in the early phase
of matter era for the structure formation followed by late-time accelerated phase
suggested by the observations in the last decades [11,14,15,24,25]. Therefore, the
deceleration parameter q should have sign flip i.e. positive value in the early phase of the
universe and negative value at late times. We assume the Hubble parameter H in the form

H =m+ncotht (33)

where m(> 0) and n(> 0) are constants. It gives rise to a model of the universe with an
early deceleration and late-time acceleration. Singh [19,20], Bali, et al. [3], Bali and
Singh [4] have also investigated law of variation of Hubble parameter/average scale
factor describing models of the universe with initial deceleration and late-time
acceleration. For this assumption, we obtain scale factor S, spatial volume V, expansion
scalar @ and deceleration parameter q as

S = (sinht)"e™, (34)
V = (sinht)>"e’™, (35)
6 = 3(m+ ncotht), (36)
q=-1+ . i 2"

(msinht + ncosht) (37)

We observe that scale factor Sis zero t = 0 and expansion scalar @is infinite at t = 0,
which shows that the universe begins with a big-bang. Volume expansion 6 decreases as

1
time t increases. Att =0, q=-1+—>0 provided 0< n < 1 and for t =00,q=-1.
n

Thus, the model universe represents initial decelerating and late time accelerating
expansion.

For the model, anisotropy

o k
@  3(m+ncotht)(sinht)*e®™ (38)
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We observe that% is infinitely large at initial moment provided § <n<1. It decreases

with cosmic time to vanish for t — oo . Therefore, the model exhibits isotropic behaviour
at late times of its evolution.

To determine p; p and A explicitly from the above two equations (28) and (29), we
require one more relation. In cosmology, it is common to assume that p and p are related
by a linear equation of state

p=wp, 0<w<l (39)
Then matter density p and cosmological term A are obtained as

2k 2a°
(sinht)®"e®™  (sinht)?"e®™’

(1+w)p = 2ncsch’t —

nescht  (-w)2k’  (L+30)d’
to 1+ w)(sinht)®"e®™  (1+ w)(sinht)?"e®™ )

A =3(m+ncotht)® —

We observe that the model has singularity at t = 0. It evolves from its singular state at t =
0 with p and A infinite. For large values of t, matter density p becomes zero but

cosmological term A ~3(m+n)?. Thus, our modeltends asymptotically to a deSitter

. . A
universe with H = 5 =m+n for large values of t.

We can also determine p, p and A by assuming one of the following cases of the
phenomenological decay of A.

3.1 Case 1:
We assume

where £ is constant [9,27]. For this choice, we obtain matter density o , isotropic pressure
p and cosmological term A as

k? ~ 3a’
(sinht)®"e®™  (sinht)?"e®™’

p =31-B)(m+ncotht)® —
(43)
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a? k?
=——~ __3(1-B)(m+ncotht)?> +2ncsch’t ——————
p (sinh t)2ne2mt ( ﬁ)( ) (Sinht)GneGmt (44)
A =3p(m+ncotht)?. (45)

This model starts expanding with a big-bang at t = 0 where p, p and A all diverge. In the
limit of large times (i.e.t > ), p—31-A)(M+n)*, p—-3(1—B)(m+n)? and
A — 3(m+n)®. Matter density p and cosmological term A decrease in the course of

expansion to become constant at late times. For the large values of t, p+p —0.
Therefore, the model is dominated by vacuum energy at late times.

3.2 Case 2:
In this case, we consider

A=AH, “6)

where A is constant [17,18].
For this assumption, we get matter density o , pressure p and vacuum energy density A as
k? 3a’

=3(m+ncotht)? — -
p=3 )~ nh )T e™  (sinht)Fe™™

— A, (m+ncotht),
(47)

2 2
———————+ A (m+ncotht) —3(m+ncotht)? _.k—ﬁeti
(sinht)*"e*" (sinht)"e®™

(48)

p =2ncsch’t +

A =A,(m+ncotht). (49)
This model also has singularity at t = 0. The model starts evolving with a big-bang from
its singular state at t = 0 withp, p and Aall infinite. In the limit of large times
(ie.t >0), p+p—>0andA —> A,(M+n). Therefore, at late times, vacuum energy
dominates.
3.3 Case 3:

We assume

A:AO% (50)
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where Ag> 0 is constant as considered by Arbab [2]. For this choice, we obtain
k2 3a?
(Slnht)6n 6mt (Slnht)Zn 2mt ?

p=B-A,)(Mm+ncotht)® + A,ncsch’t —

(51)

aZ 5 ) k2
W—(S—AO)(erncotht) +n(2—-A,)csch t—m, (51)
A = A,(m+ncotht)® —nA, csch’t. (53)

The model has singularity at t = 0. Att =0, o, p and A are all infinite. For the large
values of t, p— (3—A,)(M+n)*, p—>—B-A,)(M+n)*> and A — A,(m+n)°.

We observe that the cosmological term A is very large at initial times. It reduces to
genuine constant at late times. For large values of t, p + p — 0 indicating the dominance
of vacuum energy.

3.4 Case 4:
In this case, we consider
A=A,p, (55)
where Ag> 0 is constant [27]. For this assumption, we obtain

k? 3a’®
(sinht)®e®™  (sinht)2e?™’

L+ A,)p =3(m+ncotht)® —

(56)
p:—( 38, j(m+ncotht)2 +2ncscht — S(A _2)a2 2 - (A +2)k6 b’
1+ A, (L+ Ag)(sinh )€™ (L+ A )(sinht) " e*™ " 50y
2 2
(1+i)A :3(m+ncotht)2 - K 6n g 3a2 g2mt
A, (sinht)*"e®™" (smht) Te "

(58)
The model starts expanding with a big-bang at t = 0. Att=0,p,p and A are all

infinitely large. For large values of t, p_>3(m+”)2, p_)‘?’/\o(”””)2 and
1+ A, 1+ A,

3Ao(M+)°  We observe that the cosmological term A is a decreasing function of
1+ A,
time. Being very large at initial epoch it reduces to a small value for large t. This is in
agreement with the recent results from supernovae la observations. Matter density p tends
to a genuine constant for large values of t. For illustrative purposes evolutionary
behaviour of some cosmological parameters are shown graphically [Figs. 1-2].



128 Abhay Singh, Prashant S. Baghel and J. P. Singh

0.25

0.2
0.15
=
3
0.1
0.05
2 0
0 0.5 1 1.5 2 2.5 3 0 0.5 1 15 2 2.5 3
Time t Time t
60 8
1
\ 7
50 \ -- =0
| w=1/3 6
40 ! —w=
' 5
[
1
@30 \ <4
H
iy
i 3
B
20 l
3 2
M
10 -,
1
0 0
0 0.2 0.4 0.6 0.8 1 0

Time t

Fig. 1 Variation of spatial volume V, expansion scalar 6, deceleration parameter g, expansion
anisotropy 6/0, energy density p and vacuum energy density A with cosmic time t.

4. Conclusions

Evolution of Bianchi type-V cosmological model is considered for the perfect fluid
distribution with dark energy represented by varying cosmological parameter A(t). By
assuming a law of variation for Hubble parameter H, we have obtained a single analytical
expression for deceleration parameter g which transits from its positive phase to the
negative one yielding a cosmological model which represents decelerating expansion in
the early epoch followed by accelerating expansion at late times. Phenomenological
decay laws of cosmological term A(t) for the models have been discussed. We observe
that the cosmic expansion in the model is driven by big bang impulse. The models
represent shearing, non-rotating and expanding universe. The cosmological term A tend
to a genuine constant asymptotically. Some of the models tend to deSitter universe for
large values of cosmic time t. We also find that late time universe is dominated by dark
energy, a clear evidence for accelerated expansion in agreement with observations. The
anisotropy in the models damps out during cosmic evolution and models turn out to be
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isotropic for large values of t. The solutions presented in this paper may be useful in the
study of dynamical and physical behaviour of homogeneous and anisotropic cosmological
models with time varying cosmological term A(t).
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Fig. 2 Plots of matter energy density p, pressure p and vacuum energy density A with
cosmic time t in various cases.
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