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1. Introduction 

Let Fn = (Mn , L) be an n-dimensional Finsler space on the differentiable manifold Mn  

equipped with the fundamental function L(x,y). Shibata [14], Prasad and Bindu 

Kumari[13] have studied the general case of β-change, that is, L∗ x, y = f(L, β), where f 

is a positively homogeneous function of degree one in L and β, and β given byβ(x,y) = 

bi(x)yi is a one-form on Mn . The β-change of special Finsler spaces has been studied by 

Shukla, Pandey and Khageshwar Mandal[19]. 

The conformal theory of Finsler space was initiated by Knebelman[8] in 1929 and has 

been investigated in detail by many authors (Hashiguchi[4], Izumi[5,6] and Kitayama[7]). 

The conformal change is defined as L′ x, y = eσ(x)L(x, y), where σ(x) is a function of 

position only and known as conformal factor. In 2008, Abed [1,2] introduced the change 

L′′ x, y = eσ x L(x, y) + β(x, y),which he called a β-conformal change. In 2009 and 2010, 

Nabil L. Youssef et al. [20,21] introduced the transformationL′′′ x, y = f eσL, β , which 

is β-change of conformally changed Finsler metric L. They have not only established the 

relationships between some important tensors of (Mn , L) and the corresponding tensors of 

(Mn , L′′′), but have also studied several properties of this change. 

The order of combination of the above two changes has been reversed in paper [18], 

where authors have applied β-change first and conformal change afterwards, i.e., 

L∗∗ x, y = eσ x f(L x, y , β x, y ) 
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whereσ(x) is a function of x, β x, y = bi(x)yi is a 1-form. They have called this change as 

conformal β-change of Finslermetric. In this paper they have investigated the condition 

under which a conformal β-change of Finsler metric leads a Douglas space into a Douglas 

space. They have also found the necessary and sufficient conditions for this change to be a 

projective change. Some properties of the conformal β-change have been studied in [17]. 

Now we assume that bi  in β is a function of x and y both and satisfies the condition 
∂bi

∂y j  = 

hij , where ρ is a scalar function of x, y and hij  is the angular metric tensor of (Mn , L). 

Thus we have supposed that bi  in β is an h-vector and with this supposition we deal with 

the change  

L (x, y) = eσ x f(L x, y , β x, y ). (1) 

We call this change as conformal β-change of Finsler metric by h-vector. In this paper we 

investigate the necessary and sufficient condition for this change to be a projective 

change.We also search out the condition under which this change converts a Douglas 

space into a Douglas space. 

The Finsler space equipped with the metric L  as given by (1) will be denoted by F n . 

Throughout the paper the quantities corresponding to F n  will be denoted by putting bar 

on the top of them. Homogeneiyof f gives 

Lf1 + βf2 = f (2) 

where subscripts 1 and 2 denote the partial derivatives with respect to L and β 

respectively. Differentiating above equations with respect to L and β respectively, we get  

Lf12 + βf22 = 0, Lf11 + βf21 = 0. (3) 

Hence we have 

f11 β
2 =  −f12 Lβ =  f22 L2 , (4) 

which gives  

f11 = β
2w, f12 = −Lβw, f22 = L2w, (5) 

where Weierstrass function w is positively homogeneous of degree –3 in L and β. 

Therefore  

Lw1 + βw2 + 3w = 0, (6) 

where w1 and w2 are positively homogeneous of degree -4 in L and β. Throughout the 

paper we frequently use the above equations without quoting them. Also we have 

assumed that f is not linear function of L and β so that w≠ 0. 

The fundamental metric tensor gij , the normalized element of support li and angular 

metric tensor hij  of Fn  are given by  
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gij =
1

2

∂2L2

∂y i ∂y j, li =
∂L

∂y i and hij = L
∂2L

∂y i ∂y j = gij − lilj . 

We shall denote the partial derivative with respect to xi  and yi by ∂i  and∂ i  respectively 

and write 

Li = ∂ iL, Lij = ∂ i ∂ jL, Lijk = ∂ i ∂ j ∂ kL . 

Then 

Li = li, L
−1hij = Lij  . 

The geodesics of Fn  are given by the system of differential equations 

d2xi

ds2
+  2Gi  x

dx

ds
 = 0, 

where Gi(x, y) are positively homogeneous of degree 2 in yi and are given by  

2Gi = gij yr ∂ j ∂rF − ∂jF , F =
L2

2
, 

where gij  are the inverse of gij  . 

The well known Berwald connection BΓ = (Gjk
i , Gj

i , 0) of a Finsler space is constructed 

from the quantity Gi  appearing in the equation of geodesic and is given by [10]: 

Gj
i = ∂ jG

i, Gjk
i =  ∂ kGj

i  . 

The Cartan’s connection CΓ = (Fjk
i , Gj

i , Cjk
i ) is constructed from the metric function L by 

the following five axioms[10]: 

 (i) gij |k = 0, (ii) gij |k = 0, (iii) Fjk
i = Fkj

i  (iv) F0k
i = Gk

i , (v) Cjk
i = Ckj

i , 

where |k and |k  denote h- and v-covariant derivatives with respect to CΓ. It is clear that 

the h-covariant derivative of L with respect to BΓ and CΓ is the same and vanishes 

identically. Furthermore, the h-covariant derivatives of LiandLij  with respect to CΓ are 

also zero.  

We shall use the following result obtained by Shukla, Pandey and Joshi [15]: 

∂ kρ = −
ρ

L
lk , n> 2. (7) 

We shall write 

2rij = bi|j + bj|i , 2sij = bi|j − bj|i. (8) 

2. Fundamental Quantities of (𝐌𝐧, 𝐋 ) 

To find the relation between fundamental quantities of (Mn , L) and (Mn , L ), we use the 

following results: 
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∂ iβ = bi , ∂ iL = li, ∂ jli = L−1hij  . (9) 

The successive differentiation of (1) with respect to yi, yj and yk  gives respectively: 

L i = eσ(f1Li + f2bi) : (10a)  

L ij = eσ[β2wLiLj − βLw Libj + LjLi +  f1 + ρLf2 Lij + L2wbibj], (10b) 

where 
∂bi

∂y j = ρhij = ρLLij  ; 

L ijk  =  eσ[ f1 + ρLf2 Lijk +  β
2w − ρβL2w (LiLjk + LjLik + LkLij ) (10c) 

+ −βLw + ρL3w (biLjk + bjLik + bkLij ) 

+ 2βw + β
2w2 (LiLjbk + LiLkbj + LjLkbi) 

− Lw + Lβw2 (Libjbk + Ljbibk + Lkbibj) 

              +β
2w1LiLjLk − L2w2bibjbk] . 

The differentiation of (10 a) with respect to xj and (10 b) with respect to xk  gives 

respectively  

∂jL i =  eσ[(f1Li + f2bi) ∂jσ + (β
2wLi − βLwbi) ∂jL (11a) 

                      + (−βLwLi + L2wbi) ∂jβ + f1 ∂jLi + f2 ∂jbi],  

∂kL ij = eσ[{ f1 + ρLf2 Lij + β
2wLiLj − βLw Libj + Ljbi  (11b) 

 +   L2wbibj}σk+ f1 + ρLf2 ∂kLij + { β
2w + ρf2 − ρβL2w Lij  

+β
2w1LiLj −  βw + βLw1  Libj + Ljbi  + (2Lw+L2w1)bibj} ∂kL 

+{(-βLw + ρL3w)Lij +(2βw + β
2w2)LiLj − (Lw + βLw2) Libj + LjLi  

+ L2w2bibj} ∂kβ + (β
2wLj − βLwbj) ∂kLi+(β

2wLi − βLwbi) ∂kLj  

+(L2wbj − βLwLj) ∂kbi+(L2wbi − βLwLi) ∂kbj  +Lf2Lij𝜕𝑘𝜌 ] . 

3. Difference Tensor of Conformal 𝛃-change of Finsler Metric by h-Vector 

We may put  

G i=Gi + Di . (12) 

Then G j
i =  Gj

i +  Dj
i  and G jk

i =  Gjk
i + Djk

i , where Dj
i =  ∂ jD

i and Djk
i =  ∂ kDj

i . The tensors 

Di , Dj
i and Djk

i  are positively homogeneous in yi of degree two, one and zero respectively. 

To find difference tensor Di we deal with equation Lij |k = 0 [16], i.e. 

∂kLij − Lijr Gk
r − Lrj Fik

r − Lir Fjk
r = 0. (13) 
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Since L ij | k  = 0 in F n , after using (12), we have  

∂kL ij − L ijr (Gk
r + Dk

r ) − L rj (Fik
r + Dik

r )c − L ir (Fjk
r + Djk

r )c = 0, (14) 

where F jk
i − Fjk

i =  Djk
ic  9 . 

Substituting in equation (14) the values of ∂kL ij , L ir  and L ijr  from (11 b), (10 b) and (10 

c) respectively, using (13) and then contracting the equation thus obtained with yk  we get 

{ f1 + ρLf2 Lij + β
2wLiLj − βLw Libj + LjLi + L2wbibj}σ0 (15) 

- 2{(f1 + ρLf2)Lijr +  β
2w − ρβL2 w  LiLjr + LjLri + LrLij  

+ −βLw + ρL3w  biLjr + bjLir + brLij +  2βw +  β2w2  LiLjbr + LiLrbj + LjLrbi 

−  Lw + Lβw2  Libjbr + Ljbrbi + Lrbibj +  β2w1LiLjLr

+ L2w2bibjbr}Dr 

+{ f1 + ρLf2 Ljr + β
2wLrLj − βLw Ljbr + Lrbj + L2wbrbj}Di

r 

+{ f1 + ρLf2 Lir + β
2wLrLi − βLw Libr + Lrbi + L2wbrbi}Dj

r  

           –  L2wbj − βLwLj  r0i + s0i −  L2wbi − βLwLi  r0j + s0j  

−{(−βLw + ρL3w)Lij +  2βw + β
2w2 LiLj  

− Lw + βLw2 (Libj + Ljbi) + L2w2bibj}r00 

−Lf2ykLij ∂kρ − 2ρf2LrLij G
r = 0, 

where we have used the fact thatDjk
i yk = Djk

ic yk = Dj
i [9], and ‘0’ stands for contraction 

with respect to yi,viz. r0k = rik yi , r00 = rij y
iyj . 

Next, we deal with L i| j  = 0, i.e. ∂jL i − L ir G j
r − L rF ij

r = 0 to get 

∂jL i − L ir (Gj
r + Dj

r) − L r(Fij
r + Dc

ij
r ) = 0. (16) 

Putting the values of ∂jL i, L ir  and L r from (11 a), (10 b), (10 a) respectively in (16), using 

equation ∂jLi − Lir Gj
r − LrFij

r = 0 and then rearranging the terms, we get  

f2bi|J =  f1Li + f2bi σj + { f1 + ρLf2 Lir + β
2wLrLi − βLw Libr + Lrbi +

 L2wbrbi}Dj
r +   βLwLi − L2wbi  r0j + s0j + (f1Lr + f2br)Dij

r − ρLf2Lir Fij
r , 

which, after using (8), gives  
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2f2rij = − f1Li + f2bi σj −  f1Lj + f2bj σi

+   f1 + ρLf2 Lir + β
2wLrLi − βLw Libr + Lrbi +  L2wbrbi Dj

r

+   f1 + ρLf2 Ljr + β
2wLrLj − βLw Ljbr +  Lrbj +  L2wbrbi Di

r

+   βLwLi − L2wbi  r0j + s0j  

+  βLwLj − L2wbj  r0i + s0i + 2 f1Lr + f2br Dij
r , (17) 

and 

2f2sij = − f1Li + f2bi σj +  f1Lj + f2bj σi +   f1 + ρLf2 Lir + β
2wLrLi −

βLw Libr + Lrbi +  L2wbrbi Dj
r − { f1 + ρLf2 Ljr + β

2wLrLj 

 −βLw Ljbr + Lrbj +  L2wbrbj}Di
r +   βLwLi − L2wbi  r0j + s0j  

 −  βLwLj − L2wbj  r0i + s0i . (18) 

Subtracting (17) from (15) and contracting the resulting equation with yi, we obtain 

(f1Lj + f2bj)σ0 + (f1L + f2β)σj + {− f1 + ρLf2 Ljr   (19) 

+LβwLjbr + LβwLrbj − β
2wLjLr − L2wbjbr}Dr 

          −(LβwLj − L2wbj)
r00

2
− (f1Lr + f2br)Dj

r + f2r0j = 0. 

Contracting (19) with yj, we get 

fσ0 + f2r00 = 2 f1Lr + f2br Dr . (20) 

Adding (15) and (18) and contracting the resulting equation with yj, we get  

  f1 + ρLf2 Lir + Lβw Libr + Lrbi + β
2wLiLr − L2wbibr D

r (21) 

                     = (L2wbi − LβwLi)
r00

2
+f2si0 + Lβw Liβ − Lbi σ0 

                       +
1

2
(f1Li + f2bi)σ0 −

1

2
σif. 

In view of LLir = gir − LiLr , the equation (21) can be written as  

f2si0 − (L2wbi − LβwLi)
r00

2
+

1

2
(f1Li + f2bi)σ0 −

1

2
σif  (22) 

=  ρf2 +
f1

L
 gir Dr +   −

f1

L
+ β

2w − ρf2 Li − Lβwbi LrDr  

 L2wbi − LβwLi brDr. 

Contracting (22) with bi = gij bj, we get  

 −
f1β

L2
− Lβw − ρLf2 LrDr +  

f1

L
+ L2w∆ + ρf2 brDr 
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=
L2w

2
r00 + f2s0 +

1

2
 

f1β

L
+ f2b2 − 

1

2
fσ1, (23) 

where Δ = b2 −
β

2

L2 and s0 =  sr0br . 

The equations (20) and (23) constitute the system of algebraic equations in LrDr and brDr 

whose solution is given by  

brDr =

 fL3w∆+f1f2β+ρLβf2
2 r00+2f1f2L2s0+{β(f1+ρLf2+L3w∆)

+L(f1
2β+Lb2f1f2)}σ0−f1L2σ1

2f(f1+ρLf2+L3w∆)
 , (24) 

and 

LrDr =
L f1+ρLf2 f2r00−f2

2L2s0+L f f1+ρLf2+L3w∆ + Lf2
2b2+βf1f2  σ0−ff2L2σ1

2f(f1+ρLf2+L3w∆)
. (25) 

Contracting (22) by gij  and putting the values of brDr and LrDr from (24) and (25) 

respectively, we get  

Di = [
f1f2−fLβw+Lf2

2ρ

2f f1+ρLf2+L3w∆ 
r00 −

Lf2(f1f2−fLβw+Lf2
2ρ)

 f1+ρLf2+L3w∆ (f1+ρLf2)
s0   (26) 

+
 f1f2 − Lβwf  Lfσ1 −  Lb2f2 + βf1 σ0 

2f f1 + ρLf2 + L3w∆ 
+ σ0]yi + [ 

L3w

2 f1 + ρLf2 + L3w∆ 
r00

−
f2L4w

 f1 + ρLf2 + L3w∆  f1 + ρLf2 
s0 +

Lf2

2 f1 + ρLf2 
σ0 

+
L3w{Lfσ1− Lb2f2+βf1 σ0}

2 f1+ρLf2+L3w∆ (f1+ρLf2)
]bi −

Lf

(f1+ρLf2)
σi +

Lf2

f1+ρLf2
s0

i
. 

Proposition 3.1. The difference tensor Di = G i − Gi of the conformal β-change of Finsler 

metric by h-vector is given by (26). 

4. Condition to be Projective Change 

The Finsler space F n is said to be projective to Finsler space Fn  if every geodesic of Fn  is 

transformed to a geodesic of F nand vice-versa. It is well known that the change L → L  is 

projective iff G i = Gi + P(x, y)yi, where P(x, y) is a homogeneous scalar function of 

degree one in yi, called projective factor [11]. Thus from (12) it follows that L → L  is 

projective iff Di = Pyi . First we suppose that the conformal β-change of Finsler metric by 

h-vector is projective. Then from equation (26), we have  

Pyi = [
f1f2−fLβw+Lf2

2ρ

2f f1+ρLf2+L3w∆ 
r00 −

Lf2(f1f2−fLβw+Lf2
2ρ)

 f1+ρLf2+L3w∆ (f1+ρLf2)
s0  (27) 
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+
 f1f2 − Lβwf  Lfσ1 −  Lb2f2 + βf1 σ0 

2f f1 + ρLf2 + L3w∆ 
+ σ0]yi + [ 

L3w

2 f1 + ρLf2 + L3w∆ 
r00

−
f2L4w

 f1 + ρLf2 + L3w∆  f1 + ρLf2 
s0 +

Lf2

2 f1 + ρLf2 
σ0 

+
L3w{Lfσ1− Lb2f2+βf1 σ0}

2 f1+ρLf2+L3w∆ (f1+ρLf2)
]bi −

Lf

(f1+ρLf2)
σi +

Lf2

f1+ρLf2
s0

i
. 

Contracting (27) with yi(= gij y
j) and using the fact that s0

i yi=0 and yiy
i = L2, we get 

P =
f1f2+Lf2

2ρ

2f f1+ρLf2+L3w∆ 
r00 −

Lf2
2

f f1+ρLf2+L3w∆ 
s0  (28) 

+ 
Lff2σ1+{f f1+ρLf2+L3w∆ −f2 Lb2f2+βf1 σ0}

2f f1+ρLf2+L3w∆ 
 . 

Putting the value of P from (28) in (27), we get 

βw  f1 + ρLf2 r00 − 2Lf2s0 yi + Lfσ1 − (Lb2f2 + βf1)σ0 

=  L2w  f1 + ρLf2 r00 − 2Lf2s0 bi + 2f2 f1 + ρLf2 + L3w∆ s0
i  

−Lf f1 + ρLf2 + L3w∆ σi. (29) 

Tranvecting (29) by bi , we get   

r00 =
 Lb2f2+βf1 σ0−Lfσ1−2Lf2s0

 f1+ρLf2 ∆
 . (30) 

Substituting the value of r00 from (30) in (28), we get 

P = 
 fL3w∆+f2 Lb2f2+βf1  σ0+Lff2σ1−2f2

2s0

2f∆ f1+ρLf2 
 . (31) 

Eliminating P and r00  from (31), (30) and (27), we get  

s0
i =  bi −

β

L2
yi 

s0

∆f f1 + ρLf2 
−
 f1yi + f2bi σ0

2Lf2
+

f

2Lf2
σi 

 +
Lfσ1− Lb2f2+βf1 σ0+fL3w∆σ0

2f2L4w
bi

. (32) 

The equations (30) and (32) give the necessary conditions under which the conformal 

β-change of Finsler metric by h-vector becomes a projective change. 

Conversely, if conditions (30) and (32) are satisfied, then putting these conditions in (26), 

we get 

Di = [ 
 fL3w∆ + f2 Lb2f2 + βf1  σ0 + Lff2σ1 − 2f2

2s0

2f∆ f1 + ρLf2 
] yi , 
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i.e Di = Pyi, where P is given by (31). 

Thus F n  is projective to Fn . 

Theorem (4.1). The conformal β-change of Finsler metric by h-vector is projective if and 

only if (30) and (32) hold. 

Corollary (4.1). When σ = 0, the change (1) becomes general β-change of Finsler metric 

by h-vector. Then the conditions for projective change as narrated in Theorem (4.1) 

reduce to the conditions as obtained in [19]: 

r00 =
−2Lf2s0

 f1+ρLf2 ∆
,s0

i =  bi −
β

L2
yi 

s0

∆f f1+ρLf2 
 . 

Corollary (4.2). When ρ = 0, the change (1) becomes simply conformal β-change. Then 

the conditions for projective change as stated in Theorem (4.1) reduce to the conditions as 

obtained in [18]: 

r00 =
 Lb2f2+βf1 σ0−Lfσ1−2Lf2s0

∆f1
,  

s0
i =  bi −

β

L2
yi 

s0

∆ff1
−
 f1yi + f2bi σ0

2Lf2
+

f

2Lf2
σi 

 +
Lfσ1− Lb2f2+βf1 σ0+fL3w∆σ0

2f2L4w
bi. 

5. The Conformal 𝛃-change of Finsler Metric by h-Vector of a Douglas Space 

The notion of Douglas space has been introduced by the Basco and Matsumoto [3] as a 

generalization of Berwald space from the view-point of geodesic equation. It is 

remarkable that a Finsler space is a Douglas space or is of Douglas type iff the Douglas 

tensor vanishes identically. 

The Finsler space Fn  is called a Douglas space iff Giyj − Gjyi is homogeneous 

polynomial of degree three in yi [12]. We shall write hp(r) to denote a homogeneous 

polynomial in yi of degree r. If we write Bij = Diyj − Djyi, then from (26), we get  

Bij = [
L3w f1+ρLf2 r00−2f2L4ws0

2 f1+ρLf2  f1+L3w∆+ρLf2 
+

L3w Lfσ1− Lb2f2+βf1 σ0 

2f1 f1+L3w∆+ρLf2 
+

Lf2

zf1+ρLf2
σ0] 

(biyj − bjyi) + 
Lf2

f1+ρLf2
(s0

i yj − s0
j
yi). (33) 

If a Douglas space is transformed to a Douglas space by conformal β-change of Finsler 

metric by h-vector, then Bij  must be hp(3) and vice-versa. 

Theorem (5.1). The conformal β-change of Finsler metric by h-vector transforms a 

Douglas space into a Douglas space iff Bij  given by (33) is hp(3). 
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Corollary (5.1). When σ = 0, then the condition under which a Douglas space is 

transformed to a Douglas space as obtained in Theorem (5.1) reduces to the condition as 

obtained in [19] for similar purpose. 

Corollary (5.2). When ρ = 0, then the condition as obtained in Theorem (5.1) to lead a 

Douglas space to a Douglas space reduces to the condition as obtained in [18] for similar 

purpose. 
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