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Abstract: The present paper deals with the property of dually flatness of Finsler spaces
with some special (a, 8) — metrics constructed in [10] via Randers-# change. Here, we
find necessary and sufficient conditions under which the Randers change of these
(a, B) — metrics are locally dually flat. Finally, we conclude the interrelation between the
locally dually flatness of all these metrics.
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1. Introduction

Finsler geometry is just Riemannian geometry without quadratic restriction as described by
Chern [5]. Finsler geometry is an interesting and active area of research for both applied
and pure mathematicians [2]. Since, the emergence of this geometry, though there has been
a lot of development, still there is a huge scope of research work. The idea of
(a, B) —metric in Finsler geometry, was first introduced by Matsumoto in [7]. In 1984,
Shibata [13] introduced the notion of § —change in Finsler geometry. The concept of dually
flatness in Riemannian geometry was given by Amari and Nagaoka in [1] while studying
information geometry. Information geometry provides mathematical science with a new
framework for analysis. Information geometry is an investigation of differential geometric
structure in probability distribution. It is also applicable in statistical physics, statistical
inferences etc. Shen [12] extended the notion of dually flatness in Finsler spaces. After
Shen's work, many authors have worked on this topic (see [3, 9, 11]).

The current paper is organized as follows:

In section two, we give basic definitions and examples of some special Finsler spaces
with (a, ) —metrics obtained by Randers change. In sections three, we find necessary
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and sufficient conditions for Randers change of some special Finsler spaces with
(a, ) —metrics to be locally dually flat.

2. Preliminaries

The literature of Riemann-Finsler geometry has been developed rapidly by so many
geometers across the Globe during last few decades. Here, we discuss some basic
definitions, examples and results which are required for subsequent sections. For symbols
and notations, we refer [4, 6].

Definition 2.1 An n-dimensional real vector space V is called a Minkowski space if there
exists a real valued function F:V — [0, «), called Minkowski norm, satisfying the
following conditions:

1. F is smooth on V\{0},
2. F is positively homogeneous, i.e., F(Av) = AF(v),V A > 0,

3. For a basis {vy,v,,...,v,} of V and y = y'v; € V, the Hessian matrix

1 i - _ .
(g ij) = (E Fyziyj) is positive-definite at every point of V\{0}.

Definition 2.2 A connected smooth manifold M is called a Finsler space if there exists a
function F: TM — [0, %) such that F is smooth on the slit tangent bundle TM\{0} and
the restriction of F to any T,M, p € M, is a Minkowski norm. Here, F is called a Finsler
metric.

The notion of (a, 8)-metrics was introduced by Matsumoto in [7]. Basically, an («, B8)-
metric on a connected smooth manifold M is a Finsler metric F constructed from a

Riemannian metric a = /aij (x)y'y/ and a one-form g = b;(x)y* on M and is of the

form F = a¢ (g) where ¢ is a smooth function on M. Basically, (a, §)-metrics are the

generalization of Randers metrics. Let us recall Shen's lemma [4, 6] which provides
necessary and sufficient condition for an («, 8)-metric to be a Finsler metric.

Lemma 2.1 Let F = a¢(s),s = /a, where ¢ is a smooth function on (—by, by), @ is a
Riemannian metric and g is a 1-form with || 8 Il,< by. Then F is a Finsler metric if and
only if the following conditions are satisfied:

d(s)>0,0(s) —sp'(s) + (b? =52 (s) >0,V |s| < b < by.
Some of the classical examples of (a, ) —metrics are as follows:

Randers metric, Kropina metric, generalized Kropina metric, Z. Shen's square metric,
Matsumoto metric, exponential metric, infinite series metric.

Next, we recall [13] the following:

Definition 2.3 Let (M, F) be an n —dimensional Finsler space. Then a Finsler metric
F = f(F,B) + B, constructed via § —change is known as Randers change of («, ) —metric.
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Following are some special Finsler metrics constructed by Shanker et al. (see [10]) via
Randers change of (a, ) metrics. Our further studies will be based on these metrics.

Leta = /aij (x)y'y’ be a Riemannian metric and 5 = b;(x)y" be a 1 —form. Then, we

construct the following:

1. Matsumoto-Randers changed (a, 8)-metric:

2
We know that F = ;Tg is Matsumoto metric. Applying 8 —change and Randers change

_ 2
simultaneously to this metric, we obtain a new metric F = FFTﬁ+ﬁ, which we call
Matsumoto-Randers changed metric.

2. Exponential-Randers Changed (a, ) Metric

The metric F = aef/® is called exponential metric. Applying 8 —change and Randers
change simultaneously to this metric, we obtain a new metric F = Fef/F + 8, which we
call exponential-Randers changed metric.

3. Infinite Series-Randers changed (e, B)-Metric

2
BB is known as infinite series metric. Applying § —change and Randers
change simultaneously to this metric, we obtain a new metric F = /% + £, which we call

The metric F =

infinite series-Randers changed metric.
Recall [8, 14] the following definition:

Definition 2.4 Let (M, F) be an n —dimensional Finsler space. If

F= mJailiz___imyilin. yim, with A: = a; ;, ; y"1y'2...y'™ symmetric in all the indices,

then F is called mt"-root Finsler metric.

Remark 1 In the original definition, it was written as L = m\/ailizmimyilyh. ..ytm, but
we are using F to be (a, )-metric. That's why we have written in this way.

mth-root Finsler metric has applications in Ecology [1]. This metric is generalization of
Riemannian metric as the square root metric is a Riemannian metric. We will focus on
Randers-f change of square root Finsler metrics in this paper. We use following

notations in the subsequent sections:
aL oL

et = Lt ay - Ly“axl - Axl'a

a .
a_fi = :Bxl’a i = b Or.Buﬁ = ﬂO:ﬂxiyjyl = ﬂOjetC.

= A, Ayt = A0 Ayt = Agj,

i
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3. Dually Flatness of Finsler Metrics
Firstly, we recall [12] the following definition:

Definition 3.1 A Finsler metric F on a smooth n —manifold M is called locally dually flat
if, at any point, there is a standard co-ordinate system (x¢, %) in TM, (x') called adapted
local co-ordinate system, such that

kaymyk — 2L,m = 0,where L = F2,
Next, we find the necessary and sufficient conditions for locally dually flatness of all the
metrics constructed via Randers-£ change in section 2.

First, we find necessary and sufficient conditions for Matsumoto-Randers changed
Finsler metric

F=— + B to be locally dually flat.

2_AinF F—
Let us put F —AlnF,thenF_\//_1 + B,

which implies
= = A? ZAB 2
L=F? = v T T A5

Differentiating (1) w.r.t. x*, we get
3

. 24, A 2 26 ZAﬁ
T WA-pr WA WA A A

Vap 248

WA A T g Pk + 2B B @
Differentiation of (2) further w.r.t. y* gives
Ly L Ry S SO LR (1 A—ﬁ)
N B N 7 B N7 BT

A3/2
WA-py

341/2 343/2 1 242 44
pbTa/Eny A A+ = /?)4A k ( \/ZA{} — ﬂ[) + Wip? ﬂxkyf + Wiy B, A;
642 1 28 1
_—(\/Z_ﬁ)4‘ ﬂxk (mAg - ﬁ[) \/_ 8 Axky[ + = \/— B Xkﬁ[ (\/Z—ﬁ)z Axk (nAg - ﬂg)

Vag
x/‘/zﬁx"”f g P e = s ﬁ)Zﬁ ( Bf) wa-pr Ayt
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_ VA -k _2VAB_ L 2Ap
gy Ao~ sy A At gy A (

e~ ﬁf) T Sa—py Prtyt
24 28 44B 1
+mﬁxkﬁg + mﬁxk/l[ - mﬁxk (mAg - ﬁg) + Zﬁﬁxky[ + Zﬁxkﬁ[.
3)
Contracting (3) with y* and simplifying, we get

- 1
Lokyey* = WANI—B) [84° Bo + 24%/*{(Ao¢ + 10Boe + 2Bor) — 4BPoc}

+ 4A%{(AoBe + BoAr)
—B(Aoc + 4BoBr + 2Por) — 3B*Boc} — 414%{43(1403& + BoAs)

B2 (Ao — 5B0Bc — Bor) — 6B Boc}
—2A{BAyA; — 3B*(AoBe + BoAr) — B> (540 — 8BoBe) + 8B*Bock
+4AY22B%2 A0 A + B*(BoBr — Aoe) + B Boct — 3B AvA].

Further, equation (2) can be rewritten as

L _—1 33 5/2 = (4 — 2 ¢ 2B ,
2L, = N [1643B,c + 245224 . — 8BB,} — 4A*(2BA  + 6B2B,c}

—4A32(2B%Aye — 12B3B ) + 2A{10B3 A, — 165 B} — 4AV2 (2B Ae — 28° B3],
We know that F is locally dually flat if and only if Zxky(yk —2L.=0,ie,

84> {Bor — 2B, e} + 24°*{(Aor — 2A,¢ + 1080, + 2Boc) — 4B(Boc — 2B,¢)}

+4A*{(AoBr + BoAr) — B(Aoe — 2A,c + 4BoBe + 2Bor) — 387 (Bor — 2B,¢)}

—4A312{4B (Ao B + BoAr) + B*(Aoe — 24, — 5BoBr — Boc) — 68> (Boc — 2B,0)}

—24{BAoA; — 3B% (Ao + BoAr) — B (5Aor — 10A,c — 8BoB;) + 8B*(Bor — 2B,)}

+4AY2 (2B AgAr + BH(BoBr — Aoe + 24,¢) + B> (Boc — 2B,0)} — 3B3A¢A, = 0.

From the above equation, we conclude that F is locally dually flat if and only if
following seven equations are satisfied.

Boc = 2B, (4)
(Aoe — 2A,c + 10BoBr + 2Boc) — 4B(Bor — 2Bc) =0 (5)
(AoBe + BoAr) — B(Aor — 24, + 4BoBr + 2Boc) — 3B*(Boc — 2Bxc) =0 (6)

4B(AoBr + BoAr) + B*(Aor — 2A.c — 5B0B — Boc) — 68> (Bor — 2B,c) =0 (7)
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BAgAc — 3B*(AoB; + BoAr) — B*(5A0c — 10A,c — 8Bof) + 8B*(Bor — 2B,c) =0 (8)
2B AgA¢ + B*(BoBe — Aoc + 24,¢) + B> (Bor — 2B,c) = 0 )
ApA, = 0. (10)
Solving above seven equations, we get

ApAr = 0,40, = 24,6, BoBr = 0,B0r = 0 = 2B,.0, A¢Bo + Ao Br = 0.

Above discussion leads to the following theorem.

— _ 2
Theorem 3.1 Let (M,F) be an n —dimensional Finsler space with F = FFT;; +f as a

Matsumoto-Randers changed metric. Then F is locally dually flat if and only if the
following equations are satisfied:

AOAm =0, AOm = ZAme.BOBm =0, BOm =0= Zﬁxm'Am.BO + AO.Bm =0.

Next, we find necessary and sufficient conditions for exponential-Randers changed
Finsler metric

F = FeP/F + B to be locally dually flat.

Letusput F2 = Ain F, then F = VAeP/VA 4+ B,

which implies

L = F2 = Ae®PINA 4 2\JABePIVA 4 p2, (11)
Differentiating (11) w.r.t. x¥, we get

7o 2B VA B 28/VA 2B /VA B A
L= 2VAe ﬂ/\/_ﬁxk i ﬂ/‘/_Axk +e ﬂ/\/_Axk +ﬁeﬂ/\/_Axk

X

2 (12)
+2VAP VAR, + 2P VA — L ePNAA \ 1 2B .
Differentiation of (12) further w.r.t. y™ gives
Lyym = ZﬂQZB/ﬂﬁx’wm + %ezﬁ/\mﬁx“‘lm +2VAe# VA (%ﬂm - %Am) - %BZB/ﬂAxky'"

1 B B 2 B
— e eV A h, — e A A (2, - LA )+ PP VAA

2 1
+e?P VA (F B =25 A ) + T P B A + B IVAA L, — L PN A A,

B 1 B 1
+ﬁ€ﬁ/ﬁAxk (\/_Zﬁm —2A—3/ZAm) + 2\/Zeﬁ/\/zﬁxkym +ﬁ€ﬁ/ﬂﬁxk14m + 2\/;Zeﬁ/‘/Z

1 1
Bo (FBn — 5tz Am ) + 2BF 1B i+ 26PINAB B, + 28 INAB s (2 By = Shi75 Am )

B* 28 B’ B’ 1 B
—E PN fyn =L ePNAA By + LB A, —E B4, (ﬁ[)’m - —Am) + 2BBym + 2B,k B

243/2

(13)
Contracting (13) with y* and simplifying, we get

_ 1
L my* = T [443ePNA(ePINA + 1) By, + 245/22B8(eP V4 By + Bom ) + €2/ V4 A,
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el A (eBINT 4 1)ByB,, + 2BoBn} + 2P T4 ((1 = VM) Aoy + 2808 )

+ (PN 4 1) (Ao + BoAm)} — 2ePVAA32(B2 Ay, + (2P 1V +
D(AoBm + BoAm)}
5 5 b B
—eViA {Z(Aoﬁm + BoAn) + B (eﬁ + 1) AOAm} + BleVa (Zeﬂ +
DVAAA,, + B2ePIVAAA, ).

Further, equation (12) can be rewritten as

_ 1
2Len = 57 843PV (ePNA 4+ 1) pm — 4B AZeP/NA (ePIVA — 1) Aygm

+445/2 (P VA A m + 28 (PIVA 4 1) Bym} — 4243/ 2eF VA A n ).

We know that F is locally dually flat if and only if Zxkymy" —2Lm =0,i.e.,

443 PNV (P NA 4 1) (Bo, — 2B,m} + 24522 (eF1VA + 1) (Bom — 2Bxm)
+e2P VA Ay, — 2A,m) + 4ePIVA (B IVA 1 1) BBy + 280}
+2eF A2 ((1 = ePA) (A — 2A,m) + 2B0B ) + (e#/V7 + 1) (Ao + BoAn)}
—2eP VA2 (B2 (Ao, — 24,m) + B (26518 + 1) (Ao + BoAm)}

—ePNAAR (Ao + BoAm) + B (P17 + 1) Ao} + 2P /VA (26PN +
DVAAGA,, + B3ePNAA A, = 0.

From the above equation, we conclude that F is locally dually flat if and only if following
seven equations are satisfied.

(eﬁ/\/Z + 1) {Bom — 2Bxm} = 0Bom = 2Bym (14)
25 (eP1VA + 1) (Bom — 2B,m) + €/ (Ao — 2A4,m) + 4P VA (P VA 1 1) By, +
2B0fm = 0 (1)

B((1 = 7) (Aom — 24,m) + 2B0Bn ) + (P17 + 1) (Aofin + foAn) =0 (16)
B (Aom — 2Am) + B (2P1V8 4+ 1) (Ao + PoAm) = 0 (17)
2(Aofm + BoAn) + B (P4 +1) Agdy, = 0 (18)

(26#1V% + 1) AgAyy, = 049 Ay, = 0. (19)
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Further, from the equations (18) and (19), we get

Aofm + BoAm =0 (20)
Again, from the equations (17) and (20), we get

Aom = 24,m, (21)
and from the equations (16), (20) and (21), we get

BoBm = 0. (22)

Next, we find necessary and sufficient conditions for infinite series-Randers changed
Finsler metric

F= /;B_—ZF + B to be locally dually flat.

Let us put F2 = A in F, then

2
Fo B
B - VA~
which implies
T _F Bt ﬁ’
L=F? = G (23)
Differentiating (23) w.r.t. x*, we get
— _ _ 2[;3\/— 4- ﬁ3
Ly = (/3—\/2)3[3” B"J’Zﬂﬂ”r(ﬁ vy A+ a4 24)
Differentiation of (24) further w.r.t. y™ gives
- _ 284 _ 6BAA _ 683VA _ Am
Ltym = = gy Pty ~ gy Pt ﬁm v—(ﬁ r)3'3 <A+ Gy Pt (B’“ M)
LB + 2By = L Bk (B — 5 A ) + 28Biym + 2B
B \/— xkym kPm (ﬁ \/—)2 m \/Z m xkym xk m
S L Ty S (Y
* Tag—ay Aty «/_(ﬂ 7y AxPm = 2am gy A Am

_3pt B3
VA Axt < (Bn =27 )+~/A7(ﬁ—ﬁ)2‘4xkym

_38* [)’3 243 1
+ Titgi Aot = i At A = g At (B =g An)
@)

Contracting (25) with y* and simplifying, we get

1
x " y 2A3/2(ﬁ \/-—)4 [ A7/2{ﬁﬁ0m + Zﬂoﬁm} - 28A3{ﬁ2ﬁ0m + Zﬁﬁoﬂm}

+ 8A%/2(8B3 By + 1582 BoPm}
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+24%{=28B*Boym — 408> BoBm + B> Aom + 38%(AoBm + BoAm)}
+243/2{8B° By, + 10B*BoBm — 38%*Aom — 88> (AoBm + BoAm)}
+A{AB5 Ay + 4B (AgBm + BoAm) — 383 A0An} + 8B VAAA, — 28°AgAy].
Further, equation (24) can be rewritten as
Lom = 2A3/2(ﬁl— N [8BA7/2B,m — 56A3B%B,m + 1284°/2B3B,m — 2A%{568*B,m
—2B3A,m + 243/2{16B°Bm — 65*Am} + 8B5°AA,m].
We know that F is locally dually flat if and only if Zxkymyk —2Lm =0,i.e.,

4A7/2{ﬁ(ﬁ0m - Zﬁxm) + Z.BOﬁm} - 28A3.8{B(B0m - Zﬁxm) + Z.BOBm}
+ 24%B*{~28B(Bom — 2Bxm)

_40ﬁﬁ0ﬁm + ﬁ(AOm - 2Axm) + 3(AO.Bm + BOAm)} + 8A5/2.82{8B(.80m - Z.me)
+ 15B0Bm}

+2A3/2ﬁ3{8ﬁ2(ﬁ0m - Zﬁxm) + 10.8B0.8m - 3B(AOm - ZAxm) - 8(A0.8m + .BOAm)}

+AB3 (4B (Agm — 24,m) + 4B (AP + BoAm) — 3AoAn} + 8B*VAA Ay,
—2B°ApA,, = 0.

From the above equation, we conclude that F is locally dually flat if and only if following

six equations are satisfied:

BBom — 2Bxm) + 2Bofm =0 (26)
—28B%(Bom — 2B,m) — 40BBoBm + B(Agm — 24xm) + 3(AoBm + BoArn) =0 (27)
8B(Bom — 2Bxm) + 1580y = 0 (28)
8B%(Bom — 2Bxm) + 10BBoBm — 3B(Agm — 24xm) — 8(AgBm + BoAm) = 0 (29)
4B%(Agm — 24,m) + 4B (AoBm + BoAm) — 3404, =0 (30)
Ao4,, =0 (31)
Further, from the equations (26) and (28), we get

Bom = 2Bxm, (32)
Bobm = 0. (33)
Again, from the equations (32), (33), (27) and (29), we get

Agm = 24,m, (34)
Ao + Lol = 0. (35)

Above discussion leads to the following theorem.
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Theorem 3.2 Let (M, F) be an n —dimensional Finsler space, where F is either of the
following:

1. Exponential-Randers changed metric, i.e., F = Fef/F + B,

_ 2
2. Infinite series-Randers changed metric, i.e., F = /?ﬁTF + B.

Then F is locally dually flat if and only if the following equations are satisfied:

AOAm = 0IAOm = ZAxm'ﬂOﬁm =0, ﬁOm = ZﬁxmfAmﬁO + Aoﬁm = 0.
4. Conclusions

The all above discussion concludes that

1.

If Matsumoto-Randers changed Finsler square root metric locally dually flat then
S0 are exponential-Randers changed Finsler square root metric and infinite series-
Randers changed Finsler square root metric.

If exponential-Randers changed Finsler square root metric is locally dually flat
then so is infinite series-Randers changed Finsler square root metric and vice-
versa.
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