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Abstract: The object of present paper is to classify N(k)-contact metric manifolds 

satisfying certain curvature conditions[15] on the conharmonic curvature tensor. Here, we 

consider quasiconharmonically flat, conharmonically semisymmetric, and φ-

conharmonically semisymmetric N(k)-contact metric manifolds. Beside these, we also 

study Einstein semisymmetric conharmonically flat N(k)-contact metric manifold. 
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1. Introduction 

In a Riemannian manifold M of dimension 𝑛 ≥ 3, the conharmonic curvature tensor 𝐻 is 

defined by [11] 

𝐻 𝑋, 𝑌 𝑍 = 𝑅 𝑋, 𝑌 𝑍 −
1

𝑛−2
 𝑆 𝑌, 𝑍 𝑋 − 𝑆 𝑋, 𝑍 𝑌 + 𝑔 𝑌, 𝑍 𝑄𝑋 − 𝑔 𝑋, 𝑍 𝑄𝑌 ,  

for X,Y,Z ∈ TM, where R is the curvature tensor and Q is the Ricci operator. 

In a (2n+1) dimensional almost contact metric manifold, the conharmonic curvature 

tensor 𝐻 is defined by 

𝐻 𝑋, 𝑌 𝑍 = 𝑅 𝑋, 𝑌 𝑍 −
1

2𝑛−1
 𝑆 𝑌, 𝑍 𝑋 − 𝑆 𝑋, 𝑍 𝑌 + 𝑔 𝑌, 𝑍 𝑄𝑋 − 𝑔 𝑋, 𝑍 𝑄𝑌 , (1)  

A manifold whose conharmonic curvature tensor vanishes at every point of the manifold 

is called conharmonically flat manifold. Hence, this tensor represents the deviation of the 

manifold from conharmonic flatness. There are many physical application of the tensor 

𝐻. For example, in [1], Abdussattar showed that sufficient condition for a spacetime to be 

conharmonic to a flat spacetime is that the tensor 𝐻 vanishes identically. Also, he 

described the gravitational field due to a distribution of pure radiation in presence of 

disordered radiation by means of spherically symmetric conharmonically flat spacetime. 
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Conharmonic curvature tensor have been studied by Siddiqui and Ahsan [16], 

𝑂 𝑧𝑔𝑢 𝑟[14], and Ishi[11]. Let (M, g) be a Riemannian manifold and let ∇ be the Levi-

Civita connection of (M, g). A Riemannian manifold is called locally symmetric if 

∇R = 0 [9], where R is the Riemannian curvature tensor of (M, g). A Riemannian 

manifold M is called semisymmetric if R.R=0 holds, where R is the curvature tensor of 

the manifold. A fundamental study on Riemannian semisymmetric manifolds was made 

by Szabo [17], Boeckx et al. [8] and Kowalski [13]. A Riemannian manifold M is said to 

be Ricci semisymmetric if on M we have R.S=0, where S is the Ricci tensor. 

In [4] Blair et al. studied N(k)-contact metric manifold satisfying the curvature conditions 

𝑍 . 𝑍 =0, 𝑍 .R=0 and R. 𝑍 =0, where 𝑍  is the concircular curvature tensor. In [10] Dwivedi 

and Kim studied quasiconharmonically flat, 𝜉-conharmonically flat, φ-conharmonically 

flat k-contact metric manifold. Ghosh et al. [12] studied conharmonically semisymmetric, 

𝜉-conharmonically flat and φ-conharmonically flat N(k)-contact metric manifold. 

Motivated by the above studies [4], [10], [12] and the studies of Quasi-conformal 

curvature tensor on N(k)-contact metric manifolds in [19], we study conharmonic 

curvature tensor in N(k)-contact metric manifold. 

The present paper is organised as follows. In section 2, we give some preliminary results 

that will we needed thereafter. In section 3, we discuss quasiconharmonically flat N(k)-

contact metric manifold and it is shown that the scalar curvature vanishes, and 

consequently the manifold is η-Einstein. Section 4, we consider conharmonically 

semisymmetric N(k)-contact metric manifold and prove that the manifold is η-Einstein. 

Section 5 deals with the study of φ-conharmonically semisymmetric N(k)-contact metric 

manifold. Finally, the last section is devoted to study Einstein semisymmetric 

conharmonically flat N(k)-contact metric manifold. 

2. Preliminaries 

A (2n+1) dimensional differentiable manifold M is said to admit an almost contact 

structure if it admits a tensor fields φ of type (1,1), a vector field 𝜉 and a 1-form 𝜂 

satisfying [3], [5] 

φ
2
 = - I + 𝜂 ⊗ 𝜉, 𝜂 𝜉 = 1, φ𝜉 = 0, 𝜂𝑜φ=0. (2) 

An almost contact structure is said to be normal if the induced almost contact structure J 

on the product manifold M×R defined by   

𝐽  𝑋, 𝜆
𝑑

𝑑𝑡
 =  𝜑𝑋 − 𝜆𝜉, 𝜂 ⊗

𝑑

𝑑𝑡
  

is integrable, where X is tangent to M, 𝑡 is the coordinate of R and 𝜆 is a smooth function 

on M×R. The condition of almost contact metric structure being normal is equivalent to 

vanishing of the torsion tensor [φ, φ]+2d 𝜂 ⊗ 𝜉, where [φ, φ] is the Nijenhuis tensor of φ. 

Let 𝑔 be the compatible Riemannian metric with almost contact structure (φ, 𝜉, 𝜂), that is 

𝑔(φX,φY)=𝑔(X,Y)-𝜂(X) 𝜂(Y), 𝑔(X, 𝜉)= 𝜂(X) (3) 
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for all vector fields X,Y ∈ TM. 

A manifold M together with this almost contact metric structure is said to be almost 

contact metric manifold denoted by M(φ, 𝜉, 𝜂, 𝑔). An almost contact metric structure 

reduces to a contact metric structure if 𝑔(𝑋, φY) = 𝑑𝜂(𝑋, 𝑌). Moreover, if ∇ denotes the 

Riemannian connection of 𝑔, then the following relation holds, 

∇𝑋𝜉 =  −𝜑𝑋 − 𝜑𝑕𝑋. (4) 

A contact metric manifold is said to be 𝜂-Einstein if 

𝑆 𝑋, 𝑌 = 𝛼 𝑔 𝑋, 𝑌 +  𝛽 𝜂 𝑋 𝜂(𝑌), 

where 𝛼 and 𝛽 are smooth functions. 

If 𝛽 = 0, then the manifold M is an Einstein manifold. 

Blair, et al. [6] is introduced the (𝑘, 𝜇)-nullity distribution of a contact metric manifold M 

that is defined by 

𝑁 𝑘, 𝜇 : p𝑁𝑝 𝑘, 𝜇  

𝑁𝑝 𝑘, 𝜇 =  𝑊 ∈ 𝑇𝑝𝑀 ∶  𝑅 𝑋, 𝑌 𝑊 = (𝑘𝐼 + 𝜇𝑕)(𝑔 𝑌, 𝑊 𝑋 − 𝑔 𝑋, 𝑊 𝑌)  

for all X,Y ∈ TM, where  𝑘, 𝜇 ∈ 𝑅2. A contact metric manifold M with 𝜉 ∈ 𝑁 𝑘, 𝜇  is 

called a  𝑘, 𝜇  contact metric manifold. If 𝜇 = 0, the  𝑘, 𝜇 -nullity distribution reduces to 

k-nullity distribution [18]. 

The k-nullity distribution N(k) of a Riemannian manifold is defined by [18] 

𝑁 𝑘 : 𝑝 → 𝑁𝑝 𝑘 =  𝑊 ∈ 𝑇𝑝 𝑀 : 𝑅 𝑋, 𝑌 𝑊 = 𝑘(𝑔 𝑌, 𝑊 𝑋 − 𝑔 𝑋, 𝑊 𝑌) , 

𝑘 being a constant. 

If the characteristic vector field ξ ∈ 𝑁(𝑘),then we call a contact metric manifold as N(k)-

contact metric manifold [4]. If 𝑘 = 1, then the manifold is Sasakian and if 𝑘 = 0,then the 

manifold is isometric to the product 𝐸𝑛+1(0) × 𝑆𝑛(4) for n > 1 and flat for n = 1 [7]. 

Given a non-Sasakian (𝑘, 𝜇)-contact manifold M, Boeckx [8] introduced an invariant 

𝐼𝑀 =
1 − 𝜇/2

 1 − 𝑘
 

and show that for two non-Sasakian (k, 𝜇)- manifolds M1 and M2, we have 𝐼𝑀1
= 𝐼𝑀2

 if 

and only if upto D-homothetic deformation, then two manifolds are locally isometric as 

contact metric manifolds. 

Thus, we see that from all non-Sasakian (𝑘, 𝜇) manifolds of dimension (2n+1) and for 

every possible value of the invariant IM, one (𝑘, 𝜇)-manifold M can be obtained. If IM > -1 

such examples may be found from the standard contact metric structure on the tangent 
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sphere bundle of a manifold of constant curvature C where we have 𝐼𝑀 =
(1+𝑐)

 1−𝑐 
 . Boeckx 

also gives a Lie-algebra construction for any odd dimension and value of IM ≤-1. 

Using this invariant, Blair, Kim and Tripathi [4] constructed an example of (2n+1) 

dimensional 𝑁(1 −
1

𝑛
)-contact metric manifold, n > 1. The example is given as follows: 

Since the Boeckx invariant for (1 −
1

𝑛
, 0)-manifold is  𝑛 > −1, we consider the tangent 

sphere bundle of an (n+1)-dimensional manifold of constant curvature C so chosen that 

the resulting D-homothetic deformation will be a (1 −
1

𝑛
, 0)-manifold. That is, for 

𝑘 = 𝑐(2 − 𝑐) and 𝜇 = −2𝑐, we solve 

1 −
1

𝑛
=

𝑘 + 𝑎2 − 1

𝑎2
, 0 =

𝜇 + 2𝑎 − 2

𝑎
 

𝑓𝑜𝑟 𝑎 𝑎𝑛𝑑 𝑐. 

The result is 

𝑐 =
 𝑛 ± 1

𝑛 − 1
, 𝑎 = 1 + 𝑐 

for taking 𝑐 and 𝑎 to these values we obtain 𝑁(1 −
1

𝑛
)-contact metric manifold. 

In an N(k)-contact metric manifold, the following relation holds : 

𝑕2 =  𝑘 − 1 φ2, where 𝑕 =
1

2
£𝜉  φ  (5) 

𝑅 𝑋, 𝑌 𝜉 = 𝑘 𝜂 𝑌 𝑋 − 𝜂 𝑋 𝑌 , (6) 

𝑆 𝑋, 𝑌 = 2 𝑛 − 1 𝑔 𝑋, 𝑌 + 2 𝑛 − 1 𝑔 𝑕𝑋, 𝑌 + 

 2𝑛𝑘 − 2 𝑛 − 1  𝜂 𝑋 𝜂 𝑌 ], 𝑛 ≥ 1 (7) 

𝑄𝑋 = 2 𝑛 − 1 𝑋 + 2 𝑛 − 1 𝑕𝑋 +  2 1 − 𝑛 + 2𝑛𝑘 𝜂 𝑋 𝜉, 𝑛 ≥ 1. (8) 

𝑆 𝑋, 𝜉 = 2𝑛𝑘𝜂 𝑋 , (9) 

𝑟 = 2𝑛 2𝑛 − 2 + 𝑘 , (10) 

(∇𝑋𝜂) 𝑌 = 𝑔(𝑋 + 𝑕𝑋, φY), (11) 

In a (2n+1) dimensional almost contact metric manifold, if  𝑒1, 𝑒2 ……… . 𝑒2𝑛 , 𝜉  is a 

local orthonormal basis of tangent space of the manifold, then  𝜑𝑒1 , 𝜑𝑒2 ……… . 𝜑𝑒2𝑛 , 𝜉  

is a local orthonormal basis. It is easy to verify that  

 𝑔(2𝑛
𝑖=1 𝑒𝑖 , 𝑒𝑖) =  𝑔(2𝑛

𝑖=1  𝜑𝑒𝑖 , 𝜑𝑒𝑖) = 2𝑛, (12) 

 𝑆(2𝑛
𝑖=1 𝑒𝑖 , 𝑒𝑖) =  𝑆(2𝑛

𝑖=1  𝜑𝑒𝑖 , 𝜑𝑒𝑖) = 𝑟 − 2𝑛𝑘, (13) 

 𝑔(2𝑛
𝑖=1 𝑒𝑖 , 𝑍) 𝑆 𝑌, 𝑒𝑖 =  𝑔(2𝑛

𝑖=1  𝜑𝑒𝑖 , 𝑍) 𝑆 𝑌, 𝜑𝑒𝑖 = 𝑆 𝑌, 𝑍 − 2𝑛𝑘𝜂 𝑌 𝜂(𝑍), (14) 
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 𝑔(𝑅(

2𝑛

𝑖=1

𝑒𝑖 , 𝑌)𝑍, 𝑒𝑖) =  𝑔(𝑅

2𝑛

𝑖=1

 𝜑𝑒𝑖 , 𝑌 𝑍, 𝜑𝑒𝑖) 

=𝑆 𝑌, 𝑍 − 𝑘𝑔 𝜑𝑌, 𝜑𝑍  (15) 

for all Y,Z ∈ TM. 

Here we state a lemma due to Baikoussis and Koufogiorogos [2] which will be used in 

this paper. 

Lemma 2.1: Let M
2n+1

 be an η-Einstein manifold of dimension (2n+1) (𝑛 ≥ 1). If ξ 

belongs to the k-nullity distribution, then 𝑘 = 1 and the structure is Sasakian. 

3. Quasiconharmonically flat N(k)-contact metric manifold 

Definition 3.1: An almost contact metric manifold M is said to be quasiconharmonically 

flat[10] if 

𝑔 𝐻 𝑋, 𝑌 𝑍, 𝜑𝑊 = 0, (16) 

X,Y,Z,W ∈ TM.  

From (1) we get 

𝑔 𝐻 𝑋, 𝑌 𝑍, 𝜑𝑊 = 𝑔 𝑅 𝑋, 𝑌 𝑍, 𝜑𝑊 −
1

2𝑛 − 1
{𝑆 𝑌, 𝑍 𝑔 𝑋, 𝜑𝑊 − 

                                       𝑆 𝑋, 𝑍 𝑔 𝑌, 𝜑𝑊 + 𝑔 𝑌, 𝑍 𝑆 𝑋, 𝜑𝑊 − (17) 

 𝑔 𝑋, 𝑍 𝑆 𝑌, 𝜑𝑊 }  

for X,Y,Z,W ∈ TM. 

For a local orthonormal basis  𝑒1 , 𝑒2 ……… . 𝑒2𝑛 , 𝜉 of vector fields in M, putting 𝑋 = 𝜑𝑒𝑖  
and 𝑊 = 𝑒𝑖  in (17) we get 

 𝑔 𝐻 𝜑𝑒𝑖 , 𝑌 𝑍, 𝜑𝑒𝑖 
2𝑛
𝑖=1 =

 𝑔 𝑅 𝜑𝑒𝑖 , 𝑌 𝑍, 𝜑𝑒𝑖 
2𝑛
𝑖=1 −

1

2𝑛−1
−  {𝑆 𝑌, 𝑍 𝑔 𝜑𝑒𝑖 , 𝜑𝑒𝑖 

2𝑛
𝑖=1 −  

                                         𝑆 𝜑𝑒𝑖 , 𝑍 𝑔 𝑌, 𝜑𝑒𝑖 + 𝑔 𝑌, 𝑍 𝑆 𝜑𝑒𝑖 , 𝜑𝑒𝑖 −  (18) 

                                          𝑔 𝜑𝑒𝑖 , 𝑍 𝑆 𝑌, 𝜑𝑒𝑖 } 

for Y,Z ∈ TM. 

Using the equation (12), (13), (14) and (15) in (18), yields 

 𝑔 𝐻 𝜑𝑒𝑖 , 𝑌 𝑍, 𝜑𝑒𝑖 

2𝑛

𝑖=1

= 𝑆 𝑌, 𝑍 − 𝑘𝑔 𝜑𝑌, 𝜑𝑍  

 −
1

2𝑛−1
 2 𝑛 − 1 𝑆 𝑌, 𝑍 +  𝑟 − 2𝑛𝑘 𝑔 𝑌, 𝑍 + 4𝑛𝑘𝜂 𝑌 𝜂(𝑍)  (19) 
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Using (3) in (19) we get 

 𝑔 𝐻 𝜑𝑒𝑖 , 𝑌 𝑍, 𝜑𝑒𝑖 
2𝑛
𝑖=1 =

1

2𝑛−1
 𝑆 𝑌, 𝑍 −  𝑟 − 𝑘 𝑔 𝑌, 𝑍 −  2𝑛 + 1 𝑘 𝜂 𝑌 𝜂(𝑍)   

(20) 

for Y,Z ∈ TM. 

In particular if M is quasiconharmonically flat then (20) reduces to 

𝑆 𝑌, 𝑍 =  𝑟 − 𝑘 𝑔 𝑌, 𝑍 +  2𝑛 + 1 𝑘 𝜂 𝑌 𝜂(𝑍)  (21) 

for Y,Z ∈ TM. 

Putting 𝑍 = 𝜉 in (21) and using (3), (9) and 𝜂 𝜉 = 1, we get 

𝑟 = 0  (22) 

Hence, we can state the following theorem. 

Theorem 3.1: If a (2n+1) dimensional N(k)-contact metric manifold is 

quasiconharmonically flat then scalar curvature r vanishes. 

Using (22) in (21), we have 

𝑆 𝑌, 𝑍 = −𝑘𝑔 𝑌, 𝑍 +  2𝑛 + 1 𝑘 𝜂 𝑌 𝜂(𝑍) (23)  

From relation (23), we conclude that the manifold is an η-Einstein manifold. 

Hence, we can state the following theorem. 

Theorem 3.2 : A (2n+1) dimensional quasiconharmonically flat N(k)-contact metric 

manifold is an η-Einstein manifold. 

Hence in view of Lemma (2.1) we state the following. 

Corollary 3.1 : Let M be a (2n+1) dimensional quasiconharmonically flat N(k)-contact 

metric manifold, then 𝑘 = 1 and the structure is Sasakian. 

Definition 3.2 : In a (2n+1) dimensional N(k)-contact metric manifold if a Ricci tensor S 

satisfies ∇𝑋 𝑆 𝜑𝑌, 𝜑𝑍  = 0, then the Ricci tensor is said to be η-parallel. 

Replacing Y and Z by 𝜑𝑌 and 𝜑𝑍 in (23) and using (2) we obtain 

𝑆 𝜑𝑌, 𝜑𝑍 = −𝑘𝑔 𝜑𝑌, 𝜑𝑍  

Above relation yields 

(∇𝑋𝑆) 𝜑𝑌, 𝜑𝑍 = 0 

Since k is constant. Therefore, we have the following corollary. 

Corollary 3.2 : A (2n+1) dimensional quasiconharmonically flat N(k)-contact metric 

manifold satisfies η-parallel Ricci tensor. 

4. Conharmonically Semisymmetric N(k)-Contact Metric Manifold 
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Let us consider a conharmonically semisymmetric N(k)-contact metric manifold. Then, 

the condition 

𝑅 𝑋, 𝑌 . 𝐻 = 0 (24)  

holds for every vector fields X,Y. From the above equation, we have 

0 =  𝑅 𝑋, 𝑌 . 𝐻  𝑈, 𝑉 𝑊 =
𝑅 𝑋, 𝑌 𝐻 𝑈, 𝑉 𝑊 − 𝐻 𝑅 𝑋, 𝑌 𝑈, 𝑉 𝑊 −
                                                        𝐻 𝑈, 𝑅 𝑋, 𝑌 𝑉 𝑊 − 𝐻 𝑈, 𝑉 𝑅 𝑋, 𝑌 𝑊.  (25)                                                   

Put 𝑋 = 𝜉, the above equation gives 

0 = 𝑅 𝜉, 𝑌 𝐻 𝑈, 𝑉 𝑊 − 𝐻 𝑅 𝜉, 𝑌 𝑈, 𝑉 𝑊 −𝐻 𝑈, 𝑅 𝜉, 𝑌 𝑉 𝑊 − 𝐻 𝑈, 𝑉 𝑅 𝜉, 𝑌 𝑊.  

 (26) 

In view of (6), the equation (26) can be written as 

0 = 𝑘[𝐻 𝑈, 𝑉, 𝑊, 𝑌 𝜉 − 𝜂 𝐻 𝑈, 𝑉 𝑊 𝑌 + 𝜂 𝑈 𝐻 𝑌, 𝑉 𝑊 − 𝑔 𝑌, 𝑊 𝐻 𝑈, 𝑉 𝜉 −
𝑔 𝑌, 𝑈 𝐻 𝜉, 𝑉 𝑊 + 𝜂 𝑉 𝐻 𝑈, 𝑌 𝑊 − 𝑔 𝑌, 𝑉 𝐻 𝑈, 𝜉 𝑊 + 𝜂 𝑊 𝐻 𝑈, 𝑉 𝑌], (27) 

where 

𝐻 𝑈, 𝑉, 𝑊, 𝑌 = 𝑔(𝐻 𝑈, 𝑉 𝑊, 𝑌). 

Taking inner product of (27) with 𝜉, we get 

𝑘[𝐻 𝑈, 𝑉, 𝑊, 𝑌 − 𝜂 𝐻 𝑈, 𝑉 𝑊 𝜂 𝑌 + 𝜂 𝑈 𝜂 𝐻 𝑌, 𝑉 𝑊 − 𝑔 𝑌, 𝑈 𝜂 𝐻 𝜉, 𝑉 𝑊 +
𝜂 𝑉 𝜂 𝐻 𝑈, 𝑌 𝑊 − 𝑔 𝑌, 𝑉 𝜂 𝐻 𝑈, 𝜉 𝑊 + 𝜂 𝑊 𝜂 𝐻 𝑈, 𝑉 𝑌 −
𝑔 𝑌, 𝑊 𝜂 𝐻 𝑈, 𝑉 𝜉 = 0 (28) 

Putting 𝑌 = 𝑈 in (28), yields 

𝑘[𝐻 𝑈, 𝑉, 𝑊, 𝑈 − 𝑔 𝑈, 𝑈 𝜂 𝐻 𝜉, 𝑉 𝑊 − 𝑔 𝑈, 𝑉 𝜂 𝐻 𝑈, 𝜉 𝑊  

 + 𝜂 𝑊 𝜂(𝐻 𝑈, 𝑉 𝑈)] = 0. (29) 

Let  𝑒1 , 𝑒2 ……… . 𝑒2𝑛 , 𝜉  be a local orthonormal basis of tangent space of the manifold. 

Putting 𝑈 = 𝑒𝑖  in (29) and summing up from 1 to 2n, then by virtue of (1), (6), (9) and 

(12) to (15), the above equation reduces to 

𝑆 𝑉, 𝑊 =  
𝑟−2𝑛𝑘

2𝑛
 𝑔 𝑉, 𝑊 +  

 2𝑛+1 2𝑛𝑘−𝑟

2𝑛
  𝜂(𝑉)𝜂(𝑊) (30)  

Hence, we can state the following theorem. 

Theorem 4.1: If M is a (2n+1) dimensional conharmonically semisymmetric N(k)-

contact metric manifold, then the manifold is η-Einstein manifold. 

5. φ-Conharmonically Semisymmetric N(k)-Contact Metric Manifold  

Definition 5.1: A N(k)-contact metric manifold is said to be φ-conharmonically 

semisymmetric if 
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 𝐻 𝑋, 𝑌 . 𝜑 𝑊 = 0 

for all smooth vector fields X,Y,W. 

In this section we deal with φ- conharmonically semisymmetric N(k)-contact metric 

manifolds. Suppose 

 𝐻 𝑋, 𝑌 . 𝜑 𝑊 = 0 

then, 

𝐻 𝑋, 𝑌 𝜑𝑊 −𝜑(𝐻 𝑋, 𝑌 𝑊 = 0 (31) 

Using (1) and (6) in (31) yields 

0 = 𝑘 𝑔 𝑌, 𝜑𝑊 𝑋 − 𝑔 𝑌, 𝑊 𝜑𝑋 − 𝑔 𝑋, 𝜑𝑊 𝑌 + 𝑔 𝑋, 𝑊 𝜑𝑌 −
1

2𝑛−1
[𝑆 𝑌, 𝜑𝑊 𝑋 −

𝑆 𝑌, 𝑊 𝜑𝑋 − 𝑆 𝑋, 𝜑𝑊 𝑌 + 𝑆 𝑋, 𝑊 𝜑𝑌 + 𝑔 𝑌, 𝜑𝑊 𝑄𝑋 − 𝑔 𝑌, 𝑊 𝜑(𝑄𝑋) −
𝑔 𝑋, 𝜑𝑊 𝑄𝑌 + 𝑔 𝑋, 𝑊 𝜑(𝑄𝑌)] (32) 

Putting 𝑌 = 𝑊 = 𝜉 in the above equation and using (2), (9), (10) yields 

𝑘 𝜑𝑋 + 𝜑 𝑄𝑋 = 0 (33) 

using (8) in (33), we get 

 2 𝑛 − 1 + 𝑘 𝜑 𝑋 + 2 𝑛 − 1 𝜑 𝑕𝑋 = 0 (34) 

Taking inner product with Y in (34) and using (7) yields 

𝑆 𝜑𝑋, 𝑌 =  4 𝑛 − 1 + 𝑘 𝑔(𝜑𝑋, 𝑌) (35) 

Replacing Y by φY in the above equation we have 

𝑆 𝜑𝑋, 𝜑𝑌 =  4 𝑛 − 1 + 𝑘 𝑔(𝜑𝑋, 𝜑𝑌) (36) 

Put 𝑋 = 𝑌 = 𝑒𝑖  in (36) and taking summation over i=1 to 2n+1 we get by using (11), (12) 

and (13) that 

𝑟 = 0 (37) 

In view of the above discussion we have the following. 

Theorem 5.1: If a (2n+1) dimensional (𝑛 ≥ 1) N(k)-contact metric manifold M is 

φ-conharmonically semisymmetric, then the scalar curvature r vanishes. 

6. Einstein Semisymmetric Conharmonically Flat N(k)-Contact Metric Manifold  

Definition 6.1: [19] The Einstein Tensor denoted by E, is defined by 

𝐸 𝑋, 𝑌 = 𝑆 𝑋, 𝑌 −
𝑟

2
𝑔(𝑋, 𝑌), (38) 

where S is Ricci tensor and r is the scalar curvature. 

Definition 6.2: A (2n+1) dimensional conharmonically flat N(k)-contact metric manifold 

is called Einstein semisymmetric if 
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𝑅 𝑋, 𝑌 . 𝐸 𝑍, 𝑊 = 0 (39) 

for any vector fields X,Y,Z and W. 

We consider on N(k)-contact metric manifold which is conharmonically flat. Then from 

(1), we get 

𝑅 𝑋, 𝑌 𝑍 =
1

2𝑛−1
 𝑆 𝑌, 𝑍 𝑋 − 𝑆 𝑋, 𝑍 𝑌 + 𝑔 𝑌, 𝑍 𝑄𝑋 − 𝑔 𝑋, 𝑍 𝑄𝑌   (40) 

Taking inner product on both sides of above equation with respect to W, we get 

𝑅(𝑋, 𝑌, 𝑍, 𝑊) =
1

2𝑛−1
 𝑆 𝑌, 𝑍 𝑔 𝑋, 𝑊 − 𝑆 𝑋, 𝑍 𝑔 𝑌, 𝑊 + 𝑔 𝑌, 𝑍 𝑆 𝑋, 𝑊 −

                                                    𝑔 𝑋, 𝑍 𝑆(𝑌, 𝑊)  (41) 

where 𝑅 𝑋, 𝑌, 𝑍, 𝑊 = 𝑔(𝑅 𝑋, 𝑌 𝑍, 𝑊) and 𝑆 𝑋, 𝑌 = 𝑔(𝑄𝑋, 𝑌). 

Putting 𝑋 = 𝑊 = 𝜉 in (41) and using (6), (9) yields 

𝑆 𝑌, 𝑍 = −𝑘𝑔 𝑌, 𝑍 +  2𝑛 + 1 𝑘 𝜂(𝑌)𝜂(𝑍) (42) 

𝑆 𝑌, 𝑍 = 𝐴𝑔 𝑌, 𝑍 + 𝐵 𝜂(𝑌)𝜂(𝑍) (43) 

where 𝐴 = −𝑘 and 𝐵 =  2𝑛 + 1 𝑘 

using 𝑔 𝑄𝑋, 𝑌 = 𝑆(𝑋, 𝑌) in (42), we get 

𝑄𝑋 = 𝐴𝑋 + 𝐵 𝜂(𝑋)𝜉 (44) 

Substituting (42) and (44) in (40), we have 

𝑅 𝑋, 𝑌 𝑍 = 𝑀 𝑔 𝑌, 𝑍 𝑋 − 𝑔 𝑋, 𝑍 𝑌 + 𝑁{𝑔 𝑌, 𝑍 𝜂 𝑋 𝜉 − 𝑔 𝑋, 𝑍 𝜂 𝑌 𝜉 

                               +  𝜂 𝑌 𝜂 𝑍 𝑋 − 𝜂 𝑋 𝜂 𝑍 𝑌}, (45) 

where 𝑀 =
−2𝑘

2𝑛−1
, 𝑁 =

 2𝑛+1 𝑘

2𝑛−1
. 

Now, we consider the conharmonically flat N(k)-contact metric manifold which is 

Einstein semisymmetric, i.e, 

𝑅. 𝐸 = 0 (46) 

The above equation reduces to 

𝐸 𝑅 𝑋, 𝑌 𝑍, 𝑈 + 𝐸 𝑍, 𝑅 𝑋, 𝑌 𝑈 = 0 (47) 

In view of (38), equation (47) gives 

𝑆 𝑅 𝑋, 𝑌 𝑍, 𝑈 −
𝑟

2
𝑔 𝑅 𝑋, 𝑌 𝑍, 𝑈 + 𝑆 𝑍, 𝑅 𝑋, 𝑌 𝑈 −

𝑟

2
𝑔 𝑍, 𝑅 𝑋, 𝑌 𝑈 = 0 (48) 

Using (43), we have from the above equations 

 𝐴 −
𝑟

2
 𝑔 𝑅 𝑋, 𝑌 𝑍, 𝑈 +  𝐴 −

𝑟

2
 𝑔 𝑍, 𝑅 𝑋, 𝑌 𝑈  + 𝐵 𝜂 𝑅 𝑋, 𝑌 𝑍 𝜂 𝑈 +

𝐵 𝜂 𝑅 𝑋, 𝑌 𝑈 𝜂 𝑍 = 0 (49) 
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Put 𝑍 = 𝜉 in (49), we get 

 𝐴 −
𝑟

2
 𝑔 𝑅 𝑋, 𝑌 𝜉, 𝑈 +  𝐴 −

𝑟

2
 𝑔 𝜉, 𝑅 𝑋, 𝑌 𝑈 + 𝐵 𝜂 𝑅 𝑋, 𝑌 𝜉 𝜂 𝑈 +

𝐵 𝜂 𝑅 𝑋, 𝑌 𝑈 = 0 (50) 

Using (45) in (50), we have 

𝐵{𝑔 𝑋, 𝑈 𝜂 𝑌 − 𝑔 𝑌, 𝑈 𝜂 𝑋 } = 0 (51) 

Putting 𝑌 = 𝜉 in (51), we get 

𝐵{𝑔 𝑋, 𝑈 − 𝜂 𝑈 𝜂 𝑋 } = 0  (52) 

Putting 𝑈 = 𝑄𝑊 in (51) and using (44), we have 

𝐵{𝑆 𝑋, 𝑊 − (𝐴 + 𝐵)𝜂 𝑊 𝜂 𝑋 } = 0 (53) 

This gives, either 𝐵 = 0 or 𝑆 𝑋, 𝑊 −  𝐴 + 𝐵 𝜂 𝑊 𝜂 𝑋 = 0 

Now, if 𝐵 = 0, then we have r is constant. 

Again, if 𝑆 𝑋, 𝑊 −  𝐴 + 𝐵 𝜂 𝑊 𝜂 𝑋 = 0, then we have 

𝑆 𝑋, 𝑊 =  𝐴 + 𝐵 𝜂 𝑊 𝜂 𝑋  (54) 

Putting 𝑋 = 𝑊 = 𝑒𝑖  in (54) and taking summation over i=1 to 2n+1 we get by using (13) that 

𝑟 = 2𝑛𝑘 

Thus, we can state the following theorem. 

Theorem 6.1: If a (2n+1) dimensional conharmonically flat N(k)-contact metric 

manifold is Einstein semisymmetric, then the scalar curvature is constant. 

Acknowledgements 

The authors are thankful to the referees for their valuable suggestions in the improvement 

of the paper. 

References 

[1] Abdussattar D.B. (1966). On conharmonic transformation in general relativity. 

Bulletin of the Calcutta Mathematical Society 41, 409-416. 

[2] Baikoussis C. and Koufogiorgos T. (1993). On type of contact manifolds, Journal 

of Geometry 46, 1-2, 1-9. 

[3] Blair D.E. (1976). Contact manifolds in Riemannian Geometry. Lecture Notes in 

Math. 509, Springer-Verlag. 

[4] Blair D.E., Kim J.S., Tripathi M.M. (2005). On the Concircular Curvature tensor 

of a contact metric manifold. J. Korean Math. Soc 42, 883-892. 

[5] Blair D.E. (2002). Riemannian Geometry of Contact and Sympletic 

Manifolds.Prog.Math. 203, Birkhauser Boston, Inc., Boston, MA. 



 

 

 

 

 

 

On the Conharmonic Curvature... 55 

[6] Blair D.E., Koufogiorgos T. and Papantoniou B.J. (1995). Contact metric 

manifolds satisfying a nullity conditions Israel J.Math. 91, 189-214. 

[7] Blair D.E. (1977). Two remarks on Contact metric Structures. Tohoku Math., J. 

29,319-324. 

[8] Boeckx E., Kowalski O. and Vanhecke L. (1996). Riemannian Manifolds of 

Conullity two, Singapore World Sci Publishing. 

[9] Carten E. (1962). Sur une Classe remarquable d`escapes de Riemannian, Bull. 

Soc.Math. France. 54, 214-264. 

[10] Dwivedi M.K. and Kim J.S. (2011). On conharmonic curvature tensor K-contact 

and Sasakian manifolds, Bull.Malays.Math.Sci.Soc. (2), 34 (1), 171-180. 

[11] Ishi Y. (1957). On conharmonic transformations, Tensor (N.S.) 7, 73-80. 

[12] Ghosh S., De. U.C. and Taleshian A. (2011). On conharmonic curvature tensor 

on N(k)-contact metric manifolds, ISRN Geometry, Article ID 423798, 11 Pages. 

[13] Kowalski O. (1996). An explicit classification of 3-dimensional Riemannian 

spaces satisfying R(X,Y).R = 0, Czechoslovak Math. J. 46(121), 427-474. 

[14] 𝑂 𝑧𝑔𝑢 𝑟 C. (2003), φ-conformally flat Lorentzian para-Sasakian manifolds, Rad. 

Mat.12, no.1, 99-106. 

[15] 𝑂 𝑧𝑔𝑢 𝑟 C. (2009). Hypersurfaces satisfying some curvature conditions in the 

semi-Euclidean space, Chaos Solutions Fractals 39, no.5, 2457-2464. 

[16] Siddiqui S.A. and Ahsan Z. (2010). Conharmonic Curvature tensor and the 

space-time of general relativity, Differential Geoemetry-Dynamical Systems, 12, 

213-220. 

[17] Szabo Z.I. (1982). Structure theorems on Riemannian spaces satisfying R(X,Y).R 

= 0, the local version, J. Diff. Geom. 17, 531-582. 

[18] Tanno S. (1988). Ricci Curvature of Contact Riemannian Manifolds. Tohoku 

Math. J. 40, 441-448. 

[19] Venketesh and Kumar R.T.N. (2016). Qusaiconformal Curvature tensor on N(k)- 

contact metric manifolds, Acta Math.Univ.Comeniane, LXXXV, 1,125-134. 


