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1. Introduction

A continuous complex-valued function f =u+ivdefined in a simply-connected
complex domain D is said to be harmonic in D if both u and v are real harmonic in D. In
any simply-connected domain we can write f =h+ 3, where h and g are analytic in D.

We call h the analytic part and g the co-analytic part of f. A necessary and sufficient
condition for f to be locally univalent and sense-preserving in D is that
h’(z)|> g’(z)|,ZeD. See Clunie and Sheil-Small [2], for more basic results on

harmonic functions one may refer to the following standard text book by Duren [6], (see
also [1] and [8]) . Further we denote by S, the class of functions f =h+@ which are

harmonic univalent and sense-preserving in the open unit disk U = {z :|z| < l} for which

f(0)= f,(0)~1=0. Thenfor f =h+geS,, we may express the analytic functions h
and g as

h(z)=z+iakzk, g(z):ibkz", b|<1. 1)
k=2 k=1
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It is easy to verify that the class S, reduces to class S of normalized analytic univalent
functions if co-analytic part of f i.e.g =0, in thisclass f (z) may be expressed as

f(z):z+zw:akzk. )
k=2

Further, A denotes the class of functions f of form (2) which are analytic in the open unit
disk U.

In 2011, Dixit and Porwal [5] (see also [4]) introduce a new fractional derivative operator
by using fractional calculus. First we recall the definitions of fractional derivative
operator which are due to Owa [7] and Srivastava and Owa [13].

Definition 1.1. The fractional derivative of order A is defined, for a function f(z) of the
form (2), given by

iyt dp )
PO~ b oy

where 0<A<1, f(z) is an analytic function in a simply-connected region of the
z-plane containing the origin.

Definition 1.2. Under the hypothesis of Definition 1.1, the fractional derivative of order
n+ A is defined for a function f(z) by
d n
A
D" f(z) = e

where 0< A <1,and ne N, ={0,1,2.....}.

D; f(2)

For f of the form (2), using the Definition 1.1 and 1.2, Dixit and Porwal [5] introduce a
new fractional derivative operator Q" : A—> A in the following way

Q°f(z)=(2)

Q'f(z) =T (1-A)2"* D f (2)
Q" (2) =Q(Q"f (2)).

It is easy to see that

Q"f(z)=z +i[¢(k,i)]" a,z".

where
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_D(k+1)r@-4)
W)=y

ForA=0, Q" f (2) reduces to the well-known Salagean operator introduced in [12].

For f =h+@ given by (1) the operator Q" f () is defined as

O f(2)="h(2)+(-1'Q"g(2) 3)
where
Qh(z)_z+z d(k,A)'a, 2" and Q"g(z) = Z )b, 2% .

Now for 1<ﬁ£43, 0<1<1,0<t<l,meN,neNy,m>n and zeU, suppose
that S,ﬁ (m, n;ﬂ;t) denote the family of harmonic functions f of the form (1) such that

Re{me (Z)}q;, @

Q"f,(2)

where f (z)=(1-t)z+tf (z) and Q" f is defined by (3).

Further let the subclass VS,ﬁ (m, n;,B;t) consist of harmonic functions f,_ = h+a in
S/ (m,n; B;t) sothat h and g,, are of the form

h@) =2+ ||, 0.(2)= Z|b 2. (5)

Assigning specific values to the parameters in subclass S,ﬁ (m,n;,B;t) we obtain the
following known subclasses studied earlier by various researchers.

1. If we put A=0, m=n+1 and t=1then it reduces to the class S, (n, /)
studied by Porwal and Dixit [11].

2. If we put t =0 then it reduces to the class S,ﬁ (m,ﬁ) studied by Porwal and Aouf
[9].

3. If we put m=1L,n=0,A=0,t=1 and m=2,n=1,1=0,t =1 then it reduces

to the class L, () and M, (/) studied by Porwal and Dixit [10].
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4. If we put m=n+1,4=0,t =1 with g =0 then it reduces to the class S(n, 3)
studied by Dixit and Pathak [3].
5. Ifweput m=1,n=0,4=0,t=1and m=2,n=1,1=0,t =1with g =0then it

reduces to the class L(/) and M () studied by Uralegaddi et al. [14].

In the present paper, results involving the coefficient inequalities, extreme points,
distortion bounds, convolution condition and convex combinations for the above classes

S (m,n; B;t) and VS/(m,n;B;t)of harmonic univalent functions have been
investigated.
2. Main Results

We begin with a sufficient coefficient condition for functions in Sj (m, n; [)’;t) )

Theorem 2.1. Let f =h+ g be such that h and g are given by (1). Furthermore, let
= [o(k,2)] - k,A) | = [o(k, )] —(=1)"" k,2)]"

k=2 - k=1 -

where me N,neNg,m>n1<B<42,0<4<1,0<t<land ¢(k,,1):F(k+(i)F(1)—i),
k-4

then f is sense- preserving, harmonic univalent in U and f e S,ﬁ (m, n;,B;t).

Proof. First we note that f is sense-preserving in U. This is because

h(2)|21- S Ka
k=2

21 [otedT-Alotea ],
[0 A)] (" Ao(2)]
2;- — %1 = |b|
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> K r
k=1
>|9'(z).
To show that f is univalent in U, suppose z,,z, €U such that z, # z,, then

@)= (2)] ., |9(2)-9(2)
|h(z)-h(z5) |~ |h(z)-h(z,)|

‘ S, (2 - 25) ‘

k=1

Zl_zz+zak(zlk _Zg)
k=2

=1—

2 kib|

> KL

1-Skla,|
k=2

i[co(kwﬂ”‘—(—ﬂn_m; Lot A)]
1_2[(/’(k'/1)]m;ﬁ[¢(k’/1)]n

>1

a|

>0.
Using the fact that R{w} < B, ifand only if, | 0 —1|<| w+1-2/], it suffices to show that

Q"f(2) , ‘
Q' (2) <1 zeU.
QD) 1 55 |
Q"'f.(2)
Q"f(2) , ‘
Now Q' (2)
me(z)+1—25‘

Q' (2)
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S[[ok AT Lo 4]z + X[ 4)] (2 ok, 4] o
kA" —(@-28)t[o(k.2)] }akzug[(-l)m [o(k )] +(-2) (2-28)t[ (k. A)] Jo2"

Mot AT otk A Jald ™+ X[ [T (2" to(c2)] e
2893 [o( A ~-280o(k AT Jalld ™+ X[ [o (2] +(2)"" (-28)[o(k.2)] |l
> [Lo(k AT ~tlo(kA)] Jlale X [o(k AT ()" t[o(c2)] |
2(p-1)-2 [ [o(k )] ~-28) (kA la+ X[ [o(k )] + (07" (-28)t (k. 1)) ]

<1, (from (6)).
The Coefficient bound given by (6) is sharp for the harmonic univalent functions of the form

@ 1 8 1 -
(0-2+3 - )

([co (kA)]" - ptlo(k,2)] )sz = ([w(k,l)]m_(_l)mnm[(p(k’mn)ykz

where 1< <4/, 0<1<1,0<t<1,meN,ne Ny, m>nand S x|+ 3|y =1.
k=2 k=1

This completes the proof of theorem.

In the following theorem, it is proved that the condition (6) is also necessary for functions
f.=h+g,,wherehand g, are of the form (5).

Theorem 2.2. Let f_=h-+g_ be givenby (5). Then f_eVS} (m,n; B;t), ifand only if

k2(((0("’/1)) t(o(k ))\ak\JrZ(( )" =(-1)"" pt(e (k,z))")\bk\sﬂ—l. (7)

Proof. SinceVSH (m, n;,B;t) c SH (m, n;ﬂ;t), we only need to prove the “only if > part

of the theorem. To this end, for functions f_ of the form (5), we notice that the condition

s

is equivalent to



On a Certain Class of Harmonic... 21

0 0

<ﬂ—1>z—z((«)<k.z)>m—ﬁt(w(k,w)“)\ak\zk—z(<¢<k,z>>”“ (0" At(o(k.2))" I 2" @

Re k=2 k=1

Z+Z( A)) a2+ (-1 Y (o(k,2)) b |2*

k=1

The above required condition (8) must hold for all values of z in U. Upon choosing the values
of z on the positive real axis where 0 <z =r <1, we must have

(503 (o 2)" ol A)) Jlr** =3 ok 1) (0" Ao ) e g
= - >0.

©

1+ ZW(k,l))n ta |+ (D)™ X (o (k. 2)) "t

k=1

If the condition (7) does not hold, then the numerator in (9) is negative for r sufficiently
close to 1. Thus there exist a z, =1, in (0,1) for which the quotient in (9) is negative.

This contradicts the required condition for f_eVS/ (m,n;,B;t) and so the proof is
complete.

The proof of the following Theorems are much akin to the corresponding results of
Porwal and Dixit [11], therefore we state the results only.

Theorem 2.3. Let f_ be given by (5). Then f, €VS/ (m,n; B;t), if and only if

fn(2) = Z XN, (2)+ ¥, 9 (), (10)

7)=1z z)=17+ p-1 2", (k=234...
whereh,(z)=z, h (z) (¢(k,/1))m—ﬁt((p(k,/1))n  (k=234..),

N p-1 v,
O (2)=2+(-1) (0(,2)" =(-)"" pt(p(k, 2))

o0

(k=123....),% >0,y, >0, Z:(xk +Y,)=1. In particular, the extreme points of

k=1

VS/ (m,m; B;t) are {h.}and {g,, }.

Theorem 2.4. Let f, €VS/ (m,n; B;t). Then for |7 =r <1 we have
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p-1 _ 1_(_1)m_nﬂt |b1| r2
2 m-n 2 m-n 1
BN

|fm(z)|$(1+|b1|)r+(1_2/1jn (

and

L@kl ( "‘ﬂj;l”m (1‘2(‘32”1”’5;@
1-2 1-2

The following covering result follows from the left hand inequality in Theorem 2.4.
Corollary. Let f,, of the form (5) be so that f,, €VS}, (m,n; B;t) . Then
(21-2)" - pr(2/-2) —(p-1) (22-2)"=pt(21-2)" ~(1-(-1)"" )

oo < — - - — - lo|fc f,(U)
(21-2)" - pt(2/1-2) (21-2)" - pt(2/1-2)

Theorem25.Forl< <« sg,let f.(z)eVs/ (m.n;Bit)ad F, (z)eVS] (m,n;at).

Then f_*F. e Sh (mnast)c Sy (m,n; Bit).
Theorem 2.6. The class VS,ﬁ (m, n;ﬁ;t) is closed under convex combination.
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