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Abstract: Here we introduce Gumbel-Exponential Distribution (three-parameter
model), which have wider applications in the field of order statistics, engineering
and others as it has more number of parameters. Expressions for its characteristic
function, moments, hazard rate function, survivor function, and quantile function
have been derived. We use ‘Mathematica’, software to plot graphs for probability
density function (pdf) of the distribution. In the following sections we investigate
the variation of the skewness, kurtosis and estimation by the method of
maximum-likelihood.
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1. Introduction

Many lifetime distributions have been formed because of their applications in several areas,
like reliability engineering, survival analysis, demography, hydrology, actuarial study, and
others. So we need extended forms of classical distributions, which are more complaint to
model real data in these areas. Ingeneralized continuous univariate distributions additional
parameters like inequality, scale, shape, and locationare introduced and then we see
changes in their shapes. To explore other properties of the distribution and the tails, the
introduction of shape parameters is important. Using these generalized distribution, applied
statisticians are now able to obtain more improved results because these distributions
provides better goodness-of-fit to the data sets rather than the old. The founders in this area
were Azzalini[5], Azzalini and Capitania[6], Marshall and Olkin [14] and Gupta et al. [11].
After introducing the beta generator, defined by Eugene et al. [9] and subsequently by Jones
[13], the revolutionary work starts. Other competing generators were introduced by
Cordeiro and de-Castro[8] and Alexander et al.[4]

In this present paper, we propose and study a new three-parameter model called the
“Gumbel-Exponential” Distribution.We organized the rest of the paper as - In Section 2,
we give some basic definitions which will be required in subsequent sections. In Section
3, we introduce the Gumbel-Exponential Distribution. We also obtain the moments,
characteristic function, hazard rate function and the survivor function for the newly
defined distribution. In Section 4, we discuss estimation by the method of maximum-
likelihood. In Section 5, we provide conclusion.
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2. Preliminaries
2.1 Gumbel-X Family

Being applied for problems in engineering, the Gumbel Distribution[7] is an important
distribution of type I. It applied in areas like network engineering, flood frequency
analysis, risk based engineering, nuclear engineering, offshore engineering, space
engineering, structural engineering etc.

The Gumbel-X family is proposed by Al-Agtash [1] and Al-Agtash et al.([2],[3]) as

1
e BTG 175
F(x) = exp {iffﬂ-eﬁ [ 1_éx()x) } 1)
Where 0 < x < oo, o,A>0, —o< U< ®

Setting A = e§ throughout the manuscript to avoid non-identifiability problem, the cdf
(1) reduces to

1
F(x) = exp {@—k [%] G} 2
The pdf corresponding to (2) is given by
1 1
_ M [ 6 17 iy [L600 17
fG) = oG (x) [1—G(x) exp { x[l—G(x) } C)

Where X is any continuous random variable with cdf F(x) and hazard rate function (hrf) h(x)
2.2 Exponential Distribution

In the theory and practice of statistics the Exponential Distribution [12] is an extreme
value distribution. Its most notably statistical property is its characterization through
memory-less property. In a homogeneous Poisson process it is used to describe the
lengths of the inter-arrival times. It shows great mathematical controllability. This
distribution is used to analysis continuous-time stochastic processes to model the time
until something happens in the process.

A random variable has the Exponential Distribution with parameter o if its cdf is given by

Gux)=1—-e™ (4)
The pdf corresponding to (4) is
g.(x) = ae™™ (5)

wherea >0, x € [0,0)


https://en.wikipedia.org/wiki/Poisson_process
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2.3 The Composition of cdf’s
Let F(x) and f(x) be the cdf and pdf of a statistical distribution referred as the first and
having the support [0, a],wherels a<oo and G(x) and g(x) be the cdf and pdf of the

second distribution with the support as [b,c],whereb,c e Ror [0,0)or(—o0,0). We
define the new distribution with cdf as given by

()~ FEW)

FO) (6)
and the corresponding pdf as
_F'(G(¥)
s(X)= =0 9(x) %

Clearly the support of the new distribution is same as that of the second distribution. Also
for different choices of first and second distributions we can construct a large number of
new distributions. The additional advantage of the new distribution is that it has more
parameters to have a better control.

3. The Gumbel - Exponential Distribution

Inserting (4) and (5) in (2) and (3), using (6) and (7) the cdf and pdf of the three-
parametric Gumbel - Exponential Distribution are given by

-1
Fuon(0) = exp {-A(e™ — 1)< } (8)
-1 -1
fa,c,k(x) = %}‘eax (eaX - 1)(?_1)9)([) {—Meax — 1)?} (9)
where a,6,A > 0, X € [0,)
Remarks
1. On taking o =1 and o =1, in (8) and (9), the cdf and pdf are reduced to the

following forms respectively
F(x,2,1,1) = exp{—A(e* — 1)1}
and
f(x, 4, 1,1) = AeX(eX — 1)Pexp{-A(e* — 1)1}
The above distribution may be referred as the standard Gumbel-Exponential Distribution.
3.1 Graphs

Some graphs illustrating the effects of various parameters on the shape of the pdf have
been drawn in support to the study.



104

Mridula Purohit, Jaya Gupta and Aditi Badguzer

Here, we have drawn three sets of graphs using the software ‘Mathematica’. In the first
set (Fig 1.1-1.3), we fix the parameters A =1, c = 1 and plot graphs of Gumbel,
Exponential and the Gumbel-Exponential pdf for varying values of a. In the second set
(Fig. 2.1 — Fig 2.3), we fix the parameters A = 1, a = 1 and plot the graphs for varying
values of . In the third set (Fig. 3.1 — Fig 3.3), we fix the parameters a = 1,6 = 1 and
plot the graphs for varyin

g values of A.
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Fig: 2.3 The Gumbel-Exponential pdf f(x)
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Fig: 3.1The Exponential pdf f(x) Fig: 3.2The Gumbelpdf f(x)
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3.2 The Characteristic Function

The Characteristic Function of pdf f(x) is given by

o(t) = E(exp(itx)) = J_exp(itx) f(x)dx Jd=v-1 (10)
Substituting the value of f(x) from (9)

o -1

— itx ak OX (40X (——1) ox -
o(t) = e ?e (e —=1)\o Jexpj—Me™ —1)o tdx
0
using binomial expansion and then evaluating the integral we get

0(®) = Ly T [ ettt e - 1)) e - 1)(Fax (1)

o (1)
= Sy g O et e — 1))y =

Uy (—1)“(})"“ s elitraxg {41 g _ gmay{T)gy
c n:

Again using binomial expansion and then evaluating the integral we get

Gee (17O (D (o itram o1 )x
—_ ?10=0 — Z%:O ;! m J-O e(lt+a)xe p L, e

9
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e (_1)n(k)n+1 © (n+:+1)m 0 (it+a)s oo s _a{m+1+m}xd
;Zn= ol Zm:O ! s=0" o fO x>e c X

Evaluating the integral using a property of definite integral ([10] p.340, (3.351.3)), we get

e ,C oy (M55, Gerass: [{n+1+1+ } ] (s+1)

n! m! s!

withRe[{%+1+m}a] >0

+c+1)

1)1 (n n+1 (n p
¢(t)__2nms 0( )n(|) m!
3.3 The Moments
The r™ moment of the pdf f(x) about the origin is given by

2 (it + 0)* [{==+ 1+ m)} ]_(HS) (12)

wo=EX)= f xX"f(x)dx r=1273,....

Substituting the value of f(x) from (9)

e & &) =
W= f X' —e™(e®* —1)\s Jexp {—k(e“x —1)o }dx
0 G
using binomial expansion and then evaluating the integral we get
D" oo -14.n
= Oy O o xrem e — )5 ax

n+1
:%Z?ﬁ ( k) f X eaX(eaX 1) ( ) 1dX=

%020%1'0 xTe®™e U{%‘H} X(1— e )~ { }dX —
By S e g - ey 1
=z ©_ 0( 1)nn('7¥)"+1 foooxreax a{ +1}x (] _ax)—{%.fl}dx
= z n= 0—( 1)“n(?)"+1 fooo Xre_a{%}x(l — e—ax)—{%+1}dx

Again using binomial expansion and then evaluating the integral we get

n+o+1

_¢ ?10_0( 1)"(7n)"+1 Zoo ( )mf { 1}xe_udeX
n+o+1

_— ?10—0( 1)"n(!7»)"+1 ( )m J‘O { 1 m}xdx

Evaluating the integral using a property of definite integral ([10], p.340, (3.351.3)), we get
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n+o+1

(—1)n o)+ ( - )m o [{n+1 N m} a]—(r+1) (13)

" O
My = 62n,m=0 n! m!

with Re [{% + m} (x] >0

In particular, for r = 1,2,3,...... we get the values of various moments as follows

o«
H = EZ;O,m:O

ooyt (M50, (=2 4+ m) a]-z

n! m! c

n+c+1)
m

: . ooy 2
)

n,m=0 n! m!

(== + m}d] ”
L O |

(=D 13! (“*i“)m '{n+1 } 174
o

" _ Oy
Hz = GZn,sz n! m! [l o tm
n+oc+1
" _ Oy (—l)n(l)nﬂ‘“( - )m [(n+1 n 1-°
Hy = o &n,m=0 n! m! [l o myo

The variance, skewness, and kurtosis measures can now be calculated using the following
relations

Var(x) = p, — (14)
o 3
Skewness(x) = M (15)
Var 2(x)
" an 2. _2.'4
Kurtosis(x) = = 4”%1:?2(1)“2 il (16)

3.4 Survivor Function
The Survivor Function S(x) is given by

S(x) =PX>x) = foof(u)du =1-F®x)

X

Substituting the value of F(x) from (3.1), we get
-1
S(x) =1—exp {—X(e“x — 1)7} a7

3.5 Hazard Rate Function
The Hazard Rate Function h(x) is given by

f(x)
1—-F(x)

Substituting the values of f(x) and F(x) from (9) and (8) respectively, and simplifying we get

h(x) =
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e (e —1)(7_1)exp {—X(e“" —1)_71}
oL
h(x) = o 1
1—exp {—X(e‘“‘—l)T}

Figure 3.4 display plot of the hrf of the Gumbel-Exponential Distribution for some
parameter values.
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Fig: 3.4 The Gumbel-Exponential hrf f(x)

3.6 Quantile function

The quantile function of a distribution has many uses in both the theory and applications
in Statistics. The gf of X is obtained by inverting (8) as

x=Q(u) = %log [1 + (_Tllogu)_c] where0 <u <1 (19)
If uhas a uniform distribution in (0,1), then x= Q(u) has the density (9).

4. Estimation

Several approaches for parameter estimation were proposed in the literature but the
maximum likelihood method is the most commonly employed. The maximum likelihood
estimators (MLES) enjoy desirable properties and can be used when constructing
confidence intervals and regions and also in test statistics. The normal approximation for
these estimators in large sample distribution theory is easily handled either analytically or
numerically. So, we consider the estimation of the unknown parameters for the Gumbel-
Exponential model by maximum likelihood.

Let x1,...,xn be asample of size n from the Gumbel-Exponential Distribution given by (9)

-1
=14 A “Xi—l)?}
logL(o,0,1) = XL, log [O% e™i(e™i — 1)( o 1)e{ ¢ ] (20)

-1
-1 Y “Xi—l)?}
=i [log% + loge™i + log(e™i — 1)( 1) + loge{ ‘ ]
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-1
=i [log% + ox; — (% + 1) log(e™i — 1) — A(e™i — 1)7]

n 1 ) ) -1
= [loga + logh — logo + ox; — (; + 1) log(e®™i —1) — A(e™i — 1) o]

=YL loga+ XY logh — YL logo + Yl ox; — X, (i + 1) log(e™i —1) —
-1
izt Me™ — 1)
= nloga + nlogh — nlogo + a By x; — (2 + 1) B, log(e™ — 1) — A BiL, (e — DT (2L

The first order partial derivatives of (21) with respect to the three parameters are

a1l L 1 . X X . _ l 1 .
;i = %+ Z?:l X — (; + 1) ?21 (:axel_l) + ;Z?zl(e‘”‘l - 1) (c+ )eaX'.Xi (22)

dlog L 1 . 2 . -1 .

—;i = - % + 0—22?21 log(eaxl — 1) + 0_22?21(eaxl — 1) s IOg (eotx1 _ 1) (23)

dlog L , et

= P I - DY)

Setting these expressions to zero and solving them simultaneously yields the maximum-
likelihood estimates of the three parameters.

Acknowledgement: The authors are thankful to the Referee for valuable comments and
suggestions.

5. Conclusion

In this paper we introduce a new three-parameter model called the Gumbel-Exponential
Distribution. We derive expressions for its characteristic function, moments, survivor
function, hazard rate function, and quantile function. We plot some graphs for its
probability density function (pdf) using the software ‘Mathematica’. We investigate the
variation of the skewness and kurtosis and discuss estimation by the method of
maximum-likelihood.
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