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1. Introduction 

Let 
nF be n-dimensional Finsler space equipped with the metric function (x, y)L .

(x, y)hijC be the (h) hv-torsion tensor of 
nF and its v-covariant derivative denoted by |k  

then T-tensor ( hijkT ) is defined([10],page 188) by  

𝑇ℎ𝑖𝑗𝑘 = 𝐿𝐶ℎ𝑖𝑗 |𝑘 + 𝐶𝑖𝑗𝑘 𝑙ℎ + 𝐶ℎ𝑗𝑘 𝑙𝑖 + 𝐶ℎ𝑖𝑘 𝑙𝑗 + 𝐶ℎ𝑖𝑗 𝑙𝑘   (1) 

where il  are covariant components of unit vector along the element of support .iy In the 

paper [12] Singh and others have studied many special T-tensor[3,7,8,9] of the form  

A.           𝑇ℎ𝑖𝑗𝑘 = 𝜇(ℎℎ𝑖ℎ𝑗𝑘 + ℎℎ𝑗ℎ𝑖𝑘 + ℎℎ𝑘ℎ𝑖𝑗 ) (2) 

B.           𝑇ℎ𝑖𝑗𝑘 = ℎℎ𝑖𝑃𝑗𝑘 + ℎℎ𝑗𝑃𝑖𝑘 + ℎℎ𝑘𝑃𝑖𝑗 + ℎ𝑖𝑘𝑃ℎ𝑗 + ℎ𝑖𝑗 𝑃ℎ𝑘 + ℎ𝑗𝑘 𝑃ℎ𝑖 (3) 

C.           𝑇ℎ𝑖𝑗𝑘 = 𝑎ℎ𝐶𝑖𝑗𝑘 + 𝑎𝑖𝐶ℎ𝑖𝑗 + 𝑎𝑗𝐶ℎ𝑖𝑘 + 𝑎𝑘𝐶ℎ𝑖𝑗 + ℎℎ𝑖𝑄𝑗𝑘 + ℎℎ𝑗𝑄𝑖𝑘  

                                                  +ℎℎ𝑘𝑄𝑖𝑗  +ℎ𝑖𝑗 𝑄ℎ𝑘 + ℎ𝑖𝑘𝑄ℎ𝑗 + ℎ𝑗𝑘 𝑄ℎ𝑖  (4) 

D.           𝑇ℎ𝑖𝑗𝑘 = 𝜌ChCiCjCk+ahCiCjCk+aiChCjCk+ajChCiCk+akChCiCj  (5) 

E.           𝑇ℎ𝑖𝑗𝑘 = 𝜌𝐶𝑖𝐶𝑗𝐶𝑘  (6) 
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where 𝜇 is a scalar, ijP  and 𝑄𝑖𝑗  are certain tensor fields, all are homogeneous of degree (-1) 

in 𝑦𝑖 . Further, 𝑎𝑖  is a covariant vector field, homogeneous of degree zero in 𝑦𝑖  and   is a 

scalar function positively homogeneous of degree three in 𝑦𝑖 .  

Some examples of Finsler spaces having special forms of Thijk are given in the paper 

[2,5,8,12,13,14]. 

In the present paper, we have studied the four dimensional Finsler space whose  

T-tensor is of the form (5) and (6). We have written tensors of four-dimensional Finsler 

space in the Miron’s frame in terms of scalars. 

2. Scalar Components in Miron Frame 

Let 
4F  be a four dimensional Finsler space with the fundamental function (x, y).L  With 

the help of L(x, y) four mutually perpendicular unit vectors {𝑒𝛼)
𝑖 }, 𝛼 = 1,2,3,4 are 

constructed as defined by M. Matsumoto and called as Miron’s frame ([10]page179), 

where 𝑒1)
𝑖 = 𝑙𝑖 =

𝑦 𝑖

𝐿
 is the unit vector along y

i
, 2)

i
i i C

e m
C

   is the normalized torsion 

vector, 𝑒3)
𝑖 = 𝑛𝑖  and 𝑒4)

𝑖 = 𝑝𝑖  are constructed by 𝑔𝑖𝑗 𝑒𝛼)
𝑖 𝑒𝛽)

𝑗
= 𝛿𝛼𝛽 , where C is the length 

of torsion vector
jk

i ijkC C g . Greek letters α, β, , δ varies from 1 to 4 and summation 

convention is understood for both the Greek and Latin indices. 

In Miron's frame an arbitrary tensor field can be expressed by scalar components along 

the unit vectors ){e },i

 1,2,3,4  . For instance, let 
i

jT  be a tensor field of Type (1, 1) 

then the scalar components T  of  
i

jT  are defined ([10] page179) by ) )

i j

j iT T e e    

and the tensor components 
i

jT  are obtained as ) )

i i

j jT T e e   .  

From the equation,           𝑔𝑖𝑗 𝑒𝛼)
𝑖 𝑒𝛽)

𝑗
= 𝛿𝛼𝛽 , we have 

ij i j i j i j i jg l l m m n n p p   
 

(7) 

The torsion-tensor  Cijk is defined as, 

1

2

jk

ijk i

g
C

y





 

satisfies 0k

ijkC l   and is symmetric in i, j, k, and if C  be scalar components of LCijk 

then, we can write  

) ) ) ,ijk i j kLC C e e e   
 

(8) 

Then, the results by Prasad et al.[11], we haave 
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222 333 444 233 (ijk)

244 ( ) 344 ( ) 322 ( )

433 ( ) 422 ( ) 234 ( )

(m n n )

C (m p p ) C (n p p ) C (m )

C (n p ) C (m p ) C {m (n p n p )}

ijk i j k i j k i j k i j k

ijk i j k ijk i j k ijk i j k

ijk i j k ijk i j k ijk i j k k j

LC C m m m C n n n C p p p C

m n

n m



  

  

   

  

   
 

(9) 

where 
(ijk)  denote the cyclic permutation of indices i, j, k, and summation. For instance 

(ijk) (A B C ) A B C B C A C A B .i j k i j k i j k i j k     

Contracting (8) with
jkg , we get 

) .i iLCm C e   Thus, if we put 

222 ,C H
   233 ,C I

 244 ,C K
   333 ,C J

   344 ,C J 
 

444 ,C H 
      433 ,C I 

      234 ,C K
 

(10) 

Then, we have  

,H I K LC      322 ( ),C J J   
   422 ( ),C H I   

 
(11)    

The eight scalars , , , , , , ,H I J K H I J K     are called the main scalars of a four 

dimensional Finsler space. 

The v-covariant derivative of the frame field 
)ie ([10]page179) is given by  

) ) ) )| ,i j i jLe V e e    
 

(12) 

where 
) ,V   being fixed are given by  

2 3 4

2

)

3

4

0

0

0

0

u v
V

u w

v w

  

  

 

  

  

  







 
 
 
 
 

   

                and         

2)3 3)2

2)4 4)2

3)4 4)3

V V u

V V v

V V w

  

  

  

  

  

  

  (13) 

Thus in a four dimensional Finsler space there are, three v-connection vectors , ,i i iu v w . 

i.e. 

𝑢𝑖 = 𝑢𝛾)𝑒𝛾)𝑖 ,       𝑣𝑖 = 𝑣𝛾)𝑒𝛾)𝑖 ,       𝑤𝑖 = 𝑤𝛾)𝑒𝛾)𝑖   (14) 

 Equation (12) in view of equation (13) may be explicitly written as  

|i j i j i j i jLl m m n n p p  
           

|i j i j i j i jLm l m n u p v   
 (15)

 

| ,i j i j i j i jLn l n mu p w   
          

| .i j i j i j i jLp l p m v n w     
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Since im  , in  , ip  are homogeneous functions of degree zero is  y
i
 , we have  

| | | 0,j j j

i j i j i jLm l Ln l Lp l    

which is in view of equation (14) and (15) gives, 1 0u  , 1 0v  , 1 0w  .Therefore, we 

have the following lemma. 

Lemma (2.1) In a four-dimensional Finsler space F
4
, the first scalar components 

1 1 1, ,u v w  of the vi-connection vector , ,i i iu v w  vanishes identically, that is , ,i i iu v w  are 

orthogonal to
il . 

The scalar derivative of the adopted components T  of 
i

jT  is defined ([10], 27.13ˈ, 

page180). 

𝑇𝛼𝛽 ;𝛾 = 𝐿 𝜕 𝑘𝑇𝛼𝛽  𝑒𝛾)
𝑘 + 𝑇𝜇𝛽 𝑉𝜇)𝛼𝛾 + 𝑇𝛼𝜇 𝑉𝜇)𝛽𝛾   (16) 

Thus 
;T   are adopted components of | ,i

j kLT   i.e. 

𝐿𝑇𝑗
𝑖|𝑘 = 𝑇𝛼𝛽 ;𝛾𝑒𝛼)

𝑖 𝑒𝛽)𝑗𝑒𝛾)𝑘   (17)  

If the tensor field 
i

jT  is positively homogeneous of degree zero in
iy , then T  is also 

positively homogeneous of degree zero in
iy , so equation (16) gives 

;1 ) 1 ) 1,T T V T V         

which in view of (13) and lemma (7) gives
;1 0T  . Therefore, we have the following 

proposition. 

Proposition (2.1). Let 
i

jT  be a tensor of (1,1) type of a four-dimensional Finsler space 

positively homogeneous of degree zero in
iy
 
and Tαβ be the scalar component of 

i

jT
 
 

then, 
;1 0T  .  

Now, let 
i

jT  be positively homogenous of degree r in 
iy  and T  be the scalar 

components of ,r i

jL T
 then  

1

; ) ) )L( ) | |r i i r i r

j k j k j kL T T e e e L T rL    

       

1) ,i

j kT e  which implies  

1

; 1 ) ) )| (T rT )e e e .r i i

j k j kL T          
 

(18) 
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Hence we have  

Proposition (2.2). If the tensor field 
i

jT  is positively homogeneous of degree r in 
iy  

and T be the scalar components of ,r i

jL T
then the scalar components of  

1 |r i

j kL T 
are 

given by 
; 1T rT    . 

The T- tensor Thijk  of special form[1]: 

hijk h i j k h i j k i h j k j h i k k h i jT C C C C a C C C a C C C a C C C a C C C    
 

The scalar components of 
hijkLT are given by [12]. 

; 1 1 1 ( )h ( )i ( ) j ( )k[C C C C ]e e e ehijkLT                 
 

(19) 

where the semicolon denotes the v-scalar derivative. We shall use the following relations, 

which have been obtained in the paper [11].  

1 ;C C     

222; ; 3(J J )u 3(H I ) vC H   
        

223; ;(J J ) (H 2I)u 2 (H I ) wC K v    
            

233; ; (3 2 ) 2C I J J u I v K w    
        

244; ; (3H 2I ) v 2C K J u K w    
         

333; ; 3 3C J Iu I w   
  

 (20)
 

344; ; 2 (2I H ) wC J Ku K v    
         

444; ; 3 3C H Kv J w   
     

433; ; 2 (J 2J ) wC I K u Iv    
        

422; ;(H I ) 2 (H 2K) v (J J ) wC K u    
            

234; ; (H 2I )u (J 2J ) v (I K) wC K    
           

where ,u v  and w  are the scalar components of v-connection vector ,i iu v  and iw  

respectively. 

Let a be the scalar components of L ia . 
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)i iLa a e 
 

(21)  

We assume that the T-tensor of the space F
4
 have the form (11) then in view of the 

relation (19) 

3

2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 ( ) ( )i ) j ( )k

[

] , ,

hijk

h

LT C CL a a

a a e e e e

           

           

         

     

  

 
 

(22) 

Comparing (19) and (22) we get 

4 3

; 1 1 1 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2

(a

a a )

C C C C C L C

a

               

           

         

        

    

  
 

(23) 

Since 
hijkT  is an indicatory tensor, from (17) it follows that 0i

ia y   

Which in view of (19) gives 
1 0a  thus we have from equation (18) 

3 3

; 2 23(J J )u 3(H I ) v (L C 3a )H C C a             
 

(a) 

; (3J 2J )u 2 0I I v K w   
      

 
(b) 

3

; 3 2(J J ) (H 2I)u 2 (H I ) wK v C a              
 

(c) 

; (3H 2I ) v 2 0K J u K w   
       

 
(d) 

; 3 3 0J Iu I w  
    (e) (24) 

; 2 (2I H ) w 0J Ku K v   
       

 
(f) 

; 3 3 0H Kv J w  
   

 
(g) 

; 2 (H 2K) v (J 2J ) w 0I K u Iv    
        

 
(h) 

3

; 4 2(H I ) 2 (H 2K) v (J J ) wK u C a              
 

(i) 

; (H 2I )u (J 2J ) v (I K) w 0K    
         

 
(j) 

Adding eq. (c),(e),(f), we get   

3

3 23 3 (H 2I)u 2 (H I ) w 2 (2 ) wIu I w K v Ku K v I H C a                        
3

3 2(H I K)u I w C a       
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3

3 2LCu C a   

                     
3

2 3LCu C a
 

Adding eq. (g),(h),(i), we get 

3

4 23 3 2 u (J 2J ) w 2 (H 2K) (J ) wKv J w K Iv K u v J C a                      

 

                    
3

4 2( ) vH I K C a   
 

Adding eq. (a),(b),(d) we get 

3 3

; 2 2 2( ) (L C 3a )H I K C C a        

3 3

; 2 2( ) (L C 3a ) CLC C a     

;

23

( )
( LC ) a

LC

C

    

; ;(3J 2J )u 2 (3H 2I ) v 2I I v K w K K w      
              

3 3

; 2 2(H I ) (L C 3a )K C C a         

𝑎1 = 0, 𝑎2 =
1

4
 

(𝐿𝐶);2

𝐶3 − 𝐿𝐶𝜌  , 𝑎3 =
𝐿

𝐶2 𝑢2, 𝑎4 =
𝐿

𝐶2 𝑣2 (25) 

Hence, we have the following.
 

Theorem (2.1) If the T-tensor Thijk   in a four-dimensional Finsler Space is of the form 

(5), then, the scalar components 
1 2 3 4, , ,a a a a

 
 of  Laα , satisfy the relation (25). Further, 

u3, u4 and v3, v4 of ui and vi - connection vectors of v-connection vanishes also. 

Now, we solve the above equation for wδ, the scalar components of wi- connection vector. 

From equation (22) 

; (3 2 ) 2 0I J J u I v K w   
        

3

; 3 2

;

;

(J J ) (H 2I) u 2 (H I ) w

(3H 2I ) v 2 0

3 3 0

K v C a

K J u K w

J Iu I w

    

   

  

          

       

  
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;

;

2 (2I H ) w 0

3 3 0

J Ku K v

H Kv J w

   

  

       

   
 

 

Solving all these equation, we get the values of wδ. 

3 3

3 2 4 2
;

3 3
3 3 2 4 2

3 ;

3 3

3 2 4 2
;

3

3 2
;

1
[ (3 2 ) ]

2

1
[ (J J ) (H 2I) 2 ]

(H I )

1
[ (3H 2I ) ]

2

1
[ 3 ]

3

C a C a
w I J J I

K LC LC

C a C a
C a K

LC LC

C a C a
K J

K LC LC

C a
J I

I LC

 
 

 


 





 

 

 



    


      
 

      


 


 

3 3

3 2 4 2
;

3

4 2
;

1
[ 2 ]

(2 I H )

1
[ 3 ]

3

C a C a
J K K

LC LC

C a
H K

J LC

 





 



    
 

  


 

3 3

3 2 4 2
;

3 3
3 3 2 4 2

4 2 ;

1
[ 2 ]

(J 2J )

1
[ (H I ) 2 (H 2K) ]

(J J )

C a C a
I K I

LC LC

C a C a
C a K

LC LC

 


 
 

 

 


    


        


 

3 3

3 2 4 2
;

1
[ (H 2I ) (J 2J ) ]

(I K)

C a C a
K

LC LC

 


 
        

  (26)  

;

3

; 4 2

;

2 (J 2J ) w 0

(H I ) 2 (H 2K) v (J J ) w

(H 2I ) u (J 2J ) v (I K) w 0

I K u Iv

K u C a

K

   

    

   



      

          

         
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Theorem (2.2) If the T-tensor Thijk   in a four-dimensional Finsler Space is of the form (5) 

then, the scalar components 
1 2 3 4, , ,a a a a

 
of Laα satisfy the relation (25). Further, 

scalars u3, u4 and v3, v4 of ui and vi - connection vectors of v-connection vanishes. Also, 

the first component of wi-connection vector vanishes and equation (26) gives values of 

w2, w3 and w4. 

3. T-tensor Thijk of Special Form 

hijk h i j kT C C C C  

The T-tensor 
hijkT is symmetric in all its four indices, 

ijkT  is a symmetric tensor in all its 

indices. Since hC is non-vanishing vector, we may suppose 1 0,C   then 
1 1ijk i jkT T

implies that 1 1 ,ijk i jkC T CT which gives 

ijk i jkT CT
 

(27) 

where 

1 1/jk jkT T C  

In view of relation (27), the identity 
1 1jk j kT T

 
gives 

1 1jk j kC T C T , which gives

jk j kT C T , where 1 1/ .k kT T C  

Since 
jkT  is symmetric tensor, we have  

1 1 1 1 0k k k kT T C T C T     

Thus k kT C                  

where, 1 1/ .T C   

Hence, we get equation (12) 

The scalar components of hijkLT are given by 

4

2 2 2 ( )h ( )i ( ) j ( )k[C ]e e e ehijkLT L           (28) 

Using equation (18), ,u v  and w  are the scalar components of v-connection vector 

,i iu v  and iw  respectively. 

Using equation (19), (20). 

Comparing equation (19) and (28) we have  



 

 

 

 

 

 

54 T.N. Pandey and Rajesh Kumar Gupta 

4

; 1 1 1 2 2 2 2C C C C C L                      

Since 
hijkT is an indicatory tensor, from (5) It follows that 0i

ia y 
 

which in view of (25) give a=0 thus we have from equation (18)
 

4

; 23(J J )u 3(H I ) v LH C         
 

(a) 

; (3J 2J )u 2 0I I v K w   
      

 
(b) 

;(J J ) (H 2I)u 2 (H I ) w 0K v   
          

 
(c) 

; (3H 2I ) v 2 0K J u K w   
       

 
(d) 

; 3 3 0J Iu I w  
  

 
(e) 

; 2 (2I H ) w 0J Ku K v   
         (f) (29)      

; 3 3 0H Kv J w  
   

 
(g) 

; 2 (H 2K) v (J 2J ) w 0I K u Iv    
        

 
(h) 

;(H I ) 2 (H 2K) v (J J ) w 0K u   
          

 
(i) 

; (H 2I )u (J 2J ) v (I K) w 0K    
         

 
(j)         

Adding equation (a), (b), and (d) we get                                     

   

; ;

4

; 2

4

; 2

3(J J ) u 3(H I ) v (3J 2J ) u

2 (3 2 ) v 2

( )

H I I v

K w K J u H I K w C L

H I K C L

     

     

 





           

          

  

 

             
4

; 2( )LC C L 

 

Adding equation (c), (e), (f) we have 

; ; ;

;

2 2

3 3 2 2 0

J J Hu Iu K v H w I w J

Iu I w J Ku K v I w H w

       

      

          

           
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( )u 0H I K   
     

( )u 0;LC         
0,u   (30)

 Adding equation (g), (h), (i) we have 

; ;

; ;

3 3 2 2

2 2 0

H Kv J w I K u Iv Jw J w

H I K u Hv Kv Jw J w

       

      

          

          
 

(H I K) v 0  
 

( ) v 0LC                 
0v   (31) 

From equation (30) & (31) 

4

; 23(J J )u 3(H I ) vH C L           

Putting the value of ,u v  in above equation, we have 

4

; 2H C L 
 (32)

 

Thus, we have 

0u  0v          and          
4

; 2H C L 
 

(33) 

Hence, we have the following. 

Theorem(3.1). If the T-tensor Thijk in a four-dimensional Finsler Space is of the form (5), 

then, the scalar components v4 of the v-connection vector vanishes ,u v   are given by 

(30). 

Now we solve the above eq. for wδ the scalar components of w-connection vector from 

eq. (29) 

From equations (9) using sub equation (b),(c),(d),(e),(f),(g),(h),(i),(j) we have the values 

of wδ. 

; ; ; ; ;

; ; ; ;

(J J )

(H I ) 2 2 3 (2I H )

(H I )

3 ( 2 ) (J J ) (I K)

I K J J
w

K K I

H I K

J J J

    



   

 
       

       

    
       

      (34) 
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Theorem(3.2). If the T-tensor Thijk in a four-dimensional Finsler Space is of the form (5), 

then, the scalar components v4 of the v-connection vector vanishes ,u v   and given by 

(33). If we put δ=1 then wδ is zero if we again put δ=2,3,4 we find the values of w2,w3,w4. 

Acknowledgement: The authors are thankful to the Referee for valuable comments and 

suggestions. 
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