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1. Introduction
Let F"be n-dimensional Finsler space equipped with the metric function L(X,Y).
Cyi (X, y) be the (h) hv-torsion tensor of F"and its v-covariant derivative denoted by |,
then T-tensor (T, ) is defined([10],page 188) by
Thijk = LChyj |k + Ciji b + Crjic i + Craly + Cryjli 1)

where |, are covariant components of unit vector along the element of support yi. In the
paper [12] Singh and others have studied many special T-tensor[3,7,8,9] of the form

A. Thiji = uChpihjr + hpjhye + hpchyg) (2)
B. Thij = hniBik + hyj Py + hpiPyj + by Prj + hyj Py + g Py 3)
C. Thij = anCiji + a;Cpij + a4 Cpip + @y Crij + hpiQjic + hyj Qi

+hpi Qi +hij Qi + hyy Qnj + hjg Qp; (4)
D. Thiji = pCrCiCiCy+anCiCiCy+aiChCiCy+a;ChCiCi+acCrCiC; (5)

E. Thijk = pCiGiCy (6)
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where u is a scalar, F’ij and Q;; are certain tensor fields, all are homogeneous of degree (-1)
in y'. Further, a; is a covariant vector field, homogeneous of degree zero in y* and p is a
scalar function positively homogeneous of degree three in y*.

Some examples of Finsler spaces having special forms of Ty are given in the paper
[2,5,8,12,13,14].

In the present paper, we have studied the four dimensional Finsler space whose
T-tensor is of the form (5) and (6). We have written tensors of four-dimensional Finsler
space in the Miron’s frame in terms of scalars.

2. Scalar Components in Miron Frame

Let F* be a four dimensional Finsler space with the fundamental function L(x,y). With

the help of L(x, y) four mutually perpendicular unit vectors {eé)}, a=1,2,3,4 are
constructed as defined by M. Matsumoto and called as Miron’s frame ([10]pagel79),

. 1
where efy = I = y? is the unit vector along y', €, =m’ = is the normalized torsion
vector, e3y = n' and e,y = p are constructed by g;; e;)eé) = 8,5, Where C is the length
of torsion vectorC, =C, g I Greek letters a, B, 7, & varies from 1 to 4 and summation
convention is understood for both the Greek and Latin indices.

In Miron's frame an arbitrary tensor field can be expressed by scalar components along
the unit vectors{e,, }, « =1,2,3,4. For instance, let T; be a tensor field of Type (1, 1)

then the scalar components T, of T/ are defined ([10] pagel79) by T, =T/e, e}

j Ca)icp)
and the tensor components T, are obtained asT =T, el e, ..
From the equation, gij eg',)eé) = §ap, We have
g; =k, +mm; +nn; + p;p; (7

The torsion-tensor Cij is defined as,

co— i agjk
ijk i
2 oy

satisfies Cijklk =0 and is symmetric in i, j, k, and if C_, be scalar components of LCi

then, we can write

LCisc =CapBari€s) 180 ®)

Then, the results by Prasad et al.[11], we haave
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LCiy = Copomm;m, +Cominin, +Cpy P P; Py + Cogarry (MiNN, )
+Cou T ijk) (mipjpk) +Cy k) (nipjpk) +Cyy 7 k) (m; mjnk) )
+Cls T k) (n; n, P)+Cy T ik) (m, m; P)+Coy ”(ijk){mi (n Pt nkpj)}
where 7, denote the cyclic permutation of indices i, j, k, and summation. For instance
750 (ABC,)=AB,C,+BC,A,+CAB,.

Contracting (8) with g k we get LCm, =C . Thus, if we put

aﬂﬁea)i
C,,=H, C,=I,C,=K, Cg,=J, C,,=17,

Cu=H, Cgu=I' Cu, =K, (10)
Then, we have

H+l+K=LC, C,,=-(J+J), C,,=—(H"+1"), (12)

The eight scalars H,I,J,K,H’,1',J", K’ are called the main scalars of a four
dimensional Finsler space.

The v-covariant derivative of the frame field e,; ([10]page179) is given by

Le . |.=V . e,.e (12)

a)i |i a)py=pi=y)i’

where V,, ., ¥ being fixed are given by

0 52;, 537 547 V2)3 :_V3)2 =u
o, 0 u v ! 7
Vo, = 5, —u 0w and Vo, =V, =V, (13)
/4 4 v
o, -V, -w, 0 Vaya, = Vi, =W,

Thus in a four dimensional Finsler space there are, three v-connection vectorsu;,V;, W, .
i.e.

U =Uplyyi Vi =V Wi = W€y (14)
Equation (12) in view of equation (13) may be explicitly written as

LI [,=mm, +nn; + p;p; Lm, [;=—Lm; +nu; + py; (15)

Ln; |;=—ln; —mu; + pw;, Lp, [;=—lp; —myv; —nw;.
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Since m; , n; , p; are homogeneous functions of degree zero is y', we have
Lm |, ' =Ln |, I =Lp, |; 1" =0,

which is in view of equation (14) and (15) gives, U, =0,v, =0, w, =0 .Therefore, we
have the following lemma.

Lemma (2.1) In a four-dimensional Finsler space F* the first scalar components
u,,V;,W, of the vi-connection vectoru,,V,,W, vanishes identically, that is u;,V;,W, are

orthogonal tol'.

The scalar derivative of the adopted components T_, of TJ.i is defined ([10], 27.13",
pagel80).

_ a k
Tapy = L(0kTap)eyy + TugViay + TawVrpy (16)

Thus Taﬂ;y are adopted components of LTJ.i |, i.e.

LT} 1 = Tap.y €a)€8)j €y )k (17)
If the tensor field Tji is positively homogeneous of degree zero in yi, then T , is also
positively homogeneous of degree zero in yi , SO equation (16) gives

Tp1 =T,V + TV,

HB " w)al au” p)pLr

which in view of (13) and lemma (7) givesT,,, = 0. Therefore, we have the following
proposition.

Proposition (2.1). Let TJ.i be a tensor of (1,1) type of a four-dimensional Finsler space
positively homogeneous of degree zero in yi and T,z be the scalar component of Tji

then, T, =0.

Now, let Tji be positively homogenous of degree r in yi and T,, be the scalar

components of L’rTji, then

L(L T k=T,s,808 € =L T/ | —rL"
T/ey,, which implies

L’”lTj' =T, +1T,;8,)€ e, e, (18)
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Hence we have

Proposition (2.2). If the tensor field TJ.i is positively homogeneous of degree r in yi

and T,, be the scalar components of L‘rTJ.i , then the scalar components of L‘”lTji | are
givenby T,

gy T rTaﬁ 51y .

The T- tensor Thj« of special form[1]:
Thijk = pChCiCjCk +ahCiCjCk +a1.ChCJ.Ck +ajChCiCk +akChCiCj

The scalar components of LT, are given by [12].

LT =[Coprot Cps O +Cos S5 + Cops 01, 1€apn€ )€1 o) (19)

where the semicolon denotes the v-scalar derivative. We shall use the following relations,
which have been obtained in the paper [11].

-C

@)

18y;6 = Bro
Crns =H.s+3(0+J)u,+3(H'+ 1) v,
Crss =—(+J).s +(H+ 2N u— 2KV + (H'+ 1) w
Coazs = L5 — (8 +23")u,; — 1V, —2K'w;
Cous = Ks—JIUs —BH+2I") v+ 2K'w;
Cagss = J.5 +3luy — 31w (20)
Causs =05 + Kuy + 2KV, + (21'-H) w;
Cuus = Hls +3Kv, +33Ww;
Chrazs = 15 +2KU; + vy +(J-20) W,
Ciops =—(H'+ 1.5 —2K'U; + (H-2K) v, — (J+ ) W
Coans = Kis —=(H+ 21" u;—(+23) v+ (I-K) w,

where Ug,Vsand W, are the scalar components of v-connection vector U;,V; and W,
respectively.

Let &, be the scalar components of L @, .
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La =a,e,), (21)
We assume that the T-tensor of the space F* have the form (11) then in view of the
relation (19)
LTy = C’[CLS,,5,50,,0,5 +8,0,56, 005 +8,6,,5,,5,5
(22)
+8,0,,0, 30,5 +850,,0,50,, 180)n€ i+ €11 €6k
Comparing (19) and (22) we get
Copis +C o0y +Cos0iy +Cops0y, =CHLPS,,8,40,,0,; +C(a, 8,50,,0,,
(23)
+8,0,,0,,0,5 T8, 0,,0,,0,5 +850,,0,,0,,)
Since T is an indicatory tensor, from (17) it follows that aiy‘ =0
Which in view of (19) gives @, = 0 thus we have from equation (18)
H.; +30+J) us+3(H+1)v,; =C*(L pC+3a,)d,; +C’a; (a)
I, —(3BI+2))u;— 1V, —2K'w,; =0 (b)
—(+J).5 +(H=2Duy— 2KV, + (H+ 1w, =C’a,5,, (c)
Ks—Ju; —(@BH+2I)v,;+2K'w; =0 (d)
J.;+3lu; =3l'w; =0 (e) (24)
Js +Ku; +2Kv; +(2I'-H)w,; =0 )]
H/; +3Kv; +3JW; =0 (9)
I/; +2K'u; + Ivs + (H-2K) v~ (J-2J)w,; =0 (h)
—(H'+1").; —2K'u; + (H-2K) v;— (J+J)w; =C%a,5,; (i)
Kl —(H+21Nu,—(@+2)) v+ (I-K)w,; =0 )

Adding eqg. (c),(e),(f), we get
3lug =31, +(H-21)u;— 2KV, + (H'+ 1) w3+ Kuy + 2KV + (21" - H") wy =C3a3525
(H+ 1+ K)uy— 1w, =C3a352§
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LCu, =C%a,5,,
LCu, =C%a,
Adding eq. (g),(h),(i), we get
3Kv, +33W, + 2K u + Iv; + (I-2)w,— 2K'u, + (H-2K)v,; —(J+J")w, =C’a,5,;

(H+1+K)v,;=C%a,5,;
Adding eq. (a),(b),(d) we get
(H+1+K),;=C*LpC+3a,)5,,+C’a,
(LC).; =C3*(LpC+3a,)+C’a,
(<Lccg);5
(BI+20)u,; =1L, — 1V, —2KW; + K ; —(BH+21") v+ 2K'w;

—-LCp)=a,

(H+1+K),, =C*(L pC+3a,)5,; +C’a,

L
c?

L
c2?

a, = 0, a, = Uy (25)

(o
- - Uy, g =

4l ¢3 _LCP]’ as =
Hence, we have the following.

Theorem (2.1) If the T-tensor Ty« in a four-dimensional Finsler Space is of the form
(5), then, the scalar components &,,a,,a,,a, of La,, satisfy the relation (25). Further,
us, us and vs, v, of u; and v; - connection vectors of v-connection vanishes also.

Now, we solve the above equation for ws;, the scalar components of w;- connection vector.
From equation (22)

|, —(3)+2J")u, —1V; —2K'w,; =0

~(3+3) 5 + (H-21)u,— 2K, + (H'+ I w, = C’a,5,,
K,—JU, —(3H+21")v,+ 2K, =0

J.,+3lu; -3, =0
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35 +Kug +2Kv; +(21I'-H)w,; =0

H!; +3Kv, +3JW; =0

I/; +2K'u; + v +(I-2))w,; =0

—(H'+1').5 —2K'uy + (H-2K) v,— I+ ) w; =C’a,5,,

—H+21Nu;—(0+2))v;+(1-K)w,; =0
Solving all these equation, we get the values of ws.

Sy ;1 Cla0

C’a,
W, =——[l,— (3] +2] 25
" 2K’[ - LT c |
C’a0. Ca5
Coa, +(I+7),, — (H-21) =2 g ' = Y%
(H’ )[ ay+(J+3),5 = ( ) C ]
C’ad,
S B TS YN TP TR %
2K,[ C +( ) —]
1 | Cao
:3II[J;§+ a32]
3
b ek SR o A,
@I—H) " LC LC
Cadw]
LC
3
- _ 1 [I’()‘+2K,C a’3§26 C a 525]
@-27)" LC
L ,C*a,5, C’a,s
-5 J)[ C%a,5,, — (H'+ 1), — 2K —asc (H-2K) = 0%]

=LK, (H20) af% +(+27) acész]

(I=K) (26)
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Theorem (2.2) If the T-tensor Ty in a four-dimensional Finsler Space is of the form (5)
then, the scalar components a,,a,,a;,a, of La, satisfy the relation (25). Further,

scalars us, us and vs, v4 of u; and v; - connection vectors of v-connection vanishes. Also,
the first component of w;-connection vector vanishes and equation (26) gives values of
W,, W3 and Wy,

3. T-tensor T« of Special Form
Thijk = PChCiCjCk

The T-tensor T, is symmetric in all its four indices, Ty, is a symmetric tensor in all its

indices. Since Cyis non-vanishing vector, we may suppose C, #0, then T, =T,

implies that C, T, =C/T, , which gives

Tijk = CiTjk (27)
where
Tjk :lek /C1

In view of relation (27), the identity T, =T,, gives CT, =C/T,, which gives
T, =C,T,, where T, =T, /C,.

Since TJ.k is symmetric tensor, we have
le _Tkl = ClTk _Cle =0

Thus T, = pC,

where, p=T,/C,.

Hence, we get equation (12)

The scalar components of LT, are given by

LThijk :[C4 Lp52a52ﬁ52y]e(a)he(ﬁ)ie(y)je(o‘)k (28)
Using equation (18), U;,Vsand Wy are the scalar components of v-connection vector
U;,V, and W, respectively.

Using equation (19), (20).
Comparing equation (19) and (28) we have
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C +C_..0 +C

afly;0 Lro~ la

ay§5lﬂ +Ca/5’5 T C4Lp52a52ﬂ52y525
Since Ty is an indicatory tensor, from (5) It follows that &, y' =0

which in view of (25) give a=0 thus we have from equation (18)

H.; +30+ ) us+3H+1)v,; =C* L pS,; (a)
|, —(@I+2)u,— 1V, — 2K, =0 (b)
—(+J).; +(H=-2N)u,— 2KV, +(H'+1)w,; =0 (c)
K, —JU; —(BH+21) v+ 2K, =0 (d)
J.;+3lu; —3l'w; =0 (e)
Js +Kus + 2KV, +(2I'-H)w,; =0 (29
H.; +3Kv; +3JW; =0 ©)
17+ 2K U + v, + (H-2K) v, — (3-23)w, =0 ()
—(H'+ 1., -2K'Uu; +(H-2K) v,—(J+J)w,; =0 (i)
K —H+21Nu,~+2))vs+(1-K)w,; =0 ()

Adding equation (a), (b), and (d) we get
H.; +3[0+J)us+3H+ 1) v+ 1, —(3I+2T)u,;— 1,

—2K'w,; + K ; — Uy —(3H'+21") v, + 2K W, = C*Lp5,,

(H+1+K),, =C*'LpS,;

(LC),, =C*Lpé,,

Adding equation (c), (e), (f) we have
—J.s— 35 +Hu; —2lu; — 2K, + Hiw, + T, + 3.

+3lu,; =31, + 375 + Kuy + 2KV, + 21w, —HWw; =0
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(H+1+K)u;=0 (LC)uy;=0; u, =0,

(30)
Adding equation (g), (h), (i) we have
H; +3Kv,; +3JW; + 1 + 2K'u,; + v, + Jw,; —2J W
—H/!; — 1, —2K'u; + Hv; — 2Kv,; —Jw; —Jw,; =0
(H+1+K)v,; =0
(LC)v; =0 v; =0 (31)
From equation (30) & (31)
H.; +3@+ ) us+3(H'+ 1) vy =C*LpS,
Putting the value of U,V in above equation, we have
H, = C4Lp525 (32)
Thus, we have
u;=0v;=0  and H.; =C*LpS,s (33)

Hence, we have the following.

Theorem(3.1). If the T-tensor Ty in a four-dimensional Finsler Space is of the form (5),
then, the scalar components v, of the v-connection vector vanishes U,V are given by
(30).

Novzl V\;e solve the above eq. for w; the scalar components of w-connection vector from
eq. (29

From equations (9) using sub equation (b),(c),(d),(e),(),(q),(h),(i),(j) we have the values
of w;.

w :_(J+J');5= l.s =_K;5 :J_;(;:_ NI
© (H+1) 2K’ 2K’ 31"  (2I'-H)
HY I, (H+1), K}

T30 (-2)) @+))  (I-K) (34)



56

T.N. Pandey and Rajesh Kumar Gupta

Theorem(3.2). If the T-tensor Ty in a four-dimensional Finsler Space is of the form (5),
then, the scalar components v, of the v-connection vector vanishes U,V and given by
(33). If we put 6=1 then wj; is zero if we again put 6=2,3,4 we find the values of w,,W3,W,.
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