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Abstract: In this paper, we study a subclass of harmonic univalent functions and
a new fractional calculus operator. We obtain coefficient conditions, extreme
points, distortion bounds, convolution and convex combination for the above
class of harmonic univalent functions.
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1. Introduction

A continuous complex-valued function f = u+iv defined in a simply connected complex
domain D is said to be harmonic in D if both u and v are real harmonic in D. In any

simply connected domain we can write f =h+Q where h and g are analytic in D. we

call h the analytic part and g the co-analytic part of f. A necessary and sufficient
condition for f to be locally univalent and sense-preserving in D is that

|h'(2) |>|9'(2) |, z€D. (See Clunie and Sheil-Small [2]).

Denote by Sy the class of functions f =h + @ that are harmonic univalent and sense-
preserving in the unit disk U = {z : |z| < 1 }or which f(0) = f,(0) — 1 = 0. Then for
f =h+Q e Sy we may express the analytic functions h and g as

h@=az+Y az"9@=Y bz" |b |<L (D)
k=2 P}

The class Sy reduces to class S of normalized analytic univalent functions if co-analytic
part of f i.e. g =0, for this class f(z) may be expressed as

fg=a,z+Y az". .2
k=2
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Further, A denotes the class of function of the form (2) which are analytic in the open
unit disk U.

The following definitions of fractional derivatives and fractional integrals are due to Owa
[6] and Srivastava and Owa [10].

Definition 1. The fractional integral of order A is defined for a function f(z) of the form 2
by

S T (9]
D] f(z)_rm jo T dc, ..03)

where A > 0, f(2) is an analytic function in a simply-connected region of the z-plane
containing the origin and the multiplicity of (Z—C)k_1 is removed by requiring log(z
-\)>0.

Definition 2. The fractional derivative of order A is defined for a function f(z) of the form
(2), by

e S (Y
P M9 = r1-21)dz Io (z-0)"

where 0 < A < 1, f(2) is an analytic function in a simply-connected region of the z-plane

de, (%)

containing the origin and the multiplicity of (Z—C)_k is removed as in Definition 1
above.

Definition 3. Under the hypothesis of Definition 2, the fractional derivative of order n+A
is defined for a function f(z) by

n

N d
D" (2) = o Df(2) (5

where0<A <landne Ng={0,1,2,...}.

For f of the form (2), using the Definition 2 and 3, we study a new fractional derivative
operator as

Q° f(2) =f(2)
Q') =T(1-M)a, 2" D;(2)

Q" f(2) =Q(Q"(2)).
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We note that
Q") =a z+ Y [§(k1)]"a,z",
k=2

where
_T(k+1)T(A-2)
 T(k-2)

o(k, %)

It is interesting to note that for A = O,Q”f(z) reduces to familiar Salagean operator
defined by Salagean in [7].
From the motivation of the definition of modified Salagean operator

D" (z) =D"h(z) + (-1)" D"g(2) .(6)

for f =h+Q given by (1) in [4], we define

Q" (2) =Q" h(@) +(-1)" Q" g(2) e

where Q"h(2) :aoz+kz2 [o(k, V)" a, 2 and Q"g(2) :kzl [o(k, 2)]"b, 2%
Now  for 0§oc<],0£t£1,meN,neno,m>nand26U, suppose  that
Si; (m, n;at, ZO) denote the family of harmonic functions f of the form (1) such that
m
Re ] 21@ 1., )
Q"f (2

where f (2) =(1-t)a z+tf(z)and Q™f is defined by (7).

Further, let the subclass §3(m,n;oc,t,zo) consist of harmonic functions

T o )
fm = h+grn in SH(m, n,at,t,zo) so that h and g,, are the form
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h@=az-> la 2.9 _@=C-D""> |b |z" ..(9)
k=2 k=1

By specializing the parameters in subclass Si" (m, n;oc,t,zo), we obtain the following

known subclasses studied earlier by various researchers.

1. If we put A = 0 and t = 0 then it reduces to the class Sy(m,n,a,t,zg) studied by
Yalcin [11].

2. Ifweputm=1,n=0,A=0,t=1andm=2,n=1, A =0, t=1then it reduces to
the class H S(a) and , H K(o) studied by Jahangiri [4].

3. Ifweputm=1,n=0,a=0,A=0,t=1andm=2,n=1,a=0,A=0,t=1

with b; = 0 then it reduces to the class HS’(0) and H K°(0) studied by Avci and
Zlotkiewicz [1] and Silverman [8].

4, Ifweputm=1,n=0,aa=0,A=0,t=1andm=2,n=1, a=0,t=1thenit
reduces to the class H S(0) and H K(0) studied by Silverman and Silvia [9],
which is an improvement of ([1],[8]).

5. If we put m =n+1, A =0, t = 1 then it reduces to the class H(n,a) studied by
Jahangiri et al. [5].

In the present paper, results involving coefficient estimates, extreme points, distortion
bounds, convolution condition and convex combinations for the above classes

Sij'(m, n,oc,t,zo)and §3(m, n,o,t,z,) of harmonic univalent functions have been

investigated.
2. Main Results

We begin with a sufficient coefficient condition for function Sﬁ (m,n;a,t, ZO).

Theorem 1. Let f =h +J be such that h and g are given by (1). Furthermore, let

o [ [0k M]™ —afo(k,1)]" [o(k MI™ = (=1)™ " at[o(k, 1)]"

2 [ o a, 1+ T b, |J£2a0,
...(10)

where

a —a_.meN,neN .m>n,0<a<L0<A<L0 <t <land (k) = LKL DTA=4)
PO ’ (k-2

then f is sense-preserving, harmonic univalent in U and f eSiﬁ| (m, n;a,t,zo )
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Proof. First we note that f is sense-preserving in U. This is because
, c k-1 c o [9(kM)]" ook, 1)]"
@ |>a -2 kla, [r'">a - kla [>a - Ty a, |
k=2 k=2 k=2

ZZ [d)(k’}“)] _(_11) j OCt[(I)(k,?L)] |bk |ZZ klbk |>Z k|bk|rk—1 Z|gl(2)|
k=L —a k=L k=1

To show that f is univalent U, suppose z;, z, € U such that z; # z,, then

- Kk
fe,)-fz)| | |o)-oe) | &)
h(z) h(z ) h(z )— h(z ) *

‘ ‘ ‘ ao(zl—zz)+kz_: a, (z -z5)

e o [o(k MM = (=D " at[op(k, A)]"
;1 k|b, | > ¢

>kl >1-kl 1o >0,
k=2 k=2 —a

Now, we show that f eSﬁ (m, n;OL,t,ZO). Using the fact that Re o > a,, if and only if,

|1-a+o|>|1+o—w|, itsuffices to show that

|A@)+(1-0)B@) |-| AQ@) — 1+ 0)B() [0, e
where  A(2) =Q" f(z)and B(2) =Q" f (2).

Substituting for A(z) and B(z) in Left Hand Side of (11) and making use of (10), we
obtain

|A@)+(1-0)B@) |-|A@D) -1+ a)B(2) |

4Q" {(2) +1(1- Q" f(2) |-| Q@) ~ L+ Q" f (D) |

=(2-waz+Y (o™ +@L-at[pk M]M)a, 2
k=2
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FED'Y (D™ ok ™+ L- otk )M )b, 2¢
k=1

—l~aa z+ Y (9™ — @+ a)t[pk 1)) Ma, z¢
k=2

FEDMY (D™ o0k ™ L+ ctld(k, 1)]"b, 26
k=1

>2(1-a)|a [1z]-2Y, ([oCk A" —atlo(k, 1)) o, [12]6
k=2
=2 D™ ok MM + Q- ot [ok W] [ b, |z [
k=1
=2 D™k MM = @+ ot [ok W] [T b, |z ¢
k=1

21-a)la, l1z]-2 Y 9k M)™ —atock )" 1la, [z
k=2

—2§: [(@(k,A)™ +at(@(k A)"1 b, [|z[*,if m—nis odd
k=1

21-a)la, 12|-2Y [k )™ —at(@dk 1) "Ib, [z [*
k=2

—2% [(0(k, A)™ —at(@(k, AN b, [|Z[,if m—nis even
k=1

[ ( ’7\’)] t[ ( 1 )]n
a |->

k-1
a z

2(10c)|z|{

-5 kA" =" o) lbk”2|k1}
k=1 —a
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la, |

2w {%kzz [o(k, 11" — ait[o(k, 1))

1-a

1-a

“ bk, W)™ = (D)™ at[d(k, )"
-y eI =)™ atfedk M }
k=1

>0 (using (10)).
The coefficient bound (10) is sharp for the function

1-a
K

f(z)=a.z+ X
0 kzz ([o(k,M)]™ — at[d(k, 2)]" *

X 1-a K
+ N4 ...(12)
Zi ok, MI™ = (=)™ " at[p(k, 1)) K

where 0<a<LO0<A<lmeN,n e No’m>n’0 <t <1 and

> x, +Y 1y, =1
k=2 k=1

This completes the proof of theorem.
In the following theorem, it is proved that the condition (10) is also necessary for the

functions fm =h+ Q , Where h and gy, are of the form (9).

_ _ . = . .
Theorem 2. Let fm =h +0_ be given by (9). Then fm eSH(m, n,a,t,zo) if and
only if

> L0k )™ —at(o(k, 1)}, |
k=1

(O A" = (D™ at(d(k A)"} b, [IS2(1-a)a. ...(13)

Proof. Since §:|‘(m, n;oc,'[,ZO )CSii| (m, n;OL;'[,ZO ), we only need to prove the “only

if” part of the theorem. To this end, for function f,, of the form (9), we notice that the
condition
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Q" f (2)
m > o

ey —— (2
Q f(m)(z)

is equivalent to

(L-aa,z— Y {(¢(kA)™ —at(@(k,A)"} a, |2
k=2

(=D (o AN™ = (D)™ " aut(p(K, A )"} b, ka
Re k=1

a,z—y (d(k)"tla, [z +(=D™Y (o(k )"t b, [Z¢
k=2 k=1

.(14)

The above required condition (14) must hold for all values of z in U. Upon
choosing the values of z on the positive real axis where 0 <z =r < 1, we must have

(L-aa, = {(¢k1)™ —at(@(k, )"} a, [
k=2

=2 {0 M) = (=)™ " at(o(k,2)"} b, |
k=1

>0.
a,— > (da)"tla, [rF+ D™ (@A)t b,
k=2 k=1

...(15)

If the condition (13) does not hold then the numerator in (15) is negative for r
sufficiently close to 1. Thus there exist a zy = ro in (0,1) for which the quotient in (15) is

negative. This contradicts the required condition for fm e§|:”(m, n,oc,t,zo) and so
the proof is complete.

We prove the following Theorems 3, 4 by using techniques adopted by Yalcin [11].

Theorem 3. Let f,, be given by (9). Then fm e§|_k|(m, n,oc,t,zo) if and only if
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f @=2 (xh @+yg_(2) ...(16)
k=1
where
1-o)a
h(2)=a zh (2)=z- 0 z%, (k=234,.),
B0k (@(k A)™ — at(p(k, A )™
1-oa,

9., (@=az+D™" z%,(k=1,2,34,. ),

(@K AN™ = (=)™ " at(d(k, A))"

X, ZO,yk 2O,kz1 (Xk + yk) =1.In particular, the extreme points of

Si(mn,o.tz,) are {hiand {gnd.

Theorem 4. Let fm e§|ﬁ(m, n,a,t,zo). Then for |z |=r <1, we have

d-o)a,  1-(-D)""at )

2 m-n 2 m-n |bl| >
1 }J —ot (1 kj —ot

1-2)\"
|fm(2)lé(a0+|b1|)r+( 5 j (

lzZ|=r<1
and

)" 1- __a\m-n
|fm<z)|z(ao+|b1|)r—(1 K} (@@,  1-(-)""at

2

2 m-n 2 m-n |b1|
(1 }J —at (1 Xj —oat

lz|=r<1
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