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Abstract :In this paper, we present the solution of an M/M/2 feedback
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arrive in a poisson fashion and service times follow the exponential
distribution. It is also assumed that customers renege according to
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1. Introduction

The traditional assumption in queueing theory is that the customers arrive, stand
in queue and leave the system after getting the service. However, in some realqueueing
systems, an arriving unit is given the alternative of re-joining the system with definite
probability after being served once. The unit however leaves the system definitely after

having received the service for the second time.These types of queues are known as
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queues with feedback. The concept of feedback was first introduced by Finch[2].In some
queueingsituations, customers leave the system without getting service due to impatience.

These situations in queueing theory are known as reneging.

Saaty| 7] studied a queueing problem with two parallel servers each with different
service rate and obtained the steady-state probabilities. Garg [3]studied an M/M/2
queueing system with two servers each having different service rate and obtained the
explicit time dependent probabilities.Later, the study was followed by authors like
Tackas[10], Maggu [5], Arya [1], Singh [9], Sharma [8] and Montazer-Haghighi [6] who
solved the models in the steady-state case.Kumari [4] obtained steady-state probabilities
and probability generating function of transient-state queue-length probabilities in terms
of their Laplace transformations by considering a feedback queueing system with two

non-identical parallel servers.

In this paper,we considered a feedback queucing problem with reneging and two
serverseach with different service rate, wherein the customers arrive and join any of the
free servers. When the numbers of customers are more than the number of servers, then
the arriving customers join the waiting line and wait for their service. Sometimes a

customer leaves the queue without getting service due to impatience.

The practical situation which corresponds to the above model can be that of a
general shop, wherein the customers arrived for purchasing goods. There are two non-
identical servers and customers can join any of the free servers for their service. After
getting the first service, some customers are not satisfiedwith the service and so they re-
join the queue again. Sometimes customers have not enough time so they renege the
queue. The manager of a shop can know the various probabilities of the number of

customers to be served by any time.

The queueing system investigated in this paper is governed by the following

assumptions

0 Arrivals are Poisson with parameter & and the service time are exponentially

distributed with parameters p, and p, for the first and second servers

respectively.

(i1) When both the servers are empty, an arriving customer joins first channel with

probability a4 and second server with probability a,, so that a; + a, = 1.
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(iii)

(iv)

V)

(vi)
(vii)

The probability that the customer re-joins the system is ‘p” and that of leaves the
system is ‘q’ for the customers getting first service, so thatp + q = 1. However

the customers will have to leave the system definitely after getting second service.

The customerdeparts the service channel for the first time with probability c; and

for the second time with probabilityc,, so thatc; + ¢, = 1.

The probability of a customer renege during timeAt, when there are n customers
in the queue is  r(n) At and also assumed that renege follows the exponential
distribution. If any one of the (n-2) customers in the queue rencge then the

density function for the minimum of (n-2) selections from d(t) becomes

dp-2(0) = (n — 2)ae” "2

0, 0<n<?2
(n—2)g, n>2

Also r(n)Z{
The waiting space is infinite.
The stochastic processes involved, viz

(a) Arrival of units (b) Departure of units

are statistically independent.

2. Definitions

Pl(k) (1,0, t) = Probability that customer is in the first server at time t and next customeris

to depart for the first time or second time according as k=0 or 1.

Pl(k) (0,1, t) = Probability that customer is in the second server at time t and next

customer is to depart for the first time or second time according as k=0 or 1.

Prgk) (t) = Probability that there are n customers in the system at time t and next unit is

todepart for the first time or second time according as k=0 or 1.

P,(t) =Probability that there are n units in the system at time t.
We

PP® = PP1,0,0) +PP(0,1,1), k=01

P, =PP®1® +PM (D), n=0 (D)
Initially PP =1 and PP =0, t>0

The difference — differential equations describing the system are

d
LPOW® = 2P ® +p, {aP V(10,0 + PP (10,0} + u, {aPV (0,10 +
PP(0,1,0)}

d
SPO1,0,0 = —(1+ 1, )PV(1,0,0 + 22, P (0 + 1,00, P, (0 + pyea PO

..(2)

3)
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d
i P,0,0) = —(h+ 1 )P (1,0,0) + 1, pas PV (1,0,0) + p,pa, PV (0,1,1)

+ 1,qc PO () + e P () )

d
SPO0,1,0 = —(1+1,)PP (0,1, 0 +22,P7 (O + 1,9e, P, (O + 1, 1 PSP (0. (5)

d
i PPOLY = —(h+1,)PT(0,1,0) + 1, pa P (1,0,0) + 1,pa, P2 (0,1, 1)

+1,06,PL 7 (® + PP (O ...(6)

d
5 POW®W= (4, +p, + 0 =2)0)P2® +1P2 ® + (1, + 1,)pes PV ®

+ (“1 + uz)qclPﬁ)l(t) +(h—1Da Prfg)l(t) + (ul + MZ)C1PIS)1('C) ,n=>2 ..(D

d
PO = ~(tpy i, + (= 20RO + 082 O + (1 + 1) P ©

+ (= DR + (1, + 1,)pe2PP® + (1, + 1,)qePR ©®, (0 = 2) .(®)
The steady- state difference equations describing the system are

PP = (P20 + PP A0} +u, {aPP0,1) + PP 0,1} )

(+p)P?1,0) = 2a;P + p,qes P + pyci PV ...(10)

(1 + )PP (1,0) = p,pasP(1,0) + pypas PV (0,1) + 1,qc,P” + p,e,PSY L (11)
(t+p)P2(0,1) = %a,P” + 1 qe; PO + py ey PV .(12)
(t+ )PP (0,1) = 1 pasP®(1,0) + 1,pa P2 (0,1) + p,qe,PL® + p,c,PSY L .(13)
(n+ Mg+, + (- Z)Q)PISO) = XPISS)l + (“1 + uz)pclPIEO) + (“1 + uz)qclprg%
+(n+1—2)aP, + (1, +1,)e PG, (0= 2) ..(14)
(4w, + 1, + (0= 2)a)PP = 0P + (1, + 1) P + (= DaP

+ (uy +1,)peaPS” + (u, +1,)qc,PY) (1= 2) .(13)
3. Steady - State Solution of the Problem

Using E f(x) = f(x+1), Egs. (14) and (15) for n > 2 give

[{(n, +1)eiq + (n— DaJE2 + {(u, + n)eip— (L +p, +p, + (n—2)a)JE +
AP +(u, +1,)eE2PY = 0,(n > 2)

_.(16)
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[{(, +m)e, + (= DaJE? = L+, +p, + (n— 2)a}E + 24PV

+{(u, +1,)c2qE? + (1, +1,)pEIP® = 0, (n>2) (17
Solving (16) and (17) with help of determinants, we have

[(n — 1)oE? — {X +u, +p,+ (n— 2)(1}E + X] [{(u, + py)eq+ (0 +p,)c;

+ (- DJE? + {(u, +p)ep— (+p, +p,+ (0—2)a)JE+1=0,(n>2) ...(18)

The two roots of(18) are obtained by solving its first factor and we get

ChAp o, + (02 f\/{k+ul+u2+(n—2)a}2 — 4(n — Do

E 2(n—1)a

ChAp o, + (-2 t\/{x+u1+u2 —(n—2)a}2 + 40f{(p, + 1) (n—2) — 1}

2(n—1)a

L, +(—2a Hi+p +p,— (- 2)a+ 8}
2Ztn—1)a

whereé is a small +ve quantity.

__ 2(n-2)a-3

Therefore zy = 2 De = 2ty iy )48 ...(19)

and z; = 2 Do

Zois always less than 1 whatever may be the value of various parameters but z; is less
than 1 only when 2(% + w, + uz) +6 < 2(n—1)o. The other two roots z,,z; are

obtained from the equation

{(ul + uz)clq + (ul + uz)CZ + (n - 1)0,}E2
+ {(u1 + 1,)cip — (X+ u,+p, +(n— 2)(1)}]5: +1 =0

after putting the values of the parameters ,u , p,,¢1,Cz2p, and q, in the quadratic
equation. After evaluatingz,, zZ;, for the convergence of solution, any root > 1 must be
rejected.

The value of Péo)and Prgl) are given by

3

3
PIEO)= 2 a;z{ and Prgl) = 2 bizi!, (n>2)

i=0 =0
wherezy, 21, Z,, Z3 are the roots of (18) and a;, b;(i=0, 1, 2, 3) are arbitrary constants to be
evaluated. . In case z; > 1 take a;, b; =0 ;1= 1, 2, 3. From (14) for n=2, we can get
probability PZ(O) in terms of Pl(o)(O,l), Pl(o)(l,O). From (13) we can get probability Pz(l) in
terms of Pl(l)(O,l), Pl(o)(O,l), PO(O)(l,O). From (12) we can get probability Pl(o)(l,O) in
terms of Pl(l)(O,l), Pl(o)(O,l), PO(O). From (11) we can get probability Pl(o)(O,l) in terms of
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Pl(l)(O,l), Pl(l)(l,O), PO(O). From (10) we can get probability Pl(l)(l,O) in terms of
Pl(l)(O,l), PO(O). From equation (9) we can get probability Pl(l)(O,l) in terms of PO(O).

Therefore
P(l) (0 1) _ )\‘[(7\‘ + ul)D + A{_Czqob + ul) + pCZ(uzaZ - lvllal)}]PO(O)
1 L) = wH
P(l)(l 0) = )“[(7“ + l“Lz)E - A{CZq()“ + l“tz) + ch(“zaZ - l”Hal)}]Po(O)
1 ’ w H
P(O)(O 1) = )“[(7“ + l”H)F + Cl(“zaz - l“Hal){pA"' q()“ + l”H)O“ + l“tz)}]Po(O)
1 ’ L H
P(O)(l 0) = )“[(7“ + l“tz)c' - Cl(“zaz - l“Hal){pA + q()“ + l”H)O“ + l“tz)}]Po(O)
1 W)= wH
ql 2 2
Pz(l) = B + ulquB [BO“ + lvl1) ()“ + lvlz) - AB{pA + QO“ + lvl1)()“ + uz)} -

(ke + p )F + ,0q(+ 1) G+ hq iy — 1y )er (myaz — myaq)

oA+ q(h+ 1) (L + 1) 1P

2

PO = 1+ B O )P+, Gt )0
+ (1, = mp)en(paz = wan) {pA + q(h+ ) (1 + ) J]Ps”

whereA = pa,(L+p,)+pa(h+p,)

B = &+ (u +1,)(1—pcy)

D = c(h+u)(A+n,)+u,cpag(2h+p, +py)

E = c(h+pn)(h+u,)+ucipar(2h+p, +py)

Fo= c(h4+p)0+p,) +myaca(@h+p, +py)

G = c(+pn)+n,)+pac@h+p, +py)

H = (@+p +u)[peiA+ (2 + @)+ ) (4 uy)]

3 3
and ] = {(ul + uz)clq + a}E aizi3 + (ul + uz) 2 biZi3
i=0 i=0
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3) can be evaluated from (14) for n= 3, 4, 5, 6 and (15) for n=2, 3, 4, 5 in terms of

Po(o)and the value of PO(O) can be found by using the relation

Eight unknown ag, a4, a,, az, bg, b1, by, bs (two unknowns ag, by incasez; > 1; 1 =1, 2,

P = 12 @9+ )
n=1

Hence by using the value of ag,aq,ap, az, bgbq, by, by and Péo) , the probabilities

PISO) and Prgl) are completely known for various value of n.
4. Special cases

(i) When there is no reneging i.e. feedback queueing problem with two non-
identical servers.

Putting a=0 in (18), we get

(=04 1y + 1) E+ 01y + 1) (eaq + )E? +{(ny +ry)erp — (b4 py + 1) JE
+ 2] =0,n>2)

After simplification we get

(E - 1)[{(“1 + uz)()\‘ + 15 + uz)(clq + CZ)}EZ - )\‘{)\‘ + 2(“1 + uz) - (ul + uz)clp}E

+3*] = 0
Taking common +1,)? and tubg p = ———— we get
g (l"tl l"tz) (l.ll + uz)
E-DEp+D(@a+c)IE? —plp+2—cp}E+p=0 ,(n2>2) -.(20)

This coincides with equation (3.25) of Kumari[4].

(i) When there is no feedback and service rate of both servers are equal i.e. M/M/2
with reneging.

Putting q=1, p=0, ¢; = 1,¢c, = 0,P{” = P, , P = 0 then (9)-(15) reduces to

{4+ 20+ (= 2)aP, =P, q + {20+ (n+1—2)}Psy,n =2 .(23)

Solving the above equationsrecursively and get

A 22 }\’n
P, = ;PO’PZ = EPOand P = — P, (n>2) -(24)

n-2
2M2H(2M +1at)
i=1
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(iii) When there is no reneging.

Puting =0 in (24) we get

P —2<X>HP dp = b2
"\ 2 o and o = 2u+ i
2021 —=2) / 1A\
Therefore P, = m(?u) ,n> 2 (25)

This coincides with M/M/2 classical model.

5. Now we assume that customers renege according to fixed probability a. Then

0, 0<n<?2
r(n)—{a, n> 2

and the steady- state difference equations describing the system will be

B = {P¥ @0 + PP 0} + , {aP® 0.0 + P01} . (26)

(+p )PP 1,0) = 2a;P + g P2 + e PV L (27)

(1 +p )PP (1,0) = p,pa PO (1,0) + 1,pas PV (0,1) + 1,qcPL” + pycPS. . (28)
(1 + p)P?(0,1) = 2a,P{” + 1, qes P + p ey PEY .. (29)

(1 + 1 )PP (0,1) = p,pasP”(1,0) + p,pa P (0,1) + 1 qePLY + pyc,PLY .. (30)
(h+py +u, + a1 = 8,2))PE? = 1P, + (1, +p,)pes P +

(1, + 1,)qc PP + PSP+ (1, + 1) P n>2) .(31)

(4, +p, +a(l —8,2))P" = 1P,

1 0 1 0
+(u1 + uz)CZPrE+)1 + (lvll + uz)pCzPrS = aPrS+)1 + (lvll + uz)qCZPrS+)1 ,(n=2)..(32)
1, forn=2
whered, 2 = { 0, Otherwise

6. Steady-State Solution of the Problem

Using E f(x) = f(x+1), (31) and (32) for n > 2 we get.
[{(“1 + l“Lz)clq +aJE? + {(“1 +r)ep — (n+ O P ) JE + )“]PISO)
+ (u, +1,)6E?PY = 0,(n>2) ..(33)

[{(, +1)es + a}B2 — L+, +p, + ofE + 4P + {(u, + u,)c,qE?

+(n, +1,)ePEIR” = 0,(n>2) (34)
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Solving (33) and (34) with help of determinants, we have

[{(y + 1)era + oy + wy)ez + B + {(uy + uerp — (ot g + 1, + @) JE+1
[0E2 — (b +p, + 1, +)E+2] =0, (n>2) ...(35)
The two roots of the equation (35) are obtained by solving the first factor of (35) which is

Zo = 1 and N

(ul + uz) - (ul + uz)clp +ta

Z1 =

The other two roots of (35) are obtained from the second factor of the (35)

2
E_(x+u1+u2+a) f\/{k+(ul+u2)+a} — 4
B 20

2
Ottt o) f\/{k+(ul+u2)—a} +4(u, + o
B 20

Ottt Tt p +p, —atd)
B 20

20— 200+, + +6
and z; = ( “12a“z)

Therefore z, =

Z,is always less than 1 but z;and z; areless than 1 only if
A<(u1 + uz) - (Ml + u2)01p+ cgand L < a — (ul + uz) - 8/2

respectively. To have convergence of solution, any root =1 must be rejected. Thus
rejectzo=1.
The value of Péo)and Prgl) are given by

3

3
PIEO)= 2 a;z{ and Prgl) = 2 bz, (n>2)

i=1 i=1

wherez,, z,, Z; are the roots of (35) and aj, b;(i= 1, 2, 3) are arbitrary constants to be
evaluated. In case z; and z3 > 1 take aq, a3, by, by = 0. From equation (31) for n=2, we
can get probability PZ(O) in terms of Pl(o)(O,l), Pl(o)(l,O). From (30) we can get
probability Pz(l) in terms of Pl(l)(O,l), Pl(o)(O,l),Pl(O)(l,O). From (29) we can get
probability Pl(o)(l,O) in terms of Pl(l)(O,l), Pl(o)(O,l),PO(O). From (28) we can get
probability Pl(o)(O,l) in terms of Pl(l)(O,l),Pl(l)(l,O), PO(O). From (27) we can get
probability Pl(l)(l,O) in terms of Pl(l)(O,l),PO(O). From (26) we can get probability
Pl(l) 0,1 in terms of PO(O) Hence we get probabilities
P, P P (1,0), P (0,1), P (1,0), PV (0,1)in terms of P and a;'s,by’s . Eight

unknown ag, a;, a,, az, bg, b1, by, by (two unknowns ag, by incasez; > 1; 1= 1, 2, 3) can
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be evaluated from equations (31) for n= 3, 4, 5, 6 and equation (32) for n=2, 3, 4, 5 in

terms of Po(o)and the value of PO(O) can be found by using the relation
B© = 123 @+ o)
n=1

Hence by using the value of ag,aq,ap, az, bgbq, by, by and Péo) , the probabilities

PISO) and Prgl) are completely known for various value of n.

7. Special Cases

(i) When there is no feedback and service rate of both servers are equal i.e.
M/M/2  with reneging.

Puting =1, p=0, ¢; = 1,c, = 0,P® = P, , PV = 0 then (9)-(15) reduces to

o+ 20+ (= 2)aP, =3Py g +{20+ M+ 1—2)}Ppsy, (n=2) .. (38)

Solving the above equationsrecursively and get

_ A _ _ A"
P = }—J-PO, P, = ﬁPoandPn = W,n>2 ...(39)

(i) When there is no reneging.

Put 0=0 in (39) we get

P—2<7”>HP d P, = hTH
VT 0 an o - 2u+ i
_ 2@u-n (A"
Therefore P, = oy (Zu) , (n>2) ....(40)

This coincides with M/M/2 classical model.

Taking the Laplace transformation P,(s) = f;o e Stp,(Hdt; (Re s>0) of (2)-(8)for

0, 0<n<2

r(n) = {a, n>2° we have

) _(® —(
(s+Mpry, &)=1+ wfqr, (1,0,9)+ P, (10,9}

_ (0 —(
+u,{qP 0,1,s)+ P, (01,5)} .41

—(© —(© —(© —(

(s+r+pn)P, (1,0,8) = ha; Py (5)+p,qciP, (8)+ P, (5) ...(42)

NG () ()]
(s + X+ “1) r, (1,0,s) = n,pai Py (1,0,s) + n,pa; Py (0,1,s)
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_(0) —
+u,qc, P, (5) tp,co P, (5)
— (@ — (@ — (@ Y
(s +1+ “z)Pl (0,1,5) = haPy () +p,qci P, (s)+p,ciP, (s)

_(
(s + i+ “z)Pl (0,1,s) = ulpaz (1 0,s) + uzpaz (0 1,s)

— @ —
+u,qc P, ) tp e Py (s)

(s +h+p +p, +o(l- 5n,z)) 1_31(10)(5) = xﬁio_)l(s) + (p, + uz)pcll_DI(lO)(s)
+a1_)f10:1(5) + (“1 + MZ)qcll_)I(lojl(S) + (“1 + “2)C1Fi131(5) » (n=2)

(s +h+p +p, +o(l- 5n,z)) 1_31(11)(5) = xﬁio_)l(s) + (p, + uz)czﬁfﬁl(s)
+aP oo (s) + (n, + uz)pCz V) + (ny, +1y)qc, P © ), (2 2)...47)

If we defineP®(z.t) = ¥, P,Sk) ®z", P(k)(z,s) = Iw e PP (z,NHdt

P(z,t) = PO(z,0) + PD(zt) and P(z,s) = j PO (2, 1)dt

forallk =0or1 with |z| £ 1

167

.(43)

(44)

_.(43)

. (46)

thenLaplace transformation of probability generating function of transient — state queue

length probabilities gives

PO (7, 5) = @ K@ G -2 — (b, + 1) (2(q — 2) — c1p2)}

{(L,P210,9) + B0, 9)} + K@ — (n, +1,)(c; — 12}

{1 PP0,9) + 1, PR 0,19} + (1, + e {-K@ + a2 — 1) + (n, + )2} ()

— 201 = D)o {(K@ = (i, +1,)e2)B) + (i, + )PS9} + (K@) -
(ul + uz)cz}] + {(K(2) — (“1 + uz)cz)(a(z -1+ (“1 + uz)z) — K(Z)(ul +
my)e: (g + pz)}{zﬁf‘” )+ PO

PM(z,s) = [z[{K(z)pz + (“1 + uz)(q + pz)(cy(q — 2) — ¢ pz)}

Q( )
{ulﬁf")m,o, s) + uzﬁl(o)(o,l, s)} + {—K(2)z + (“1 + uz)(q +pz)(c; + ¢12)}
(L PP0,9) + w019 (K@ = (1, + 1,)ei(q + pa))

(az—1) + (“1 + uz)z) - K(Z)(u1 + uz)cz}El(s) — z2(1 - 2)a
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(g + 1) 2@+ PP () + (K@ — (g + 1y )er(a + p2))P; ()3
+ (ul + uz)cz(q +pz)] + {(ul + uz)cz(q +pz){—-K@) + alz— 1) + (“1 + MZ)Z}

ZP(s) +P0(s)

_ 1 _
and P(z,5) = o (201 = DK@ = (1, + 1)p(e2(@ = 2) = epD}i, PL¥(10,9) +

1L,P(0,1,9)} + (K@) — (1, +1,)pcz + e}, PP (1,0,8) + 1, PP (0,1, 5))
az{LP”(s) + MPIV()}] + {L(a(z — D + (p, + 1,)z) — K@) (, +u,)(q + p2)}
(PP + PV} + 2M(alz— D + (n, +11,)2) - K@, + 1,)D
Pi(s)+Lz] a<(n +n,); z|<1 ...(48)

whereK(z) = —iz? + (s + L + n+p, + a)z —a,

Q@ = {K@ — (1, + 1) {K@ = (1 + 1)er(a + p2)} = (i, + 1) “crc2(q + p2),
L =K(z) - (“1 + uz)czp(l —z),andM = K(z) + (u; + n,)cip(1 — 2)
Lot N@) = Ki@Ko(@) — (y + 1,)%crc2(a + p2)
where K1(z) = (—2z%+ (s+h+p, +p, + @)z — (1, + p,)c; + a)and
K,z = (=222 +(s+ir+ ot +a—(u, + uz)clp)z — ((u, +p,)cq+ a)
Obviously K;(z) and K,(z) have two zeros inside the unit circle.
Let f(z) =K;(@K,(@and g(z) = (“1 + uz)zclcz (q + pz). then
1f(z)| = |K1(2) K2(2)]
= |(=hz?+ (s+r+p +p, +o)z—{(n, +p)c; + o}
(=227 4 (s + 2+ 1y + 1y + o= (g + 1eap)z — {1y + 1y)erq + o]

> (&4 (u, + ) E+ (uy +pyc)fors =E+in, |zl =1
> (1, +1,) i = (32
Hence | f(z)| = |g(z)| on |z| = 1

Since all the condition of Rouche’s theorem are satisfied, so N(z) has two zeroes inside
the unit circle. Let these zeroes be z,,(m = 0,1) . Numerator must also vanish for these
two zeroes since P(z,s) is analytical function of z. These two equations along with
equation (41), (42) (43), (44) and (45)will determine the seven unknowns
POs), PV(s), P2(1,0,5), PL2(0,1,5), P{P(1,0,5), PV (0,1, 5), and P (s)Hence
the generating function P(z,s) is completely known.
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P, (s)can be obtained by using the following formula

_ 1 d" =
P,(s) = PP P(Z s) atz=0
P, (t)can be obtalned by inverting the Laplace transform P, (s).

Further P(1,s) = 1/s and P(0,s) = Féo) (s), as desired
9. Special cases

(i) When there is no reneging i.e. M/M/2 feedback queueing system with unequal
service rate.

Putting a=0 in (48) we get
P(z,5) = 555 |21 = DK@ G = (1, + 1,)p(e2(a = 2) — c1pD}{, PV (1,0,5) +
P01, 9} + (K@) = (1, + 1,)p(cz + 2} {u, BPW0,8) + 1, 00,19} +
(n + 1,){Lz = K@'(q + p)HzP V() + BV} + 2, + )Mz —

K@ ¥PH) + Lz], 1< (u + 1) 5 R |<1 .(49)

whereK(z) = —iz? + (s+L+p, +1,)z

, , 2
Q@ = {K@) = (1, + 1) K@) = (1, + n,)ei(@ + p2)} — (n, +1,) cic2(q + p2)
L =K@ = (4, +n)ep(l—2), M =K@ + (n, +p,)ep(l —2)
(i) M/M/2 feedback queueing system with equal service rate.
Puttingp, = p, = pin (49) we get
_ 1
P(zs) =
Q)"

+ pz(z — DK@ *q + 2up(caq + 2 — ¢;p2) PV (s) + {K(2)* + 2up(c, — ¢12)]

—— 2{K(@)" + 2pc,p(z — 1)} + 2u(z — D{GK@)* + 2uc,p}P 0 (s)

whereK(z)* = —iz? + (s + 1 + 2wz and

Q(Z)# = {K(Z)# - ZMCZ}{K(Z)# —2pci(q +p2)} - 4MZC1CZ (q+ pz)

This coincides with (3.32) of Kumari[4] for K(z)* = 12:—;

(iii) When there is no feedback, no reneging with unequal service rate.
Putting =1, p=0,¢; = 1, ¢, = 0, PW(z,5) = 0, PO(z,5) = P(z,5),
Péo) (s) = Py(s), and PISO) (s) = P,(s) ,in(49), we get

P(z,s)
_z+ z2(z — D{—p,P1(1,0,8) — 1, P1(0,1,8) + (p, + w)P &} + z — D(p, + uZ)PO(s)
{K(@) - (lvl1 + uz)}

A< t+n,); k<1 ..(50)
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(iv) When there is no feedback &no reneging with equal service rate.

P(z,s) =

Puttingy; = pu, = pin (50), we get

z+2(z—1){zpP, (s)}+2pPy (s)}
{K@)*-2p}

A<2u z]1 (51

whereK(z)* = —iz? + (s + i + 2z

(v) When there is one server and no feedback, no reneging.

P(z,s) =

Puttingp, = p, p, = 0 1n (50), we get
Z+2(z— DuPgy(s)
—AzZ2+(s+r+wz—p

A<y 21
(52

This coincides with M/M/1 transient —state.
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