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1. Introduction
The object of this paper is to establish a theorem on n-dimensional Saigo-
Maeda operators of Weyl type. The results obtained are general in nature and
include as special cases, the results given earlier by Arora et al. [1], Saxena et al. [12,

13, 14], Saigo et al. [10], Chaurasia and Arya [3] and Chaurasia and Jain [4] etc.
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The H -function occurring in this paper was introduced by Inayat-Hussain [6] and
studied by Buschman and Srivastava [2] and others. It will be defined and
represented in the following manner:

TN Z’(“J’O‘j"Aj)l,N’(“j’“j)NH,P
P .
Q (bj:ﬂj)LM:(bj:ﬂj:Bj)M_,_l’Q 2zi

J.@( )Z ds (])

4.
H F(b - s) H {F(l—aj+ajs)} J

where 7 (s)=— /=1 Jj= IB P .. (2
I {r(l—bj+ﬁjs)}f I T(a;-a;s)
Jj=M+1 j=N+1

The nature of contour L in (1) and various restrictions on the parameters of the
H -function can be seen in the paper cited earlier.

If 4;(=12....N) and B, (j=M+1...0)are equal to unity, the H -function
reduces to H-function.

The following sufficient conditions for the H -function given by (1) have been

given by Gupta et al. [5]:

(i) Jare(2)] < %Qﬂ' and Q>0

1
(ii) |are(2)| = EQﬂ' , Q>0
and  (a) ¢ # 0 and the contour L is so chosen that (cg +0+ 1) <0

(b) ¢=0and (5+1)<0

0 P
where () = Z/}+2A ZBﬂ—Za
=N

j=l1 j=l1 j—M-i-l j

P M

Q
¢= ZAa D INCTED W D I

Jj=N+l j=1 J=M+1



On the n-Dimensional .. .. 145
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It may be noted that the conditions of validity given above are more general than
those given earlier, see [2].

Let a,a".B.8 .y C and x >0then the generalized fractional integral
operators involving Appell function F5 are defined by Saigo and Maeda [9, p.

393, Eq. (4.12)] by means of the following equations:
([&f':ﬁ:ﬁ':yfj(x)

- X '
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k
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Here, the function F5 (a.a’.f.f".7:x.y) is the familiar Appell hypergeometric
function of two variables defined by
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The operators (3) and (4) reduce to the Saigo fractional integral operators [8] due

to the following relations:
15T =TT ). () .(6)

0.3.8' —y-
Rl 1@ =TT 0. () NG
2. The n-Dimensional Saigo-Maeda Operator of Weyl Type

Following Miller [[7], p.82], we denote by %] the class of function f(x,)

on R, which are infinitely differentiable with partial derivatives of any order

behaving as o(|x1 |_§1) when x tends to « for all &,. Similarly by Us, we

denote the class of function f(x,,x,) on R,* which are infinitely differentiable
with partial derivatives of any order behaving as o(‘x1 ‘_égl ‘xz‘_§2) when x, and

x, both tends to « forall & (i =1,2).

In the same way, we denote the class of functions f(x,x,,...,x,) on

n

R+n , which are infinitely differentiable with partial derivatives of any order
behaving as O(M—é 52 .,,.\xn,‘fn) when x, - o forall & (i =12, ,n)by U,

The n-dimensional Saigo-Maeda operator of Weyl type fractional

integration is defined in the class U, by

o =y;
n L -1 np.”oooo © 7 .-l —a.
i=l|:[ Pi>® (pl P p) i=1 1"(7/1_) lepjz pjnizl(l pl) (l)
, , p t.
XF3[ai,ai,ﬂi,ﬂi,7i;l—ll,l—pl}}f(ll,lz,...,ln)dtldtz...dtn (8)
i i

where Re(ﬂfl- )>0, for i=12,.. . n



On the n-Dimensional .. .. 147

Taking o' =0,V i=12,.,n and using (6), the above equation yields the

n-dimensional Saigo operator of Weyl type

p.
x [0{1- + B0 —’}}f(l‘l,tz,...,l‘n)dtldtz...dtn

3. The n-Dimensional Laplace and H -Transforms
The n-dimensional Laplace transform f(p,.,p,....p,) of a function
f(x.%5....x, ) e U4,, is defined as

F(PrpyvPn) = LS (%0 %50 %, ): P Paoves P |

n
© =X P
“Ie i=1 f(xlsz,..,,xn)dxl dxy ...dx, .. (9
0

Il
oO—, 8
oO—, 8

where Re(p, )>0,i=12, .n.
Analogously, the n-dimensional Laplace transform of
(5 =2 H (5= A (7 = 22) (= 2) ot = 207 H (5= ) s

defined by the n- dimensional Laplace transform of F(x.x,.....x,), where

F(x,%,,....,x,)

= il =2) 5 =2) (3] =27 H (= )t =2 5= )|

(x, >4 >0;i=12,.,n) and /7 (;) denotes the Heaviside’s unit step function.
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Definition 1: By n-dimensional fj-transforms h(P1,P2,~~~,Pn) of a

function ' (xl,xz,....,xn), we mean the following repeated integral involving n-
different 7 -functions

— My N3 My, Ny M, N,
1 MM, Ny
[(xlxz,

HP Ql P Qz ,P Q 7xn);plap27"'7pn;p17p27"'7pn:|

h(p17p27"'7pn)

L L Pl s, N, ; ("zy':%';Avj)l,Ni7("1']':0‘1']')N.+1 P
=[ [T maes)™ E (i)
My m

1=

(b,'j;ﬂij)l,z\/[l_:(by"ﬂy’ l])M+1Q
X F(x,X,,...., X, )dx dxy..dx, ....(10)
Here, we assume that 4 >0.k; > 0,3 = l,2,...,n);h(pl, Pyses p,,) exists and belongs to

U,,. Further, let

1 .
<E¢i” i=12,..

arg (plkl) 5 &y an
i Ni 9 5
where ¢,-=Zﬂj!+2/1jaj— > ’Bjﬂj‘ 2 >0 for o120,
j=1 j:Mi+1 ]:N1+1

4. Relationship Between n- Dimensional H - Transforms in Terms of n-
Dimensional Saigo-Maeda Operator of Weyl Type
To prove the theorem in this section, we need the following n- dimensional A -

transform # (p,. p,.....p,) of F(x.x,....x,)

— M, +3,N1; My +3,N2 3o My, +3, N,

h =
1(]?1,]92, ’p") HP1 +3.0; +3:P, +3,0, +3:..8, +3.0, +3

[F(xl,xz,....,xn);pl,pz,...,pn;pl,pz,...,pn }
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s

% ﬂn
(+os + +f —y, —p.k).(+a —f = p k). (1= k)

(1+0‘ +ﬂ AT kl) G l]aﬂy)]Ma( l]’ﬂl]’BlJ)A/[ﬁ‘]aQ

-
¢
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F(5,%,....%, ) ds ey .,
~(11)

where 1t 1s assumed that A, (pl s Py s pn) exists and belongs to %, and
k; >0, (i =1,2,...n) and other conditions on the parameters in which additional
parameters «,,c;, 3,5 and 7,;i=12,...n included correspond to those in (8).
Theorem 1. Let h(pl,pz,...,pn) be given by (10), then for

Re(a;) > 0,Re(y;) >0, A >0,k >0;i=12,...n, there holds the formula

n

BBy
lnl{lp’ 7’}h(p1,pz,...,pn)=hl (PrsPysees P ) .(12)

provided that h, ( PPy pn) exists and belong to U,,.
Proof. Let Re(a;)>0.Re(y,) >0, Vi=12,...n, then in view of (8) and (10), we
find that
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On interchanging the order of integration which is permissible, we have

-y,
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X Iy (051',051' B By v l-

1 i

t
ﬂdtldtz dt }F(xl,xz,....,xn)dxldxz...dxn

..(13)

Now, we evaluate 7;.1,.-.1, integrals occurring in equation (13) by using the

following integral formula

o0

—_ — _1 ! ! [

It a+p 1(t—p)7/ F3[a,a,ﬂ,ﬂ,y;l—p,l—j
t p

p

—M,
Hp

N (t k‘(aj,Otj;Aj)LN:(ajaaj)NH,P dr
X

(aaaaA)lN:(a > )N IP:
=F(7)Pp”‘“‘lﬁ?1§j5+{pxk] ST

(1-ﬂ-p,k),(l+0{+0{ _7/_p’k)>
+a+a +f —y—p.k).Ad+a—B-p.k),1-p.k)
(+a+p _y_p:k):(bj:ﬁj)lM:(bjaﬁ';Bj)M_H’Q
provided that

Re(y)>0, Re(p)<l+k max Ref{(l-a;)/aj}
1<j<N

+min[Re(—ﬂ),Re(oz+0£'—7),Re(0!+ﬂ'—7)}

|arg z| < %Qﬂ (where ( is given in the definition of 77 -function).

Finally, interpreting the above result in equation (13), we get
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_oooo Lo Pl M, +3, N, [ k; (aij"aij;Afj)UVl-’
_/’[[j{.”j[lil;[l{(pixj) Hp'i30'+3 (p;%) A= - prok),

(aij"aij)Nl.—i-l,Pi’ (1"‘0‘,""051 +ﬂi,_7i_pi3kl'):
(l"‘al‘ +05," —7 _Pl'akl')a (1"‘0‘,' +ﬂ,‘, —Y; _pl'akl'):

(1"'0‘1' _’Bi _Pi:ki):(l_,oi:ki)

) F(x,x,,...,x, ) dx dxy..dx
(bij7ﬂij)l,Ml_7(bij:ﬂij:Bij)Mi+l,Qi:| (1 ? ) 172 "

—M1+3,N1; M, +3,N2 sy M, +3, N,
=H
B +3,Q1 +3.5 +3,Q2 +3;.5P, +3,0, +3

[F(xl,xz,....,xn);pl,pz,...,pn;pl,pz,...,pnJ
= (P12 Pssees Pn) (by (13))
S. Special cases
If we put 4;=58;=1y;=12 »n in equation (10), then we see that n-

dimensional 7 -transform reduces to another n-dimensional H-transform defined

as
/ M N M, N,.. .M, N,
_ 125712075227 P20 > '
H(pl,pz,---,pn)—HPl’ 0:P.0: ;men[F(xpxz, :xn) PPyl PPy pn}
WO W0 p -1 N, I ((ay’aij)l,P)
=] [..[TI (pixi) ! Hp_l, Ql (pixi) F(xl Xgorees xn)dxldxz d,
2,122 ﬂnlzl m ((bij’ﬁif)l,g)

..(14)
Corollary 1. Let ﬁ(pl,pZ,---,pn) be given by (14), and for %(a,)>0,4, >0,

k,>0,i=12,....n, then there holds the formula

n| a.,o B.B .y | » 5
Il H(PpPz _____ Pn):Hl(p1=p2 ..... pn) ... (15)
i=1
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provided  that I—?l( PPy p,)  exists  and  belongs to U, where
W W0 p pi—l M +3, N kl.
fﬂf jf (11) HP+3Q+3 (px)

ﬂ'l 2 n

(al]’al])l,l)l’(l_pl’kl)7

H(pl,pz, P )

(l_ﬂl _pl7kl)7(l+al +al _7/1 _plakl)a

(l+al+al +ﬂl _yl_pl7kl)7(l+al_ﬂl_pl7kl)
F(x,%,,...., X, )dx dx,...dx,
(o, + B~y —p k). (b ﬂ)lQ

We now deduce the results for the n-dimensional Mittag-Leffler function
transform from the above corollary 1.

Definition 2. The generalized Mittag-Leffler function introduced and studied by

i (D "
o6 0 o (on+e) (),

where O',g,é,/,teC;min.{%(a),%(g),ﬂ%(&),ﬂ%(u)}>0; 7,0>0 and ng-+sn(g),

Salim and Faraj [11] is defined as
EOHY (2) =

8

. (16)

Its relation with the H-function is obtained by Salim and Faraj [11] in the

following form:

R (0.1).(1-5.0)
Byt @) r(g) "5 o). c.0). (1= pr) - (17)

AN
Definition 3. By n-dimensional Mittag-Leffler function £ ( PPy pn) of a

function ' (xl,xz,....,xn), we mean the following repeated integral involving

n-different Mittag-Leffler functions.
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2?([7 ) ):E517ﬂ]:01;527ﬂ2702;~~~;5n7ﬂn70n
=2 n 01,61,11502,62,75,--50p,6p0,Th

o0 00 0 n pl_l é‘l"ﬂl"ul' kl
= I I I El{(Pixz‘) Egl_’gl_’rl_ [(pixl.) J F(x,%,,.....x, ) dx, dx,...dx, (1g)
where 6,,¢,,6,, 14 € C:min.{%(0;),%(5;).9%(5,). R/ (1)} >0, 7,0, 4 >0 and v, <7, + R (o)

A

Vi=12,..n, E(p,Ps,... p,) exists and belongs to U,.

If we use the identity (17) and make suitable changes in the parameters, then n-
dimensional H-transform reduces to n-dimensional Mittag-Leffler transform and

from Corollary 1, we arrive at the following:

Corollary 2. Let E(p.p...p,) be given by (18), then for 5}{(061-)>O,§R(]/i)>0,

ﬂ,l- >0,Vi=L12,.,n, then there holds the formula

ai’ai,’ﬁi’ﬁi,’yi r -
I E(plapza'“:pn):El(plapza"'apn) ...(19)

1 Pl.,oo

[

i
provided that £, ( Dis Posees pn) exists and belongs to U, where

A () T(w,)
El(pl’pz""’p”)_F(d) r(s,) ; zj
172
)

— 1
(pl.x.)

(to +o + B~y —p.k). (e, = —p.k)

Ut +f =y, =p k). 0.D.4~¢.k).(-p.7)

(1_ﬁl _plakl)7(1+al +al _7/1 _plakl)a

F(xq,xz, ..... xn)dx1 dx,...dx,
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6. Known Results

(1 If we put n =2 1n Theorem 1, then we get known result due to Saxena et
al. [12,p. 174, Eq. (4.2)].

(1)  If we put n=2 1n Corollary 1, then we get known result obtained by
Saxena et al. [14].

(1) If we reduce Saigo-Maeda operator to Saigo operator in Theorem 1, then
we get known result obtained by Chaurasia and Arya [3, p.10, Eq. (14)].

(iv)  If we reduce H -function to H-function and put n =2 in equation (15), we
get known result obtained by Saigo et al. [10, p.67].

(V) If we reduce Saigo-Maeda operator to Saigo operator and »=3 in
Theorem 1 then we get known result obtained by Chaurasia and Jain
[4, p.62, Eq. (4.1)].

(vi) Ifweput n=2 and g =7,=1,Vi=12 in Corollary 2, we get known
result obtained by Saxena et al. [13, p. 275, Eq. (36)].
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