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1. Introduction
Let A denote the class of functions f('z ) normalized by the following

Taylor-Maclaurin series
f(z):z+ianz”(ze]l))) ..(D)
n=2

which are analytic in the open unit disk
D={z:zeC/|z|<1}
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Some of the important and well-investigated subclasses of univalent function

class involves the class S~ (oc) of starlike functions of order o0 and K (oc) of

convex functions of order o in ). By definition, we have

S*(oc):{f.'feAandRe[Zj:'((z))]>oc (ze]D).‘OSoc<l)} .2

and

K(oc):{f.'feAandRe[lJrZj::'((z))]>oc (ze]D).‘OSoc<l)}. .03

Obviously
fl(z)eK(a)zf'(z)e S ().
An analytic function f (z) is subordinate to an analytic function
g(z) if there exists an analytic function W(Z) in D satisfying w(0)=0,
w(z)l< l(z € ]D)) and f (z) = g(w(z)). We denote this subordination by
f(z)=<g(z) (zeD) [cf. 2, p. 226]. )

Further, a function f( 'z )is said to be quasi-subordinate to g('z)in the

open unit disk D if there exists an analytic function ¢ z ) such that
f(z)/ @(z)is analytic in I,
f(z)

—=2<g(z) (zeD .. (5
o) (D)
and |@(z)| <1 (zeD). We alsodenote this quasi-subordination by
f(z)=<,8(z) (ze]D)). .. (6)
Note that the quasi-subordination (6) is equivalent to
f(z)=a(z)g(w(z)) (zeD) (D)

where \(p(z)\ﬁl(ze]l))).
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In the quasi-subordination (7), if ¢f z) =1, then it becomes the subordi-
nation (4). For analytic functions f(z)and g(z)in D,we say f(z)is
majorized by g(z) and write f (z) < g(z) (zeD), if there exists an
analytic function @z )in D satisfying |@(z)|<land f(z)=¢(z)g(z)(z€D). If
we take w (z) =z in (7), then quasi-subordination (6) becomes the majorization.

Hence quasi-subordination is a generalization of subordination as well as major-
ization. (See [3.4,10,11 ] for works related to quasi-subordination).

Subsequently, Brannan et al. [1] conjuctured that
a,1<\2
Netanyahu [8], on the other hand, showed for class X of biunivalent functions
a4 |= 5
The coefficient estimate problem for each of the following Taylor Maclaurin
coefficients | a, | (n eN{1,2,3:N={1,23, 4,...}) $ is presently still an

open problem.
Throughout this paper it is assumed that /4 is analytic in D with
h(0)=1and let these functions are of the form:

O(z)=A,+Az+ Az +.., )
h(z)=1+Bz+B,z>+.., B,>0,B eR". .9

Motivated by earlier works ([3], [7]) on quasi-subordination we define the

following classes:

Definition 1. 4 function f given by (1) is said to be in the class M (h)

(O <y<LteC/{0 }) if the following quasi-subordination holds:

%(f’(z)+yzf”(z)—l)-<q h(z)-1 . (10)
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Definition 2. 4 function f given by (1) is said to be in the class

/\/Bq (h) (B > O) , if it satisfies the following condition

{zf’(z)}[f(z)
f(z)

In this paper, the coefficient bounds of ’az ‘ and ’a3‘ and Fekete-Szego

B
} ~1=<, h(z)-1 .1

V4

coefficient functional ‘a3 - uazz‘ for functions in the classes M (h)and
N (h)are obtained .
Lemma 1.1[5,6 ] If p(z) =l+c¢z+c,z° +...e P, then for any complex
number |

‘cz - ucf‘ <2max. {l;|2v—l|} . (12)
Lemma 1.2[9] If p(z) =1+c¢z+c,z° +...e P is an analytic function in I

with positive real part, then

’cn‘SZ, neN .. (13)
Main Results
Theorem 1. If f given by (1) be in the class M (h), then

2 MBI 3 (1+27) Bz
— <——|1 1,—B — C) .. (14
’a3 “a2<3(1+2y)[ +max{ 7 A (L) + B (neC) .. (14
la kﬂ . (15)
1T 2(1+y)
T|B B
and ’cg‘ﬁﬁ{hrmax{l, ETH ...(16)

Proof. Let f € M (h),then there exists analytic functions ¢ in D with

’(p(z)‘ﬁl and u : D — Dwith #(0)=0and ’u(z)’<l such that
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1
;(f’(z)erzf"(z)—l):(p(z)(h(u(z))—l) ..(17)
Define the function p by
ltu(z) 5
p(z)—l_u(z)—l+clz+czz +... .. (18)
or equivalently
_p(z)-1_ l _i 2
u(z)—p(Z)Jrl—z{clzJ{c2 2]2 +} .. (19)

Then p is analytic in D with p(O) =1. Since u# : D) — D, the functions p has a

positive real part in 1), and ’cl.‘ < 2(i = 1,2). In view of (17)-(19), and we have

l 'Z Z"Z 1) = z p(Z)_l _
T(f( )+vaf"(z)=1) =@ )[h[p(z)—i—lj 1] ... (20)

Now using (19) together with (8) and (9), it is evident that

pz)-1) 1 1 G Byl
(p(z){h[p(z)ﬂj 1}—2AoBlcler{zA]BlclJrZ/JOB1 [cz 2]+ p cle}z +...
.. 2D
1 1 2
;(f,(Z)-F'YZ.f”(Z)_l):;|:2a2(1+’y)z+3a3(1+2’y)z +:| (22)
It follows from (20), (21) and (22) that
2a, (“—Y] LYol . (23)
T 2
and
3%[1227] :%AlBlCl +%BIAO [cz —%]+%cf . (24)

Since ¢f z )is analytic and bounded in D, we have [9, page 172].

|4,|<1-|4[ <1 (n>0) . (25)
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and using the well-known inequalities | ¢, |[<2 (7 =1,2) for functions with
positive real part, gives us the desired estimate on | a, |as asserted in (15).

Further,

2 2
B
a, —ua; = _r ABC, + A,B | c, B P At R 5 °Blc!
6(1+2y) 2) 2 +y

which implies

1 1 B 3ut(l+2y) 31} 2}

—wat| <= aBc|+|4B | e~ S-
2 Ha2‘<6(1+27) ABC |+ 1[02 [2 28,8 (117) b

Now using the inequalities ’cl.’ <2 (i =1, 2) and (25), we get
c,— %LZZ)AOBI +l[1_£] 012
8 (1 + y) 2 B,

the inequaity (26) reduces to the desired Fekete-Szego mequality (14).

‘T’Bl 1

3(1+2Y) +2 ...(26)

2
‘cg—uaz‘ﬁ

By using the estimate (12)

If we put u = 0in above inequality, we get desired estimate for | a, | as asserted in (16).

Corollary 2.1. For the class of strongly starlike function

1+z

h(z):( ] =1+20z+20’z" +...(0<a <1)

1-z
the inequalities (15) and (16) reduces to
4 |'t| o

RN A ()

and for ¢(z)=1 and

h(z):l+(ll—2y)z

=1+2(1-y)z+2(1=y)z" +...

which gives B, = B, = 2(1 - oc), then estimates for |a2 |and |a3|reduces to
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’a2‘<"t’(l_a) ‘ 3’<2’T‘(1—G,) (27)

o (l+y) © 3(1+2y)
Corollary 2.2 For ¢z )=1and t=1,y =0, we get the estimate for |a2 |and
la,| as

B
|a2|£?1, |a|< 31 max{ | 2|} .. (28)

Theorem 2. I f given by (1) be in the class '] (h) (=>0), then

%pcé<([3§+2)[l+max{l;w7 p‘ ZH (1eQ)... 29)

(B+1)
Bl
’aZ‘S(BJrl) .. (30)
and @\si 1+ max 1(B+ﬂ‘B 1‘ 1] .. (31
(B+2) (B+1) 2 B

Proof. Let f e NV} (h), then there exists analytic function ¢ in I with

’(p(z)‘ﬁl and u : D — I, with #(0) =0 such that

zf'(z) [f(z)T_lz W hiulz)—1 32

LI ooz ) e

If we define the function p('z )by (18) (or (19), then we have
() o
{f(Z)} z b=/ p(z)+1 -9

Also

' B
B((ZZ))W(ZZ)} —l:(B+l)azz+[(B+2)a3+(B—l)(B;2ja§]zz+...

.. (34)
Now using (21), (33), and (34), we get
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ay(p+1)= B4

and a3(B+2)+a22(B—l) 3 > 5 >

(B+2) _ ABq¢ AOB [ 012] Aoc1
Since o'z ) is analytic and bounded in I, therefore using the well-known
inequalities | ¢, |<2 (i=1,2) and (25) for functions with positive real part, gives

us the desired estimate on | a, |as asserted in (30).

Further,

2

1 ') B
’a3 —pa, ‘ < M@AIBIC1 |+|A4,B, [cz — %] +2 Al —

2

(B-1) 4B (B+2) pndBc( B+z\
4(B+1y 2(B+1) |

Again applying |A77| <land |cn| <2for n>1, we have

731 2+ cz—cl2 (B+2)Blf0(ﬁ_l+p]+l£1—&)
2(B+2) 2(B+1)" \ 2 20 B

Applying lemma (1.1), we get the desired inequality (29).

2
‘a3—ua2‘£

Now put 1 =0 in above inequality, we get desired estimate on | a, | as asserted in

(3.

Corollary 3.1. For B =1, the coefficient estimates becomes

a <E and |a <B 1+max. 1| 2|
ja| ja|
2 3 B,

Corollary 3.2. For B =0, the coefficient estimates becomes

5 {lerax {l B +‘ ‘H
2 B,

In subordinate case, the above inequality reduces to

’%’SB
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’a2’ < 5 and ‘a3‘ < i{max.{l,@H
2 3 B,

B B
la,|< B, and |a,|< ?[max.{l,Bl +|B_2|H

1

(1) For B=1

(i1)) For =0

Corollary 3.3. For ¢(z)=1,p=0and

h(z)z“(i‘;m)z=1+2(1—oc)z+2(1—oc)z2 o
We have

lay|<2(1-0) and |a;|<(1-a)(3—20)
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