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Abstract : In this paper we shall discuss a reliability model of a computer system
with two identical units- one is operative and other is kept as cold standby
considering maximum operation time (MOT) and maximum repair time (MRT) of the
unit. In each unit h/w and s/w components fails independently. There is a single
server who visits the system immediately to perform PM, h/w repair and replacement
and s/w replacement. The unit under goes for preventive maintenance after a
maximum operation time at normal mode. The h/w components under go for repair at
their failure and are replaced by new one in case these are not repaired up to a
maximum repair time. Although, only replacement for s/w components is made in
case s/w fails to meet out the requirements. Priority to the preventive maintenance
(PM) of the unit is given over replacement of the h/w components. The failure time
distribution of the components follow negative exponential whereas the distributions
of preventive maintenance, repair and replacement time are taken as arbitrary with
different probability density functions. Several reliability measures have been
derived using semi-Markov and regenerative point technique. The graphs are drawn

to depict the behaviour of the results.
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1. Introduction

The evaluation of computer system reliability is an important aspect for the design
of new systems and further development of the old one. A major challenge to the

industrialists now a day is to provide reliable h/w and s/w components for the computer
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systems. For this purpose, most of the scientists and academicians are trying to explore
new techniques for reliability improvement of the computer systems. In spite of these
efforts, a little work has been dedicated to the reliability modeling of computer systems.
And, most of the research work carried out so far in the subject of s/w and h/w reliability
has been limited to the consideration of either h/w subsystem alone or s/w subsystem
alone. But there are many complex systems in which h/w and s/w components work
together to provide computer functionality. Friedman and Tran [1] and Welke et al. [6]
tried to establish a combined reliability model for the whole system in which hardware
and software components work together. Recently, Malik and Anand [3] and Malik and
Kumar [2] suggested reliability models of a computer system with independent failure

of h/w and s/w components

Further, the continued operation and ageing of these systems gradually reduce their
performance, reliability and safety. And, a breakdown of such systems is costly, dangerous
and may create confusion in our society. It is, therefore, of great importance to operate
such systems with high reliability. It is proved that preventive maintenance can slow the
deterioration process of a repairable system and restore the system in a younger age or
state. Thus, the method of preventive maintenance can be used to improve the reliability
and profit of system. Malik and Nandal [4] has proposed a reliability model for complex
systems introducing the concept of preventive maintenance of the unit after a maximum
operation time. Further, the reliability of a system can be increased by making replacement
of the components by new one in case repair time is too long i.¢., if it extends to a pre-
specific time. Singh and Agrafiotis [5] analyzed stochastically a two-unit cold standby

system subject to maximum operation and repair time.

While considering the above facts and to fill up the gap, the present paper is designed
to evaluate some reliability measures of a computer system in which h/w and s/w
components fails independently. A reliability model of two identical-units is developed
considering computer system as a single- unit. Initially one unit is operative and the
other unit is kept as cold standby. In each unit h/w and s/w components fails independently.
There is a single server who visits the system immediately to perform PM, h/w repair,
s/w replacement and h/w replacement of the components. The unit under goes for
preventive maintenance after a maximum operation time at normal mode. The h/w
components under go for repair at their failure and are replaced by new one in case
these are not repaired up to a maximum repair time. Although, there is only replacement

or up gradation facility for s/w components. Priority to the preventive maintenance
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(PM) of the unit is given over replacement of the h/w components. The failure time
distribution of the components follow negative exponential whereas the distributions of
preventive maintenance, repair and replacement time are taken as arbitrary with different
probability density functions. Several reliability measures such as mean time to system
failure (MTSF), availability, busy period of the server due to PM, busy period of the
server due to h/w repair, busy period of the server due to h/w replacement, busy period
of the server due to s/w replacement, expected number of h/w replacements, expected
number of s/w replacements, expected number of visits of the server and profit function
are obtained using semi-Markov and regenerative point technique. The graphical behaviour
of the results has also been shown for a particular case to highlight the importance of
the study.

Notations

E . The set of regenerative states

NO The unit is operative and in normal mode

Cs The unit is in cold standby

a/b Probability that the system has hardware / software failure

A/ Constant hardware / software failure rate

a, Maximum constant rate of Operation Time

B, Maximum constant rate of Repair Time.

Pm/PM The unit is under preventive Maintenance/ under preventive
maintenance continuously from previous state

WPm/WPM The unit is waiting for PM / waiting for preventive maintenance
continuously from previous state

HFur/HFUR The unit is failed due to hardware and is under repair / under repair
continuously from previous state

HFurp/HFURP :  The unit is failed due to h/w and is under replacement / under
replacement continuously from previous state

HFwr / HFWR :  The unit is failed due to h/w and is waiting for repair/waiting for
repair continuously from previous state

SFurp/SFURP The unit is failed due to the s/w and is under replacement/under

replacement continuously from previous state
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SFwrp/SFWRP :
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g(t) / G(t)
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a, (©/ Q)

pdf / cdf

qij.kr (t)/Qij_kr(t) :

pt)
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E$/©
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The unit is failed due to the software and is waiting for replacement

/ waiting for replacement continuously from previous state
pdf / cdf of replacement time of unit due to software

pdf / cdf of repair time of the hardware

pdf / cdf of replacement time of the hardware

pdf / cdf of the time for PM of the unit

pdf / cdf of passage time from regenerative state ito a regenerative
state j or to a failed state j without visiting any other regenerative
state in (0, t]

Probability density function/ Cumulative density function

pdf/cdf of direct transition time from regenerative state i to a
regenerative state j or to a failed state j visiting state k, r once in
(0, 1]

Probability that the system up mitially in state S, € E is up at time

t without visiting to any regenerative state

Probability that the server is busy in the state S, upto time “t’without
making any transition to any other regenerative state or returning

to the same state via one or more non-regenerative states.

Contribution to mean sojourn time (p) in state S, when system

transit directly to state SJ. so that 4 :Zmz’j and m, =
-

[d0,(H)=—q; (0)
Symbol for Laplace-Stieltjes convolution/Laplace convolution

Symbol for Laplace Steiltjes Transform (LST) / Laplace Transform
(LT)

Used to represent alternative result

Transition Probabilities and Mean Sojourn Times

Simple probabilistic considerations yield the following expressions for the non-zero

elements
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[1- /(A= P Pris™ %[ -7 (M) = pyyy3 Dy =8 B). py = &[1 g (B)]

a0 ) bz \ all . ;
:p25 = F[ 1- 4 (B)]p2_11 = ?[ 1- 4 (B)]: p2_12 = ?[ 1- 4 (B)]:p3o = h (A): p37

al § a § bA
71[ 1- " (A)]= P37 P3o ™ 70[ 1- " (A)]= Ps1oo Pyg™ M (A) Psi0 ™ —2[ 1-

h*(A)]: p33_10) p51 =8 *(Bo): p5)16 =1- g *(Bo): p4_17 = @ [ 1- m*(A)] p62 :f(()), p72

=1 (0),pg, =/ 7(0), py; =77(0), p,;=#(), p,,=8 (B) Py = 1-8 (B Py

bAs

= —[ 1-m (A)] Piigr P12 ™8 *(Bo)ﬂ Pi21s = l-g *(Bo)ﬂ Pis, :f(o)> Pias =

A
m*(0)3p4.19 = %[ 1- m*(A)]: Pizig, P15, =M (O) Pigs ™ f(O) P74~ f(O) Pigs

MO, Doy = MO, Dy = 1 1-8 B 2 B b5 = 5 | 1-2 BII1-2 B

A1

p23_11 - B [ 1- 4 (B)][ 4 (Bo)]: p23_11)14 - B [ 1- 4 (B)][l- 4 (Bo)]: p22_12 - B [

1= gB) g B)Pr s = 5 | 1= €BII- g “(B)] where A=pis+ad +ay and

B=piotatitaot By > 2)

It can be easily verified that p,,+p P, = PP Pt P, 15 = Poy P, P,
p2,11+p2.12 = p30+p37+p39+p3,10 = p40+p4.17+p4.18+ p4.19: p5.1+ p5.16: p62: p72 = p83 = p91 =
p10.3 = p11.3 + p11.14 :p12.2+ p12.15 = p13.1 = p14.1 :p15.2 = p16.4 = p174 p183 p192 7p10
+p12.6+ p11.13 +pl3.8 = p20 +p24 +p21.5 +p2,16.5 +p23,11 +p23.11,14 +p22,12 p22.12,15 -
p30+p31.9+p32.7+p33.10 = p40 +p4.17+ p42.19+ p43.18: 1 (3)

The mean sojourn times (W) is the state S, are
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o
My + iy + 1y 5 + 1y 506+ My 1 + 1y 1515 + 1 45 + 15401, = Lb(say)

_ ! _ !
Mgy + Mgy + My, + Mgy g = 45 (saY), My + My g + My o+ 0y, 0 = 1, (say)

®)

Reliability and Mean Time to System Failure (MTSF)
Let £(t) be the c.d.f of first passage time from the regenerative state 1 to a failed
state. Regarding the failed state as absorbing state, we have the following recursive

relation for £, (t):

¢i(t) =2 Qi ()R ¢;(t)+ % Qi (t) ©6)

Where ; is an un-failed regenerative state to which the given regenerative state 7

can transit and £ is a failed state to which the state 7 can transit directly.
Taking LT of above relation (6) and solving for ¢~0 (s)
We have

1- ¢0 (s )
s

R*(s) = (7)
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The reliability of the system model can be obtained by taking Laplace inverse

transform of (7).

The mean time to system failure (MTSF) is given by

1= (s) N
T D ®

1

MTSF =lim

§—>0

where

N, = o + Py + Pyt + Pos s + Pry Pty and
D = l_p01p10 T Po2Pr ~ PosPso — PoaPaaPao

1

Steady State Availability

Let A(t) be the probability that the system is in up-state at instant ‘t’ given that the
system entered regenerative state 1 at t = 0. The recursive relations for A, (t) are given

4 (0)=M, (1) + 247 (1)©4; (1) )
J

Where ; is any successive regenerative state to which the regenerative state i can
transit through 7 >1 (natural number) transitions. M.(t) is the probability that the system
is up initially in state S, € £ is up at time t without visiting to any other regenerative

state, we have

MO (f) — e—(a/11+bﬂz+zx0)t’M1 (f) — e—(aA,IerﬂzﬂxO)tF(t) :MZ([) — e—(a/11+bﬂz+zx0+ﬂ0)tG(t)’

1\43 (t) — e—(aﬂ,1+b22+ot0)lH(t) , 1\44 (f) — e—(aﬂl+bﬂz+zx0)tM (f) (10)
Taking LT of above relations (9) and solving for Ag (s) , the steady state availability
is given by
L N,
Ay (o) =lims4,(s) =~ (11)
s—0 l)2
where

N2: (p24+ p2,16.5){-u0[(1- p11.13){ (p32.7p43.18+ p42.19(1'p33.10)) + Pi26P31 9Pas 15"
p13.8p31.9p42.19)]' l'tl[p01(p32.7p43.18+p42.19(1-p33.10))- p02p31.9p43.18+ po3p31.9p42.19]' Hy [(p01)
{ (p12.6p43.18' p13.8p42.19)+ (1'p11.13)p02p43.18'(1'p11.13)po3p42.19]+ u4[p01(p32_7p13_8+ Pi2s

(1'p33.1o))' poz('p31.9p13.8 + (1'p33.10 ) (1- p11.13))+ Pos ((1- p11.13)p32.7 + p31.9p12.6)]}+
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(1'p4.17){ l“Lo[(l' p11.13) {(1'p22.12-p22.12,15) (1'p33.1o)' p32.7(p23.11+ p23.11,14)}'plz.s{pzl.s(l'
p33.1o)' p31.9(p23.11+ p23.11,14)}'p13.8{p32.7p21.5+p31.9(1'p22.12-p22.12,15)}] T {p01 [(1'p22.12-
p22.12,15) (1'p33.10)' p32.7(p23.11+ p23.11,14)]+ poz[pzl.s(l'p33.1o)+ p31.9(p23.11+
p23.11,14)]+p03[p32.7p21.5+p31.9(1'p22.12-p22.12,15)]}+ ! {p01 [p12.6(1'p33.1o)'p32.7p13.8]' poz[(l'
p11.13)(1'p33.10)' p31.9p13.8]+p03[(1- Piias )p32.7+p31.9p12.6]}+ l“L3{p01 [(p23.11+ p23.11,14)p12.6'
(1-p22.12-p22.12,15)p13.8]+ poz[(l'pn.m) (p23.11+ p23.11,14)+ Pisg p21.5]+po3['p12.6p21.5+(1' p11.13)
(1'p22.12-p22.12,15)]}}

and

D2: (p24+ p2,16.5){u0[(1- p11.13){ (p32.7p43.18+ p42.19(1'p33.10)) t ProgPsoPusis”
p13.8p31.9p42.19)]' /‘"1 [p01(p32.7p43.18+p42.19(1'p33.10))' PoaPs1 oPas 15 PosPsi P o]t
/“é [(p01){ (p12.6p43.18' p13.8p42.19)+ (1'p11.13)p02p43.18'(1'p11.13)p03p42.19]+
(,u'4 + p23_11'u17)[p01(p32.7p13.8 + p12.6(1-p33.10))+ poz('p31.9p13.8 + (1'p33.10 ) (1- p11.13))+
Po3 ((1- p11.13)p32.7 + p31.9p12.6)]}+(1-p4.17){ l“Lo[(l' p11.13) {(1'p22.12-p22.12,15) (1'p33.1o)'
p32.7(p23.11+ p23.11,14)}'plz.s{pzl.5(1'p33.1o)+p31.9(p23.11+ p23.11,14)}'p13.8{p32.7p21.5+p31.9(1'
p22.12-p22.12,15)}] + {p01[(1'p22.12-p22.12,15) (1'p33.1o)' p32.7(p23.11+ p23.11,14)]+ poz[pzl.s(l'
p33.1o)+ p31.9(p23.11+ p23.11,14)]+po3[p32.7p21.5+p31.9(1'p22.12-p22.12,15)]}+ (){pm [plz.s(l'p33.1o)'
p32.7p13.8]+ poz[(l' p11.13)(1'p33.1o)'p31.9p13.8]+po3[(1' Piias )p32.7+p31.9p12.6]}+ {p01 [(p23.11+
p23.11,14)p12.6+ (1-p22.12-p22.12,15)p13.8]+ poz[(l'pn.m) (p23.11+ p23.11,14)+ Pisg Py s1HPosl-
p12.6p21.5+(1- p11.13) (1'p22.12-p22.12,15)]}}

Busy Period Analysis for Server

Let B/ (t) B*(t) BI.S (t) and BI.HRP (f) be the probabilities that the server is busy
in Preventive maintenance of the system, repairing the unit due to hardware failure,
replacement of the software and hardware components at an instant ‘t” given that the
system entered state i at t = 0. The recursive relations for B (1) B (1) BI.S (t) and

B™ (1) are as follows:

Bp Z q(n) @Bp
Bf Z q."” (1)©B (1
B Z q."” (1)©B; (t

B (1) Zq(”) ©B™ (1) (12)
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Where ; is any successive regenerative state to which the regenerative state i can
transit through ne”1(natural number) transitions. W (t) be the probability that the server
is busy in state S, due to preventive maintenance, hardware and software failure up to
time t without making any transition to any other regenerative state or returning to the

same via one or more non-regenerative states and so
W =e P B 1 (o PR Q 1)F (1) +Hake “ER© D)) +(bAe PO 1)E(R)
W, =e PRI Gl) 4 (e ORI DG () Hade OO DG +(BAe PO 1Y)
W, = AR () +(oge PRV (1) +(ade “APE'© DH(E)+(bAe PO DH(D)
W, =e AR [0 (e PO DM (1) +Hade “HPE'© DME) +(bAe AR M)
W =F), W, =F()

Taking LT of above relations (12) and solving for B/ (r) B*(t) BI.S (t) and
BI.HRP (f) the time for which server is busy due to PM, h/w repair and h/w and s/w

replacements respectively is given by

H S
. " . " . NE
B =limsB 7 (s) = —=— B =1limsB®(s) = —— B =lim sB*(§) = —=
0 s—0 0 ( ) D2 > 70 s—0 0 ( ) D2 > 0 ’ ) Dz
N R
and B, = lim sB™ (S) = - (13)

2

Nf (Z): (p24+ p2,16.5){ VK (O) [- p01{ P2z 7Pas1s + p42.19(1'p33.1o)} + Po2Pa1 oPus1s”

p03p31.9p42.19)]+ VVI7(O) p4.17 [pOI(p32.7pl3.8+ p12.6(1-p33.10))+ p02(-p31.9p13.8+ (1-p33.10 )

(1- p11.13))+ Pos ((1- p11.13)p32.7 + p31.9p12.6)]}+(1-p4.17){ [p01{(1'p22.12-p22.12,15) (1'p33.1o)'
p32.7(p23.11+ p23.11,14)}+p02{p21.5(1'p33.1o)+ p31.9(p23.11+ p23.11,14)}+po3{p32.7p21.5+p31.9(1'
p22.12-p22.12,15)}] + {p01[p12.6(1'p33.1o)+p32.7p13.8]+p02[(1'p11.13)(1'p33.1o)'p31.9p13.8]+po3[(1'
p11.13) p32.7+p31.9p12.6]}}

Nf (Z): (1- p4.17) VV;(O)[ p01{ Py Prsg p12.6(1'p33.10)} T Poo {'p31.9p13.8 +
(1'p33.10 ) (1- p11.13)}+ Pos {(1- p11.13)p32.7 + p31.9p12.6}]

NSS(Z‘)ZVV:(O) { (p24+ p2,16.5) [ p01{ PioePuziz ™ p13.8p42.19} * P (1'p11.13) Pusig”
(1'p11.13) po3p42.19)]+ (1'p4.17) [pOI(p32.7p13.8 + p12.6(1-p33.10))+ poz('p31.9p13.8 + (1'p33.10 )
(1- p11.13))+ Pos ((1- p11.13)p32.7 + p31.9p12.6)]}+(1-p4.17)[ p01{ p12.6(p23.11+ p23.11,14)+
p13.8(1-p22.12-p22.12,15)}+ poz{ (p23.11+ p23.11,14) (1- p11.13)+ p13.8p21.5}+ po3{(1'p22.12-
p22.12,15(1' p11.13)' p21.5p12.6}]}
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N3HRp (Z) = (p24+ p2,16.5) VV: (O) [ po1{ P3;Py5g + p12.6(1'p33.1o)} + Po> {-p31.9p13.8 +(1-
Pa310 ) (1- p11.13)}+ Pos {(1- p11.13)p32.7 + p31.9p12.6}]

Expected Number of Replacements of the Units

Let RI.H (¢) and R? (¢) the expected number of replacements of the failed hardware
and software components by the server in (0, t] given that the system entered the

regenerative state i at t = 0.

The recursive relations for are given as

R (1) =245 ()® 5+ R ()]

R} (1) = Zq(”)() 6+ 15 (1)) (15)

Where j is any regenerative state to which the given regenerative state 7 transits
and Oj=1, if j is the regenerative state where the server does job afresh, otherwise §j=
0.

Taking LT of relations and, solving for }NQOH (s) and }NQOS (s). The expected numbers
of replacements per unit time to the hardware and software failures are respectively of
given by

H

~ N
R} () = limsRY (s) = —

N

. 58 N4
Ry (e0) = lim Ry ()= —= (16)

2

Where D, is already mentioned.

Nf (Z) = (p22,12.15+ p23,11.14) (1-p4.17) [p01(p32.7p13.8 + p12.6(1-p33.10))+ p02(-p31.9p13.8 +

(1'p33.1o ) (1- p11.13))+ Pos (- p11.13)p32.7 + p31.9p12.6)]+ (p24+ p2,16.5) (p4o+ p4,2.19+ p4,3.18)[
pOl(p32.7pl3.8 + p12.6(1-p33.10))+ poz('p31.9p13.8 + (1'p33.10 ) (1- p11.13))+ Pos (- p11.13)p32.7 +
p31.9p12.6)]

Nf(l): (p24+ p2,16.5) [p01( Pi26Pasis” p4,2.19p13.8)+ p02p4,3.18(1' p11.13)' Pos (1-
p11.13)p4,2.19]+ (1'p4.17)[p01{ (p23.11+ p23.11,14)p1,2.6-(1-p22.12-p22.12,15)p13.8}+p02{p21.5p2,1.5+(1-
p11.13)(p23.11+ p23.11,14)}+p03{-p1,2.6p21.5+(1- p11.13) (1'p22.12-p22.12,15)}]
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Expected Number of Visits by the Server

Let N(t) be the expected number of visits by the server in (0, t] given that the
system entered the regenerative state 1 at t = 0. The recursive relations for N(t) are

given as

N; (f):?lz(,’;‘) (f)®[5j+Nj (f)} (17

Where | is any regenerative state to which the given regenerative state i transits
and Oj=1, if j is the regenerative state where the server does job afresh, otherwise §j=
0.

Taking LT of relation (20) and solving for N, o (5) . The expected number of visit per

unit time by the server are given by

L~ N.
No(oo)zlslg(}sNo(s): FS,WI’IGI‘G (13)

2

Ns :(p24+ p2,16.5) [p12.8 P31 9Puz10” p31.9p4,3.18p12.6)+ p02p4,3.18(1' p11.13)' Pos (1-
p11.13)p4,2.19]+ (1'p4.17)[ (1- p11.13){' (p23.11+ p23.11,14)p32.7+(1'p33.10 )(1'p22.12-p22.12,15)}'
p12.6{p21.5(1-p33.10 )+p31.9(p23.11+ p23.11,14)}-p13.8{p32.7p21.5+p31.9 (1-p22.12—p22.12,15)}]

9. Economic Analysis
The profit incurred to the system model in steady state can be obtained as
P= KOAO_KlBg —Kng—Kng—KztB(]){Rp—Kng —KéRg—K7N0
(19)

K, = Revenue per unit up-time of the system

K, = Cost per unit time for which server is busy due preventive maintenance

K, = Cost per unit time for which server is busy due to hardware failure

K, = Cost per unit replacement of the failed software component

K, = Cost per unit replacement of the failed hardware component

K

= Cost per unit replacement of the failed hardware

K, =. Cost per unit replacement of the failed software

K. = Cost per unit visit by the server
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Conclusion

For a particular case, the numerical results for some reliability and economic
measures are obtained for a computer system of two identical units in which h/w and s/
w components fails independently. The graphs for these measures are drawn with
respect to preventive maintenance rate (o) for fixed values of other parameters as
shown in figs. 2 to 4. It is revealed that MTSF, Availability and profit increase with the
increase of PM rate (o) and repair rate (0) of the hardware components. But their
values with the increase of maximum operation time (o). However if we increase the

constant rate of repair time (), the value of MTSF becomes more while the values of

Fig.1 State Transition Diagram
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availability and profit are decline . Thus the study suggested that the reliability and profit

of a computer system of identical units can be improved by
(1) Reducing the repair time of the h/w.

(i) Giving priority to replacement of the h/w components over preventive

maintenance of the unit.
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