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Abstract : In this paper, we introduce and study a new subclass of analytic function
with negative coefficients which is defined by using generalized Salagean operator
in the unit disc. By giving specific values of we obtain important classes studied by
various researchers in earlier works. In fact, an attempt has been made to have a
unified and detailed study of uniformly convex functions and starlike functions
corresponding to uniformly convex functions. The results presented here included
coefficient estimates, distortion theorem , closure theorem etc. of several functions

belonging to this class.
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1. Introduction
Let A s ( jeN= {l, 2,3,...}) denote the class of functions of the form

f(2)=z+ iakzk

k=j+1
which are analytic in the unit disk £ = {Z eC: |Z| < l}. For function fz) in 4,,
Al-Oboudi [1] defined
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D f(2)=f(2)
D f(2)=(1-0)f(2)+zf(2)=D, f(2)A =0
D} f(2)=D.D}" f(2)
Then Dif(2)=z+ Y, {1+(k-1)4} a,z*
k=j+1
If we put ), =1, we have Salagean operator introduced by Salagean [8].

With the help of differential operator D), we say that the function f(z) belonging to
A, isin S(n,m, j,a, ), if and only if

Re {w} >
Df(z)

for some  >(Qand forall ze .

Dy"t@)
Dt (z)

Let T] denote the subclass of consisting of functions of the form

f@=2-3 az, (a, 20). M

k=j+1
Further, we define the class T (n, m,j.a, l) by
T(n,m,j,a,2)=S8(nm,ja,A) T,
By giving specific values of n,m, j, o and A, we obtain important classes studied
by various researchers in earlier works (see [2 |, [3 ], [4]. [5]. [7]. [10]).

In view of this remark we see that a study of the class 7' (n, m,j.a, l) leads to

unified results on properties of various subclasses of univalent functions.

2. Main Results

In this section we give some results for the class. Our first result is contained in the

following theorem.

Theorem 2.1. Let the function f(z) be defined by (1), then f{z) belongs to

T(n,m,j,a,/l), if and only if

o0

D [+ =DA[(a+D{1+(k—Dr}" — oo, <1. 2)

k=j+1
The result is sharp.
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Proof. Assume thatf(z) c T(n, m, j,a, /1), then by definition

Re| DTG P2,
Dﬂf(z) Dﬂf(z)
Equivalently
1- i [1+(k-1)A] " a2 1- i [1+(k-1)A] " a2
Re k=j+1 > k=j+1 -1
1= > [1+(k-1) 4] a2 1= > [1+(k-1) 4] a2
k=j+1 k=j+1

i [l—i—(k—l) l}nm az - ﬁ: []4_(](_1) l}” .z

k=j+1 k=j+1

1- i [1+(k-1)2] a.z*" ‘

k=j+1

=

3)

Choosing values of z on the real axis so that left side of (3) is real and letting z — 1,
we get
{1— S [1+(k-1)4]"" ak} >ay [+ (k=2 =1+ (k=) 2] |,
f=j+1 f=j+1
which yields
i [+ -DA] (e + D{1+ (kK —DA}" —aJa, <1.
k=1

Conversely, suppose that (2) is true for , < g, then

Re {Dz*mf(z)} i

Dy ()

| DIf(2) =0

D3 f(z)

{1— > [1+(k—1),1}"””ak} zakw [+ (k=2 =1+ (k=) 2] |,

k=j+1 =j+1

If
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=S (k=) AT g 4| S 1+ (k-1) AT [[H(k—l) Al —1} a2

k=j+1 —a k=j+1 > O
1= > [1+(k-1) A a, | 1= > [1+(k-1) A a, |
k=j+1 k=j+1
That is, if

i [1+ Ak =D [+ D{1+ Ak —1)}" —ao, <1.

k=j+1
This completes the proof.

Corollary 2.1. Let the function f{z) defined by (1), is in the class T (n, m, j,c, /1)
then

0< ! k>j+1.

<o, < ,
[1T+Ak D] T(aa+D{l+ Ak —-1)}" —at]
The result is sharp for the functions

k
z

[1+ Ak -DT[(o+D{1+ Ak -1} —a]

f(z2)=z—- C))

Theorem 2.2. Let 0>, <a,,, Then T'(n,m, j,o,, ) DT (n,m, j,o,, 7).

Proof. Let the function f{z) be defined by (1), be in the class 7'(n,m, j,o,,A),
then by Theorem 2.1, we have

i [1+Ak-D]"[(o, +D{1+ Ak -1)}" -0, Jor, <1.

k=j+1
Consequently

D[+ Mk =D [0 + DL+ Mk - 1)} -, |a,
k=j+1

< Z.O: [1+ Ak =D]"[(or, + DI+ Ak - D} -ty ]a,

k=j+1

This completes the proof of Theorem 2.2 with the help of Theorem 2.1.
Theorem 2.3. For ¢ >0 ,T(n—i—l,m,j,a, /1) - T(n,m,j,a,/l)_
Proof. Let the function f(z)defined by (1), be in the class T(n+l, m,j, 0{,/1)

then by Theorem 2.1, we have
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i [+ Ak = D" (o + D{1+ Ak = 1)} —a]o, <1.

k=j+1
Consequently

S [+ Ak - DI (e + D1+ Ak~ D} —atlor, <1

k=j+1
< Y [D+AE =D [(a+D{I+Ak-1)}" — oo, <1.
k=j+1
This completes the proof of Theorem 2.3 with the aid of Theorem 2.1.
Similarly we can prove
Theorem 2.4. For 0<A, <A,,, T'(n,m,j,a, )T (n,m,ja,k).
Theorem 2.5. T(n,m,j,(x,/l) is a convex set.
Proof . Let the function
f(2)=z- Z akyvzk, (ak,VZO;V:l,Z) (5)
k=j+1

be in the class T (n, m, j,a,ft). It is sufficient to show that the function Ah(z)
defined by

h(z) =uh (2) + (- £,(2), (O<u<l

is also in the class 7'(n,m, j,a,A) . Since 0 < p <1

h(z)=z—- i [,uak)1 +(l—,u)ak)2}zk

k=j+1
with the aid of Theorem 2.1, we obtain
[+ A = DY o+ D+ Ak =1} — ot + (1= e, <1
k=j+1
which implies that #(z) e T'(n,m, j,a, 2).

Hence T(n,m,j,(x,/l)is a convex set.
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Theorem 2.6. Let the function f(z) defined by (1), be in the class
T(n, m, j,a,/l) then
Jor |z|=r<1
rj+l

1+ " [(a+DA+A)" —a]’

| D f(2)| =27~ (6)

and
rj+1
A+ " [(a+DA+A)" —a]’

for ,c pand 0<j<n.

| DLf(2)| <r+

(7)

Proof. Note that  f(z) €T (n,m, j,a,A). if and only if
D, f(z)eT(n—i,m, j,o,\) and that

Dif(z)=z- i [1+2(k-1)] a,2". (3)

k=j+1
By Theorem 2.1, we know that

1+ [(a+DA+1)" —a] i [1+A(k—Dla,

k=j+1

< i [I+Ak-D]" (o +D{1+ Ak -1} —at]or,

k=j+1
<1
That is
0 ) 1
1 k—DJa, < -
kgrl[ +7\’( )] ak < (l+7\l)n—z [(OH—l)(l-i—?u)m _a] (9)

B

D, f(z)]g]z\wf” i [l+/1(k—l)}i a, <r+p' 1

(142" [ (@+1)(1+2)" a|

and

rj+l
1+2)" T +1)(1+21)" —a]
This completes the proof of Theorem 2.6.

| Df(@)|=r -
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Corollary 2.2. Let the function f(z) defined by (1) be in the class
T(n,m, j,o,A). then for |z| =r < 1.

rj+l
O e =y = (10
and
1 f(2)<r+ : , (zek). (11

A+A2)" (e +D(A+A)" —a]
The equalities in (10) and (11) are attained for the function given by
Zj+l

A+2)"[(a+DA+A)" —a]

ORES

Proof. Taking j = Q in Theorem 2.6, we immediately obtain (10) and (11).
Theorem 2.7. Let f,(0)=z and

1 b

z (k> j+1,neN)
A+ -DN) " (a+DA+(k-DA)" —a]

fi)=z-

Joro,>0. Then f(z) isin the classT(n,m, j,o, \) if and only if it can be expressed

in the form
f(2)= iukfk(z) where 1, >0 and i“k =1 (12)
Proof. Assume that
2 i 1
f(2)=2 1t (2)=2- 2"
()= mfi(2)=2-2, (14(k=1)2)" [ (@+1)(1+(k-1)2)" -2t
Then it follows that
0 ; B m_ l
kzj:ﬂ [1+ Ak =D [(o+D{1+ Ak =1} —a] D e s GO —a] W,

o0

= Z B, =l-p, <1

k=j+1

So, by Theorem 2.1, f(z)e T (n,m, j,a,N).
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Conversely, assume that the function defined by (1) belongs to class . Then

a, < ! >
A+Gk-DA)T(a+D(A+(k-DAV)" —a]

(k> j+1, neN,).
Setting
w, =1+ -DA[(c +DA+ (kK —DA)" —a]a,, (k> j+1,neN,)

and 4; =1~ > My

k=j+1
We can see that f(z)can be expressed in the form (12). This completes the proof

of Theorem 2.7.

Theorem 2.8. Let the function f(z) defined by (1) be in the class
T'(n,m, j,a,N) then f(z) is close to convex of order p(0<p<]1) in |z|<r,
where

1 =1 (n,m,ah,p)

1

=inf Kl_ij {1+(k—Dr} [(oc +D{1+(k-DA}" - aﬂkl (13)

The result is sharp with the extremal function f(z) given by (4).
Proof. We must show that | f'(z)—1|<(1-p) for | z|<rl(n,m,o,A,p) where
r(n,m,o, A,p) is given by (13). Indeed we find from (1) that
, =z -1
|f (z)—l|£ Z kak|z| _
k=j+1

Thus | f'(z)-1|<(1-p),
2k k-1
; —a |z| <1
But by Theorem 2.1, (14) will be true if
kIQ=p)|z|(k-D) <A+ -DDn[(a + D)1+ (kK —DA)m— o]

thatis , if
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1

Iz]< Kl‘ij (1+ (k=AY [(ou + 1)1+ (k —)L)" —oc]T1 (15)

Theorem 2.8 follows easily from (15).

Theorem 2.9. Let the function f(z) be defined by (1) be in the class
T'(n,m, j,a,N). Then f(z) is starlike of order p(0<p <1), in |z|<r,, where

r, =r,(n,m,o,A,p)

1

:@K%j {1+(k—1)A)" [(aﬂ) {1+ -1nY" —ocﬂ ) (16)

The result is sharp with the extremal function f(z)given by (4).

Proof. It is sufficient to show that
| 2f " () /(f(2)) -1 (1-p),

for |z |<r,(n,m,o, A,p) where r, is given by (16). Indeed, we find again from
(1), that

© 3
Z —pak |z|k f<1. (17)

k=j+1 l -

But, by the Theorem 2.1, (17) will be true if

- o \ "
(ﬁjm <{1+ (k-0 [(a+1){1+x(k—1)} —oc}

That s, if

|z|< K%j {1+(k—Dr} [(oc+1){l+(k -a}” —ocﬂkl (18)

Theorem 2.9 follows easily from (18).

Theorem 2.10. Let the function f(z) defined by (1) be in the class

T'(n,m, j,o,A). Then f(z) is convex of order p(0<p<1) in |z|<r
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where

1y =r(n,m,a,\,p)

- ig{(%j {1+ (k- [(oc {1+ (k—1)A)" —aﬂkl.

The result is sharp with the extremal function given by (4).

Proof. The proof of the above theorem is similar to that of Theorem 2.9. Therefore

we omit the details involved.

Theorem 2.11. Let the function f(z) defined by (1) be in the class
T'(n,m, j,a,\)and let cbe a real number such that ¢ > —1. Then the function /'(z)
defined by

Fz)=z= [ f(Odt,  (c>-1) (19)

also belongs to the class 7'(n,m, j,a,\) .
Proof . From the representation (19) of f(z) it follows that
- c+1
F(z)=z- b.z", b= —|a,.
kzj;l k where 9% P
Therefore, we have

o0

Z [I+Ak-D]" (o +D{1+A(k -1} — )b,

k=j+1
< Y [+ME=DI'[(o+D{l+ Ak -1)}" —aa, <1
k=j+1
Since f(z)eT(n,m,j,o,M\).
Hence by Theorem 2.1, F(z)e T(n,m, j,o,A).

Theorem 2.12. Let the function f(z) defined by (1) be in the class

T'(n,m, j,a, ) and let ¢ be a real number such that ¢ > —1 Then the function

F(z) given by (19) is univalent in | z|<R* where
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D{1+ k- D{l+k-DAY" —a | |
oo EDIT DA T D1 -0 o

, k> j+1.
k (c+k)

(20)
The result is sharp.

Proof . From (19), we have

(1-o)r ,¢ ! ©
V7 [2°F(2)] (c+k)
fo=t—E oy Y
c+1 i (e +1)
In order to obtain the required result, it suffices to show that
| F'(z)-1|<1,, whenever| z |< R", where p*is given by (20).
°° kic+k _
( ) | Zlk b

S (e+1) k

Now 1‘

il k(C+k) | |k1

Thus | F'(z)-1|<1 if > Wk 1. (21

k=j+1

But, Theorem 2.1 confirms that

> (k-1 [(a+l){l+%(k—l)}m—aJsl. @)

— [T <[+ Mk =D [(oe+D{1+ Ak 1)} — o]

That s, if

1

2} {k((c 1) {1+ (k-DAY" [(oc+l){l+(k A" —Ocﬂ,ij-irl (23)

Therefore, the function given by (19) is univalent in |z |< R".
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Let the function £, (z), (v =1,2) bedefined by (5). The modified Hadamard product
fi(z) and f,(z) is defined by
h*Nz)=z2- Z aa,z". (24)
k=j+1
Theorem 2.13. Let each of the function f (z), (v=12) defined by (5) be in
the class
T'(n,m, j,a,N). Then f * f,(z)eT(n,m,j,a,N\) where

A+ (oA DA+ G =l —(1+K)"
- 1+X)" -1

B (25)

The result is sharp.
Proof. Employing the technique used by Schild and Silvarman [9], we need to find
largest

B =PB(n,m, j,o\) such that

o0

D MG =DIIB+D{+ Ak -1)}" ~Blov, @, , <1.

k=j+1

Since i [1+Ak =DI"[(o+ D1+ Mk -1)}" — oo, <1

k=j+1

and i [1+Ak -DI'[(a+D{1+A(k -1)}" —ao, , <1

k=j+1
By the Cauchy-Schwarz inequality, we have
D [+ Mk =DT"[(a+ D1+ Mk =D} —al, o, o, <1.
k=j+1

and thus 1t 1s sufficient to show that

[1+ACk =DI'[(B+D{1+ Ak -D}" = Bloy 1, ,

<[I+Ak=DI"[(c + D {1+ Ak -1}" —a]for, o,
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That is

< [(a+D{1+Ak-1)}" —a]
[ B+DO+ME-1" -]

1
Note that /%1 %2

) [1+ Mk -D [0+ D+ Ak -1} —a] -

Consequently, we need only to prove that

(k> j+1).

Ol Oy s

1 < [(@+D{1+A¢k-1)}" —o]
[+AG =D [(a+D{I+AE-D}" —o] ~ [B+D{1+Ak -1} -B ]

Or, equivalently that
BL{l+ Ak -1} —1]+{1+ Ak -1} <[1+ Mk -D]"[(cc + D{1+ Mk -1} —a]

g < (L2~ DY o+ D1+ 2k DY o1+ Mk~
- [ Ak—D]" -1 (26)

Since right hand side of (26) is an increasing function of £, letting £ = j+1in
equation (26), we have

B< 1+ )" (o +DA+A)" —a] —(1+2j)"
a (1+2)" -1

which proves the main assertion of Theorem 2.13. Finally, by taking the function

l j+1

MO ey @

We can see the result is sharp.

Theorem 2.14. Let f,(z) e T'(n,m, j,o,\) and f,(z)el(n,m,j,y,\) Then
L* (el (n,m,jE N) where

&=8&(m,m, j,v, L)

_ () T+ DA+ A)" —al[(y + DA+ )" —v] - (1+2/)"
(1+1))" -1
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The result is best possible for the function

1
1+ 1) [ +D{l+Aj}" —a]

j+1

fi@)=z-

1
A+ Ty + DA+ " —v]
Proof. Proceeding as in the proof of Theorem 2.13, we obtain

£ < [+ Ak D] [(a+ D1+ Mk —1D)}" —o[(y + D{T+AA - D" —y]-{1+v(k—D)}"
- [1+Mk-D]" 1 ’

Jj+l

and fr(z2)=z-

(k>j+1)
Since the right hand side of (29) is an increasing function of £ , setting £ =2 in (29),
we obtain (28).

This completes the proof of Theorem 2.14

Corollary 2.4. Let the function f,(z) defined by

fi(2)=z-3 a7, (4., 20,v=12,3) (30)
k=j+1

be in the class T(n,m, j,o,A).

(LW* L)) el (nm, j,8,0),

where,

_ 1+ (o + DA+ A1) —al =1+ 4))"

)
1+ 7)1 G
The result is best possible for the functions
f(@)=z- 1 3
: A+ ) [+ DA+a)" —al (32)

Proof . From Theorem 2.13, we have (v=1,2,3),,
(f,* f,i(z)eT(n,m, j,B,\) where B is given by (25).
Now, using Theorem 2.14, we get

(f*f,* fi)(z)eT(n,m,j,d,N) where  is given by (31).
This completes the proof of corollary.
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Theorem 2.15. Let the functions f,(z) (v=12) defined by (5) be in the

class T(n,m, j,a,8), then the function

o0

h(z)=z— Z (ai,l +0€i,2)2k (33)

k=j+1
belongs to the class T(n,m, j,n,A), where
(1+2)" [(o+ DA+ )" —a] —2(1+Aj)"
2{(1+7j)" -1} '
The result is sharp for the function defined by (27).

n=n(n,m, j,o,A)= (34)

Proof. By virtue of Theorem 2.1, we have

i [1+A(k - D]"[(o + {1+ Ak —D}" —atlor;,

k=j+1

< { i 1+ Ak -D]" (e +D{1+ Ak —-1)}" —oc]ockyl}

k=j+1
<1 (35)
and

i [1+A(k —D]"[(+ D{1+ Ak —D}" —aler; ,

k=j+1

< { i [1+Ak =D (o +D{1+ Ak -1} —oc]ockyz}

k=j+1
<1 6
It follows from (35) and (36) that
© ) ) - 2
kzlz[{l +A(k-1)} {(oc +D){1+A(k-1)}" - a” (a,+ai,)<1. a7

Therefore, we need to find the largest n such that
[+ Ak =D}" (n+ D+ Mk -1)}" —n]

< %[{lJrk(k—l)}”(oc+l){l+k(k—l)}'” —af
That 1s
{1+ 0k =D (o + D1+ Ak - DY —a ] —2{1+ Mk -1)"}
n<
2[ {1+ Ak —1)" -1} | : (38)
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Since right hand side of (38) is an increasing function of & , we readily have

< UMY T+ DI +A)" —ad] 201+ Mj}"
B 21+ Mk —=1)" ~1]

and Theorem 2.15 follows at once.
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