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1. Introduction

Let A denote the class of functions of the form

fe)=z+) a,z", (1.1)

which are analytic and univalent in the open unit disk U := {Z zeC and |z|< 1}.

Let S, §"and K denote the usual subclasses of 4, whose members are univalent,
starlike and close-to-convex in U, respectively. Also let S"(a) denote the class of starlike

functions of order o, 0 < o <1.

For any two analytic functions fand g in U, we say that f'is subordinate to g in U,
written as f(z) < g(z). 1if there exist a Schwarz function w (z) such that /' (z) = g
(W(z)), for z eU. In particular, if g is univalent in U, then f'is subordinate to g iff /(0)
=g and f(U)cgU).

Gao and Zhou [2] discussed a class K of analytic functions related to the starlike

functions, that is the subclass of f(z) € S satisfying the inequality
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R (Mj <0 (zel),
g(2)g(-2)

1
where €S (Ej

Recently various interesting generalization of the class K have been studied from
number of different viewpoints. We choose to recall here the investigations by Wang ef
al. ([13],]14]), Kowalczyk and Less-Bomba [6], Xu ef al. [15], Seker [10], Cho er al.
[1] and Goswami ef al. [3] that introduced the generalization of class K and provided

some properties for analytic functions in each classes.

In class K the assumption that g (z) is starlike of order - makes the function

2
- - - - t
% starlike. So instead of % , We can consider % with 0 <[t| <
« 1 t
1, because if g(z) €S [5] then % is also a starlike function which motivates us

to define a new subclass K (t, A, A, B) of close-to-convex functions as follows:

1.1 Definition : Let the function f (z) be analytic in U and normalized by (1.1),
w1
then f'e K (t, A, A, B) if there exists a function &) €8 [Ej such that
2 (2)+ Az° f'(2) - 1+ Az

g(2)g(tz) 1+ Bz (1.2)
iz

(0<AL],-1<B<A4<1,ze ).
For t = -1, we obtain the class K (A, 4, B), recently studied by Wang and Chen [14].

The class K (t, A, 4, B) contains the several known classes of analytic functions for
different suitable selections of parameters. We also note that the class K (t, A, 4, B) is
closely related to the class MK (4, B) for meromorphic functions [11].

. 1+ Az
The transformation
1+Bz

involve in the class K (t, A, 4, B) is analytic and convex

univalent in U. Moreover
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0< (-1« B<A4<1, zel).

1-A 1+ Az 1+A
<R <
1-B 1+ Bz 1+B

In the present work, by using the principle of subordination we obtain inclusion
relation, coefficient estimates, covering theorem, distortion property and Fekete-Szego
problem for functions in the functional class K (t, A, 4, B). Result obtained here unify
and extend the known results due to corresponding results by Wang and Chen [14], Gao
and Zhou [2], Kowalczyk and Les-Bomba [5], Cho ef al. [1] etc.

Throughout our present discussion, we assume that -1 <B<A4A <1, 0<|t|<1, 0<A
< 1.

2. Properties of starlike functions
In beginning we prove the following result of starlike functions:

Theorem 2.1 Let O<oa, +a,+.+a —n+1<1,0<t<land ¢e S (a):
i=1,2, ..., n Then

I & 1 .
HH Z—gzﬁi(ll.z)eS (o, +a, +..+a,—n+l).
i=1 i

Proof: Let . € S(a), by definition we know that

i}{m}>0@; i=12,.,n
¢.(2)
Next, we suppose
I 4 1
mz)=—=|] —4@2).
AN
Then, we easily find that
zh'(z) _ - L,28,'(42)
—(n-1)+ Z
h(z) o $2)
it follows

zh'(z) tzg '(t.z)
g 2142 R
(h(z)j n=+3; ( 4,2) j
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>(oy +o, +..+a, —n+l)

which concludes the result .

Forn=2,a =a,= 7 and t, = 1, Theorem 2.1 gives the following corollary:

1
2

« 1 2)g(tz .
Corollary 2.2 Let 8(z) €5 [EJ and 0 < |t| < 1, then gB)s) )zf @) s

Theorem 2.3 : Let
2 n * 1
g(z):z+z; bz"eS 5 ) 2.1

Then

b, +B,b, (1 +bb, L7+ b, b b <m0 <[]<]),

Proof : Let

G(z) = 8(2)8(2). (2.2)
1z

According to the corollary (2.2), G(z) is a member of the function class S™. If let
Gz)=2+ c,2", (2.3)
n=2

then it 1s well known that

<n. (2.4)

Substituting the series expansions of g (z) and G (z) in (2.2) and compare the

coefficients of both the sides of this equation, we get
c,=b,+bb, t+bb, t*+. . +b bt"+bit"" (2.5)

Now (2.4) and (2.5) give the desired result.

3. Inclusion relationships

We first prove the following inclusion relationship for the class K (t, A, 4, B), which

tells us that K (t, A, 4, B) is a subclass of close-to-convex functions.
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Lemma 3.1 : Lety>0and f € K, then

1

“L[° fordiek.

z
This lemma is a special case of Theorem 4, obtained by Wu [12].
Theorem 3.2 : Let 0 <A <land-1<B<A<1. Then

K (tAA B cK S

Proof : Suppose that

F(2)=(1-2)f(2)+ A2f'(2) and Gy =E2ED
with f'e K (t, A, 4, B). Then the condition (1.2) can be written as

zF'(z) - 1+ Az
G(z) 1+Bz

(zel).

By corollary 2.2, we know that Ge S”, thus we have
F(2)=(10-A)f(2)+Azf'(z) e K.

We now split it into two cases to prove

(1) when A = 0. It is obvious that f=F € K.

(2) when 0 < A < 1. By noting that /= (1- A) f+ Azf’, we find that

1 17% z %2
f@==z jo F(Ht* dr.

Since

1
_Liso
=3

by lemma 3.1, we know that /€ K. Therefore
Kt AABcK S
The proof of Theorem 3.2, is evidently completed.
Lemma 3.3 : (See/8]) Let-1<B,<B, <A <A <1 Then

1+ A4z - 1+ A4,z
1+Bz 1+B,z
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Theorem 3.4 : Ler0<A<land-1<B <B <A <A <1 Then
K (t,A,A4,B)cK (t, A, 4, B).
Proof : Suppose that f € K_(t, A, 4,,B,). Then

tz(2f'(2)+ A2 £7(2)) PREVE

g2(2)g(tz) l+Blz'

Since -1 <B, <B, <A <A < 1. By lemma 3.3, we have

(' (D) + A2 () 144z 1+ Az
=< =<
g2(2)g(tz) 1+Bz 1+B;z

it follows that /(z) € K_(t, A, A,, B,), which implies the inclusion result.

4. Coefficient estimates

In this section, we obtain the coefficient estimates of functions belonging to the
class K_(t, 2, A, B).

Lemma 4.1 : (See [/9]) Let

h(z)=1 +i h,z"

n=l1

be analytic in U and

k(z)=1 +i k,z"

n=l1

be analytic and convex in U, if'h (z) < k (z), then
I, | <[k, (neN).
Theorem4.2 : LetO<A<land-1<B<A<I If

flz)=z+) a,z" €K, (t,A,4,B),

n=2

then

1 (A-B)n-1)
’an|£1+k(n—l) [H 2 ] (e @.1)
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Proof : From the definition of K (t, A, 4, B), we know that there exists a function

with positive real part

p(z)zl—i—i p,z" (zel)
n=1
such that
' (2)+ A2 f"(z) 1+ Az
z)= <
P(z) g(z)g(z) 1+ Bz (4.2)
iz

By lemma 4.1,we have
pa| < (A-B) (n e N). 4.3)

At the same time, Theorem 2.3 gives if

G(z) = g(Z)g(fZ) +Z ¢z

then |c

n

<n 4.4)
Upon substituting the series expression of function f'(z), G (z), p(z) into equality
(4.2) and comparing the coefficient of two sides of this equation, we get
na [l+n-l]=c, +pc, ,+p,C, ,+..+ P, C,+ P, (neN). 4.5
Combining (4.3), (4.4) and (4.5), we have

1 (lJr(A—B)(n—l)j
1+ A(n-1) 2

nl=

This evidently completes the proof of Theorem 4.2.

1
Theorem 4.3 : Let S€S (Ej be a function given by (2.1) and -1 <B <A< 1,

0 <A < 1. If an analytic function fin U defined by (1.1) satisfies the inequality

(l+|B|)Z {l+k(n—l)}n’an‘+(l+’A|)Z .| < (A-B), (4.6)
n=2 n=2
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where for n=2,3... the coefficients c_is given in Theorem 2.3, then fe K (t, A, 4, B)
and it is generated by g. In particular, if

1+ |B|)i {+%@0-Dinfa,|<(A-B),

n=2
then fe K (t, A, A, B) and is generated by g(z) = z.
Proof : Weset for / given by (1.1) and g defined by (2.1)

g(2)g(lz) Ag(z)g(tz)
tz tz

>

M= ‘ZF'(Z) -

- ‘— BzF'(z) +

where zF° (2)=zf (z)+ A 221" (2)

M = Z;‘ {1+ A(n—-D}na, z" - Z;‘ ¢ z"|—|z(A-B)— Z; {1+ An-1}na, z"B+ AZ; cz"
4.7

Hence, for z €U, using (4.6) we have the inequalities

M < Z d+rm-Dinfa,[2" + Z e, 2"
n=2 n=2

- [(A ~B)+ Y. {1+xm-Dinfa, |2 B~ A e, ||z|n]

n=2 n=2

n

an

V4

cn

V4

:—(A—B)|z|+(l+|B|)i {1+ A(n—1)}n ! +(l+|A|)i

an

HHAY, |

< [(A—B)+(1+|B|)§ {1+ A(n-1)}n
<0.

From the above calculation we obtain that M < 0. Thus by (4.7), we have

‘zm) _e@e)|
tz

B + PEE()
tz

; (zel)

which is equivalent to the inequality (1.2). Thus /'€ K (t, A, 4, B) and it completes
the proof.
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5. Covering theorem
In this section, we give the covering theorem for the class K (t, A, 4, B)

Theorem 5.1 Ler f € K (t, A, A, B). Then the unit disk U is mapped by f on a

21+2)
[2+(A-B)]+41+n)

domain that contain the disk |@ [< 1, where T =

Proof : Suppose that /e K (t, A, 4, B), and let o be any complex number such
that f (z) # o, for z € U. Then o # 0 and

M:H[a +L]zz+...
0, - f(2) C o,

is univalent in U by Theorem 3.2. This leads to

1
a, +—
®g

< 2. (5.1)

On the other hand, from Theorem 4.2, we know that

|azys(l+k){1+(A;B)}. (5.2)
Combining (5.1) and (5.2), we deduce that
o] > —L > 2(1+7.) .
a,[+2 2+ (A-B)|+40+2)
we thus complete the proof of Theorem 5.1.
6. Distortion theorem
Now, we prove the distortion theorem for the class K (t, A, 4, B).
Theorem 6.1 : Let 0<A <1, -1 B<A<Iland fe K (t, A, 4, B).
) If X =0, then for |z]=r < 1, we have
[ %dlﬁ\f@)!ﬂ; % ..(6.1)
(i) If 0 <A <1, then for |z=1 < I, we have

1 1** 1-Al L, 1 1L
L R e P
0 a-Bha+r)" ° s<|f @<
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1+ Al -2
L1 Wi S (6.2)

Proof : Suppose that /'€ K (t, A, A, B). Then from the definition of subordination

between analytic functions, we deduce that

1-Ar - l—A|a)(z)| - |Z{zzf'(z)+ﬂ,z3f”(z)}|
1-Br ~ 1-Blo(2)| “ 2(2)g(1z) ‘

2of'(2)+ A2 f"(2)| 1+ Ao(2)|
‘ 8(2)g(iz) ‘ 1+ Bo(z)|
1z
1+ do(z)| 1+ Ar B
“T4Blo@)| 148 (e=r<D 63)

where o is a schwarz function with © (0) =0 and |0 (2)|<1 (z €U).

z)g(tz
Since G(z) = % (z €U) 1s an starlike function. It is well known that
<|G(z)|< (Jz|=r<1) (6.4)

1+
It now follows from (6.3) and (6.4) that

1-Ar
(1-Br)1+r?)

1+ Ar

< ‘Zf,(Z) + Az f”(Z)‘ < m

(’Z‘ =r< 1). (6.5)
Upon integrating (6.5) from 0 to r, we have

r 1- Al
I

' v 1+ Al
0 mdlq(l—z)ﬂz)mzf (Z)|Sf

o (1+BH(1-1*)
(6.6)
To complete the proof we consider the following two cases:

(1)) when A =0. From (6.6) we casily get (6.1).
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(i1)) when 0 <A < 1. From the proof of Theorem 3.2 together with (6.6), we readily
arrive at (6.2).
7. Fekete - Szego Problem

In this section we require the following lemmas:

Lemma 7.1 : (See/5/,/7]). Ifp(z)=1+cz+tczZ+czZ+ .. (zel)isa
function with positive real part, then for any complex number p

’cz - ucf’é 2max{1,

2u-1}

1+z° d (Z)_1+Z
1-2° and P -z

and the result is sharp for the functions given by p(z) =

(z €U).
Lemma 7.2 (See/4]). Let G(z)= Z+Zj:2 cz' +..eS.

Then ’03 — el ‘S max {1,

3—-4A)}

1

1 1
=+ and for () =25 if
1-z

3
which is sharp for the Koebe function £ if ‘X—Z

P
4

<

‘ 3

1
1

Theorem 7.3 :  For a function f (z)=z +az’+azz’ +... belonging to the class
K (t, X, A, B) and p €C, the following sharp estimate holds

(4-B) 1
‘a3 _/UQZZIS mma}( {1, 2'Y1 _1‘} +maXm{1, RE 4#1‘}
DA-B)—____H | 71
3(1424)  2(1+4)?| (7.1

where

_O+MJ(A—BXHJD+3MA—BY
" 4-B)| 20a+2n) 8(1+ 1)

3 (1+20)u
=
4 (1+2)
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Proof : Let f(z) € K (t, X, 4, B), then

Zf'(2)+ A2 f"(z) 1+ Ao(2)
G(z) " 1+ Bo(z)

(zel), (7.2)
where G(z) is given by (2.2) and o(z) is schwarz function which is analytic in U
with ®(0) = 0 and o (z)| £ 1.
Let

I—HD(Z; =l+dz+d,z> +... (7.3)

hlz) = 1-o(z

then Re /(z) > 0 and h(0) = 1. From (7.2) and (7.3), we get

Zf'(2)+ A2 f"(z)  1—A+h(z)(1+ A)

Gz 1-B+h(z)1+B) (7.4)
Using the series expansions in (7.4), we have
1+@a,(1+A)-¢c)z+@Ba,(1+20)-c,-2ca (1+1)+c)z+ ..
d(A-B)z (A-B) 1+B
=1+ Tt d, —d} - 22+ (7.5)
Equating of coefficients in (7.5) gives us
2¢,+d,(A-B)
a,=——=
T, (7.6)
1 (A-B) d’(1+B)
a, = c, + de, +d, ——1——~
; 3(1+2x)[ T [ TR T (7.7)
Therefore, we have
2| (A-B) 2 2
‘5’3 —Wz‘ﬁm‘dz —1Nd, ’+m‘% —#102‘
A-B 1
e, -l
2 30+2A%) 2(1+2)

Now, the desired result follows upon using lemma 7.1 and 7.2.
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