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STRESS INTENSITY FACTORS OF A GRIFFITH CRACK
OPENED BY ASYMMETRICAL FORCES AT CRACK
FACES IN THE INFINITE ISOTROPIC STRIP
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Abstract : The exact expressions of stress-intensity factors and of crack shape of
a Griffith crack are obtained by using finite Fourier sine and cosine transforms. The
crack is opened by asymmetrical system of force at crack surfaces. The crack is in

isotropic infinite strip of width 2a.
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1. Introduction

Rectangular strips are very commonly used in structures like wing or fuselage of an
aircraft or in a machine. This strip strengthens the strength of the structures. After
continuous use of structures these strips may develop cracks under hydro-static pressure
or air pressure. Cracks are in opening mode or mode-I . Structure undergo twisting
,then strip may fracture or develop fracture under tearing mode or mode-II. Mode-II is

called crack under shearing force.

Using global theory Zhou Shan et al. [13] discussed the behavior of a Griffith-
crack in functionally graded piezoelectric material under anti- plane shear. The problem
is reduced to dual integral equation. Then they used Schmidt method to solve the dual
integral equations. Ruiz et al. [9] discussed a new theoretical model based on critical
shear crack theory. They investigated the strength and ductility of shear reinforced

slabs.
© 2013 RAOPS. All right reserved
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There are few more interesting problems dealing with shear crack theory

[4],[5].[6].[8]and[12].

If the crack occupies the region y =0, 0 < ‘x‘ < b < aand the edges of the strip of

width 2a are rigidly lubricated, then the physical problem is translated to mixed- boundary

value problem as below :

o,(ta,y)=0
u (ta,y)=0,0< ‘y‘ <

and 2a is width of the strip.

Y-axis is bisecting the crack y = 0,0 < ‘x‘ <b.

The continuity conditions are
0,(x,0)=0,,(x0)b<|x<a
0,,(x,0)=0,(x0).b<|x<a
u (x,0")=u(x,0),b< ’x‘ <a
u,(x,0")=u,(x,0),b< ‘x’ <a

The boundary conditions over crack faces are

o, 0<x<b

-b<x<0

o, (x,0") :{
. D; >
0<x<b

-b<x<0

ny(x,O*):{ qj ’

2 5

(D
2

3)
“4)
®)
(6)

(M

®)

The symbol (+)over quantities refer to values of functions for y >0 and

y < Orespectively. We found throughout that ( see [1])

,(x,00)>0 0<|x|<b.

which means that the crack really opens, and the crack faces do not meet each other

except at crack tips (£5,0).
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The finite Fourier transforms are defined as (see [10])

F.(a,)= jo” f(x)coso xdx

Fy(o )= jo” f(x)sino. xdx

1 T
o, =nq or o, =m--)q, q=—
2 a

The plan of the paper is as follows: in §2 the problem is formulated and it will be
reduced to dual series equations. The solution of dual series equations is given in §3.
The physical quantities are given in§4. §5 will present the special type of loading. The

Discussion and conclusion is given in §6.

2. Formation of problem

The physical quantities at a general point (¥, y)are divided into two groups namely

|:G .G :|_|: (S)+G(a) (S)+G(a):|
xy

—| 4, (a) (S) (a)
[, | = [0l +0l” 0+l ]

where superscript (s) and (a), refers to symmetrical and anti symmetrical respectively.

The physical problem is divided into two parts namely (a) symmetrical problem (b)
anti- symmetrical problem. These problems satisfy separately the boundary conditions
over crack faces given by (7) and (8) respectively. We take the solutions of equations

of equilibrium through stress- strain relations as (see [2] or [10-11]) :

u;k(x’y):aoismganC){(l_n) 5@(};2 ‘H’laiGSk} ©)
u™(x,y)=a i cos(B, x){ -n) a(;z +nociG“"} (10)

0

uy os(oc X) oG+ , 0G*
=20 1 2
) (x,y) Z {( +n) P +(2+ma, Py } (11)

n=1 n

u;k(x’y)_ i sin(3, X){ n af +(2+n)[33%} (12)

n=1 n
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1
ay=——v  ,0,=ng, Bn=(n—5)q
and

G* (@,,y)=(4,_,+ yBkz);wy}

“ ¥ 13
G*(B..y) =(C,_, +yD,_,)e™ (13)

with k=3, 4 referring toy > 0 and y <0, respectively, #, is constant, 77 is Poisson ratio
of the medium and E is Young’s modulus of the medium. The displacement components
above, along with stress- strain relations for plane strain conditions, satisfy equations of

equilibrium and compatibility relations.

The boundary conditions (1) and (2) are satisfied identically for symmetric as well
as for anti- symmetric cases. After separating the stress components into symmetric
and anti-symmetric parts, and using continuity conditions (3)-(4) and conditions over

crack faces (7)-(8), we get

A -4 = affbpf (x)cos(a,x)dx

G-, =B2[" P ()sin(B,x)ds (14
o, (4 +A4) (B, - B =at,' | O (x)sin(et, x)elv
B.(Ci+C) (D= Dy) =B, | O] (v)cos(B, 1) ()
with
PO =3[ @4 0= () pr ()]
16
pf°>(x)=§[pﬁ ()= ps" ()= (p ()= ps ()] (1o
@ =2 4700 () (@ () -gs ()]
(17)

060 =4 (6 ()~ @)+ ()]

Now we use continuity conditions (5) and (6) for displacement and using (14)-(15),

we get
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BO
n=1

S (D~ D,)sin(B,x) = 1,F, (x).b < | <a

n=1

> (B, +B,)sin(a,x) =1,F,,(x),b <|x|<a
n=1

> (D, +D,)cos(B,x)=1,F, (x),b<|x|<a

n=1

F=1f 00wde . mm=1f 0"

b b
Fo =11 pOCax . F)=T ] "

107

d E R
7+Z(Bl ~B,)cos(a,x) =1, (x),b< x| a,t, = 5(1—772) '(18)

(19)

(20)

21

We evaluate for symmetric and anti —symmetric cases separately after using stress-

strain relations and (9)-(12) for displacement components and (14)-(15) for removal of
constants, we get

where

3", (B, ~ B,)cos(e, ) = T (x)
> 5,(D, = Dy)sin(f,0) =Ty ()
a1, (B, + By)sin(er,) = T, (x)

S B, (D, + Dy )cos(B,x) = Ty (x)

(22)

(23)

(24)

(25)
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Y @
1) = py )+ S D)

b G(y.y)
b Si (0)
T (x) = py (x) + qu%d
b (e)
L(x)=0n()+q] (];jn(y( {c)) dy
s O
Ty ()= 0u (0 +q[ én(,v( {c)) dy (26)
G(y,x)
G(y,x)=—""7""—
Sin(%x) cos(%)

2R, () =p{" + 7+ + Y
2P, ()= p” = p 7+ P - P
20,(0)=q"+q" +q; +q;’ (27)
20, (0 =g —q " +45" —q5”

Thus we get dual series relations (18) —(21) and (22) — (25). In next section we will

solve these series relations.

3. Solution of dual series equations

Before solving the series relations we shall use the geometrical symmetry, for
symmetrically & anti-symmetrically problem separately and the solution domain [-a, a]
U (—,) is reduced to [0, a] U (0,00).

The trial solutions for dual series (18) and (22), (19) and (23),(20) and (24), (21) and
(25) as ( sec[7])

@, (B, - B)=2| [ &, (sinta,dt ~a || (0)sin(a, 1 | 08)
B, = 2“; g, (t)sin( e t)dt —ta™ J: 1, (1) sin( ant)dt} +1I,(a) (29)

£,D,~ D) =2 [ g:0ycos(pdi—a [ Fo(tycos(B, | G0)
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a (B +B,)= 2[ [ 8.0y <1-cos(a, ) >di —a [ F, (1) <1-cos(@,1) > dt}
(1)
B.(D,+D,)= 2[ [ g.@sin(p,0dt—a [, 0ysin( ,an)dz}
(32)
The equations (18), (20) and (21) are satisfied by (28),(29).(31).(32) and(19), if
[ g2 = 1,1, 5) (33)

The substitution of (28),(30),(31) and (32) into (22), (23),(24)and (25) respectively
and then using Parihar method [7] . With no loss of generality, we take

g,(0)=g,(0)=g,(0) =0, then solution of dual series are given as below :
sin(gt/2)

a>\[G(1.b)

A (1) = b cos(qx/2)\JG(x,b)L;, (x) e
T G(x,1)

g(=2 A, 0<t<b,

cos(gt/2)

a’ cos gtJG(t,b)

sin(gx/2)JG(x,b)L,, (x)
A=) o dx

g,(t)=2 A(0,0<1<b,

cos(gt/2)G(0,1)

g3(l):2 7 liG(l,b)
b cos(gx/2)4/G(x,b)L;, (x) e

A,  0<t<b

Ay (1) = b G(x.0)
_, sin(qt/2)
g4(t)—24a2 G(z,b)A“(Z)’ 0<i<b
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AL = J-b cos(qx/ 2)\JG (x,b) L, (x) "
) 0 cos(gx)G(x, 1)

a . (t)sin( gt
Ly =T+ %z (34)
(x,1)
a sin gt
Ly =Ty 4 [ o 0ftan(qr) 2) = =2 A sy (33)
L, =T, +Z1J:F2Y2 (O){m — qtidt (36)
Ly,=T,+t .'.:Fz;‘z () {7 — gx}dr (37)

4. Physical quantities

The quantities important in fracture designing are stress-intensity factors and the
crack opening displacement. We shall evaluate symmetric and anti-symmetric quantities

separately
(a) SYMMETRIC (CRACK SHAPE )
We use k =3 and k =4 in (11) and put vy = 0, we get

s . b . 2 1, cos(ax, x
0 (60) -1 (x.0) = a (1) + N (B)-+ (5 + )y, 105D
n=1 n

0<|x[<b
NOW=Fo(),  T@)=] (4 +45 —4; —¢})sina,xd
u;%) (x,0) + uf“) (x,0) = M[—Lj 2, (O){log 2(1 - cos gx)* }G(x,1)
q

F'(a,)cosa,x

+a [ (1) {log 2(1 - cos gr)* G, r)} -G+2m)y. 0¥ <b

n

S, (x) = F5,(x)
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Again, we use k =3 and k =4 in (9) and put y = 0, we get

) (50) - (x0) =71+ ) [[ €)= <5 (@)~ B)> |+, 7/ 2- e/

(e)
(s3)(x O)—l—u(s“)(x 0)=c Z 1 (Ol )sma x’ Sl(e)(x):ng(x)
a

209, =lar - 45 — (a7 —4)]

(b) SYMMETRIC (STRESS COMPONENTS)

Normal stress components are evaluated as below:
(s3) (s4) —
0, (x,0)—0, " (x,0)=0 b<x<a (38)

2 sin(gx/2)

OO O gy O e [ e

(39)

() o, [ sin gt
Ny (x)=a ZILFIZ(Z)G( Z)dt (40)
Shear stress components are evaluated below:
Gi;”(x,O)—Gi;“)(x,O):O b<x<a 41

; - 2sin(gx/2 b _
0 (50)+ 02 (50) = LD A 3+ o/ 2) [ g (0 ()~ P8

aJG(b, x) 0
- singt
wal [P ()= G di

(42)
(c) ANTI- SYMMETRIC (CRACK SHAPE)

(%)(x 0)-— u(“")(x 0)= ZB sin(B3, )xj p(o) cos(B,x)dx
+H(5+4n)> T, (o) sin(B,x)

(a3) (a3) A b sin gx cos gf
ul™) (6,0 +1 (x, 0) = ~(1 n){jo g dr}
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b sin gx cos gt 1 pe sin gx cos gt

2 | [0 x)cos(p,xya | 3)

10, (x,0) = ™ (x,0) = =201, (1 - n)coS(CPC){(I gty —ta' [ () Sl(n qj)dj

0

o, 3 R OSB 5[ pi o) sinB, vy

1l (x,0) — u' (x,0) = (1 + 2n)aa, [rl Y (a)]
sm[3 X

Jroc0 I 0 (x)cos(B, x)dx

n=1

(d) ANTI-SYMMETRIC (STRESS COMPONENTS)

c(y”;) (x,0) - c(y”y") (x,0)=0 b<x<a (44)

2 cos(gx/2)sin(gx) A sin gx cos gf

@) (1 0 @) (. 0) = —ta | F
A RN - R L e

+Z sinf3, xj O (x)cos(B, x)dx (45)
cfj) (x,0)— cf;") (x,0)=0 h<x<a (46)
2 cos(gx) cos gt

6 (x,0) + 6 (x,0) = = A (x)—1, —cos(qx)j F'y()

q JG(b,x) G(x,1)

+Z cosp, xj Q' (x)sin(B, x)dx (47)

THE STRESS INTENSITY FACTORS

The stress intensity factors at crack tip (b,0) are defined as

[K,, N, ]1=lim __~x-b[5,,(x,0),0,,(x,0)] (48)
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where

Y PR (a3) _(s4) (a4>J
0, (x,0)= lGW +o, 7,0y to,

I PR CS) (a3) (s4) (a4>J
0, (x,0)= l% to, V0, " t+0o,

FOR SYMMETRIC PART

(s3) (s4) . (s3) (s4) .
c,, ' (x,0),6™ (x,0); o, (x,0),c " (x,0)are evaluated from (38), (39);

(41), (42) respectively. Then we substitute these expressions in (47) and evaluate the

limit we get
. ., 1 [tan(gb/2
K =k =L (B2 ) @9)
a q
s s sin(gh/2) |sin(gh/2)
NpY) =Ny =S S 6) (50)

FOR ANTI-SYMMETRIC PART

The stress components are &, (x,0),6,“(x,0) ;5 (x,0),6, " (x,0)

evaluated from (44),(45):(46),(47) respectively. Then use the definitions for stress-
intensity factor (after evaluating the limits), we get

A, (b
Klfas) :KIEM) :l COt(qb/z) 2( ) (51)
a 2g cos(gb)
N =g <L B2 g
a q

5. Special case of loading

Now we assume that the system of forces is self equilibrating in the sense that the

resultant of the forces and moments over crack faces vanish identically. We take

pl =P, =p = p;=p,=const
+ + - - (52)
4, =4, =4, =4, =4, =const
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Using (52) in (13)-(16) we get

2@ =p"(®)=0x)=0"(x)=0
and F,=0 i=123.... (33)
We use (52) in (27),we get

By (x)=2p,, QH(X)=2%}

P ()=0=0,(x)
Using above in (26),we get

T () =2p,. Ty (x) = 0,15, (x) = 2¢,. T, (x) = 0 (54
Using (53) and (54) in (34)-(37) we get

L,(x)=2p,,L,,(x)=0,L, (x)=2¢q,,L,,(x)=0

]Vl(e)(x):(): ]B(an):O:F(e)(an):O: Sl(e)(x):():
1(8) =0 Née) —0= Nl(e)

>

Thus we get for symmetric problem

_ 2sin(gH2) _ 2 cos(qH 2)q,G(0,1)
£() PN Py &0 . )

For this loading , the anti-symmetric problem is zero.

Thus the stress intensity factors for symmetric problem are given as

s . /tan b/2
KZE S)ZKZS 4):2p0 % (55)

sin(gh/2) [sin(gh)
0

N =N =-2q (56)
a q
The displacement components for symmetric problem are evaluated as
01 a0y P g | 05D+ e05" (g /2) ~ cos*(gh /2|
u, (x, ) u, (x, ) og (57)
2 ’ cos(gb/2) ‘
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and uisﬁ (x,0)+ u;s“) (x,0) is to be evaluated numerically by equation (43).
Also, u8(x,0)—ul"(x,0) is given as

2
1t (x,0) — 1l (x,0) = - %o (5+4n) {1 —sin(gx/2) L(;’b)
q

+{i2 G(0,b)}log 2G(0, x)@

NG

and  u"(x,0)+u%(x,0)=0 (39)

6. Discussion and conclusion

In the present paper we deal with stress- intensity factors of a Griffith crack ,
opened by asymmetrical system of forces acting at crack faces in an isotropic infinite

strip with rigidly lubricated edges.

The title problem can be obtained from the problem of isotropic infinite medium
having equal and equally spaced Griffith- cracks loaded arbitrarily. It is assumed that
the medium is under plane —strain conditions. It is also assumed that each crack has
similar type of loading. Let each crack is divided into four quardrants with x-axis coinciding
with common crack axes and Y- axis dividing the single crack at its middle. The crack
surfaces lying in I, II ,Ill and TV quardrants have forces parallel to y-axis( positive and
negative directions having (+) and (-) signs over quantites) as p,*(x), p,"(x) is positive
and p,(x), p,(x) in negative directions respectively, which are acting normal to crack
surfaces. The forces in positive x-axis direction as q, “(x), q,"(x) acting tangentially in I
and II quadrants while q,(x), q,(x) acting tangentially in IIT and IV quadrants along

negative of x-axis direction.

Then we divide the infinite medium by lines , parallel to Y- direction drawn from the
middle points of line of separation of two Griffith cracks. These lines form the edges of

the infinite strips.

One strip is considered in the paper. Thus, if cracks are of length 2b and spacing

between the cracks middle to middle of cracks as 2a, then the width of strip is 2a.
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We have discussed separately :

[a] Symmetrical problem and [b]Anti-symmetrical problem

The solution of equations of equilibrium is obtained by using Airy’s stress- function

method or the method of [2]. We used appropriate Fouier transform, finite and infinite.

The conditions of continuity were observed out of crack- axis.

The physical problem was reduced to mixed boundary value problem. Assuming

the solution and satisfying the boundary conditions, continuity conditions, the problem is

reduced to different types of dual series relations.

The closed form solutions of these dual series are obtained by method of Kushwah

[3]. The physical quantities are obtained in closed form in terms of these solutions. One

special case of loading is considered.

We observe that

[i]

[11]

[iii]

[1v]
[v]

[vi]

The present method can be extended to the problem of infinite strip having
two interior Griffith-cracks or two exterior Griffith-cracks. This problem
will be reduced to triple series relations. The physical quantities will be

obtained m closed form.

Instead of having loading at crack faces we can handle the problem with

body forces in the medium.

We can solve the problem of infinite strip with stress-free edges. The

problem of (i) and (i1) can be solved with stress-free edges.
The method can be extended to orthotropic medium also.

In the paper we took one special case of loading defined by (52) and got
the physical quantities. We get exactly same expression for
K, =K, =K, and u;m(x,O) =" (x,0) =u,(x,0) as obtained
in [3].

If we take g, =0, then the problem is reduced to one solved by Kushwah
[3].
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