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Abstract: In this work, we establish some Euler-type integrals formulas associated
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1. Introduction

Several integral formulas associated with the various kind of special functions
have been developed by many authors [1-5,7-12] and such type of integral
formulas have been played an important role in the potential field of applied
sciences, solving scientific and engineering problems. The main aim of this paper
is to develop finite integral formulas containing the product of Legendre function,
incomplete H-function and incomplete H-function.

2. Preliminaries

We recall here classical definition of incomplete Gamma functions and y(a, x)
defined by:

y(a,x) = [, e~tt7tdt, (R(a) > 0;x = 0), (1)
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and
I'(a,x) = [ e tt*Ldt, (R(a) > 0;x = 0if x = 0). )

The incomplete Gamma functions I'(a, x) and y(a, x) are satisfying decomposition
formula given by:

v(a,x) +I'(a,x) =T(a), (R(a) > 0). 3)
Recently, Srivastava et.al [12] introduced the incomplete H-functions as follows:
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The incomplete H-functions defined in (4) and (6) exist for all y > 0 under the set
of conditions stated below. The path of the integral L in the complex 9-plane runs
from ¢ —ioco to ¢ + ico, ¢ € R, and singularity(poles) of the gamma functions
I"(l —A; 19) j = 1,n do not exactly match with the singularity of the gamma
functlons F(b] + B]ﬁ),] = 1, m. The parameters p and g are non-negative integers
satisfying the relations 0 <n <p,0 <m < q and the coefficients A;, B;(j =
1,..,q9) € R*and aj, bjall are complex. All poles of G(9,y) and g(9,y) are
supposed to be simple, and the empty product is treated as unity. The incomplete
H-functions converges absolutely and define the analytic function for

larg(z)| < lQﬂ, where,

p
Q= Z] 1 J ] =m+1 +Z} 1 J j=n+1A}"

The generalization of the incomplete H-function introduced and defined by
Srivastava e.t al. [12] and it is also known as incomplete and incomplete

H-function.
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where

[F(1-a;-A;9,)]1 TTJL, T(bj+B;9) 1 -=2[r(1—a,-—A,-19)]<1

GW,y) = o
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_ [Cy(1—a,—A19,)[51 [T, (b j+B ) [T, [F(1-a;-A ,19)]51

9,y) = j=1 \Pj7ojV) =2 4] 1
9.7) H?=m+1[r(1_bj+3j19)]nln? neq Taj+A;0) (11)

It will be assumed that all the incomplete H-function occurring herein satisfy
conditions of the existence corresponding appropriately to those given by [12] and

larg(z)| <%.(_2T[_ and Q=37 |B| = B nialniBi| + 2| A -
Z5')=n+1|‘4]'| < ?

Currently several author work on a wide variety of applications for these incomplete
functions, see, for example, recent work [2-5,7-9,11] and references therein.

We also recall the integral formula associated with Legendre function [6, p. 772,
Eq.(4)] is defined as:

fol X7 (1 — xz)—u/Z pg(x) dy = 2‘; 1vr(u+a)(1+ ) (12)

(ZZZF( )

3. A Set of Results
In this section, we established several integral formulas involving associated
Legendre function, incomplete H- function and incomplete H-function.

Theorem 1: If y>0and R() >0, > 0.k >0, largz| <%, R(w) <
1 and ,R(o) < —1, then the following integral formula holds:
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(all Al ) Y), (aj, A])Z p>
“ldx
(b By),
1-0 k
— gu-1pmn+2 (a,A1,y), (T’E) (aj'Aj)z,p
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fol x9 (1 — x2)"H/2pF (x) nyg" (zxk

(13)

provided that the conditions of incomplete H-function in [5] are satisfies.

Proof: To prove the assertion (13), express the incomplete H-function in terms of
the Mellin-Barnes-type integral with the help of (4), will get say A:

1 1
A= f x%(1 — xz)_”/ZPU“(x)—,f G, y)(zx*) P d9dx
0 2mi ),

Further changing the order of integration and with the help of (12), we get

1 ZM_1F(1+a—k19)F(1+a—k19)
A:ﬁ GEN@™ U—U—M—Zkﬁ 0+v—,uz+3—k19

’ r(i+ 2 )r( 2 )
Finally, applying (5) in the above integral and we arrive at the desire result after

little simplification.

do.

Theorem 2: If y>0and R®) >0,Q> 0.k > 0,|argz| < ?,in(u) <
1and R(o) < —1
then, the following integral holds:

(al; Alﬂ y)' (aj' A])Z p)
“ldx
(b]' Bj)l,q

1-0 k
(a9 (57:3) (4. 4),
= 2#—1),;712;12 z vt+u—o k u-v—-o-1 k ”
( 2 ’5)'( 2 ’E)’(bj’Bj)Lq
Proof: To prove assertion (14) can be evaluated by proceeding on the similar lines
to the proof of theorem 1, by making use of (6) & (7).

1 —
Jo 2o (1= x®) 2R o) ! (zxk

(14)

Theorem 3: If RW) >0,0>0.k>0,largz| < ?,ER(M) <1 and,ER(a +

k ﬁ) > —1, then the following formula holds for y > 0.

J
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1 _
Jy x° (1 = x?)"#/2P} (x)
(ay, 4y, C’}’),(abl‘ll» Cj)Zn» (aj,A-)

L zxk nHLp ) dx
- (bj, ) (J' J'Uj)mﬂq
1-0 k g k
= 2K~ 1]“mn+2 (al Al fu y) ( ’1) (2 "2’ )’(aj’Aj’gj)z’n(aj’Aj)nH'p (15)

+2q+2| 2 v o v—o

p+24 ( o '5'1),(11_1 k. ) (b; Bj)l'q(bj,Bj,nj)mH‘q
Proof: To prove the Theorem 3, we begin with the left hand side of assertion (15),
make use of Mellin- Barnes type integral in (8) which defines the incomplete
H-function. Then we get (A):

A= folx"(l x?)~ ”/ZP”(x) f G, y)(zx*)" ? 19dx.

Next we changing the order of integration and using the (12), we get
14+0—k0 o—kd
-1
24 () (1+55)
o—v—u—kd o+v—u+3—-kJ9
7 )T (——7—)
Finally applying (9) in the above integral and we obtain the required result in right
-hand-side of (15) after little simplification.

1 - _
A= z_me G, y)(2)™? dd.

r(1+

Theorem  4:  Ify > 0and R(®) > 0,0 > 0.k > 0, Jargz| <™, R(w) <
1land R (a +k %) > —1, then the following formula holds:
]

1 —_—
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(a1, 40,6, (a1, 41,65),, (91, 4))
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(16)
provided that the conditions of incomplete H-function [5] are satisfies

Proof: The assertion (16) of the Theorem 4 can be established by the similar lines
of the above theorem, by making use of (11) & (12).
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4. Special Cases

In this section, we are given some interesting special cases of our main finding:
Corollaryl:Ify = 0 and R[@®) > 0,2 >0,k > 02(m+n) >p+q,Rw) <1,
largz| < (m +n— S — %) 7, then the following integral formula involving the

incomplete Meijer ") G-function as given below:
(¢,5), (aj)z,p>
dx
().,

(a; ), (=2), (2), (¢))
=2t 1(F)G":LQLJCFI%rZ z (v-:ll-/t—a)( (Zﬂ—)v—(c:)) (bj')ZIP
2 ’ 2 ' \5J 1q

Proof: Takingi=1,....... ,m=1k=2A;=1and Bj =1 in the result (13), then
the following result deduce in terms of incomplete Meijer ) G-function.

fol X% (1 — xz)_“/ZPU“(x) (F)G,T(}n <Zx2

(17)

Corollary 2: If yZOandiR(z?)>O,Q>0,k>0,|argz|<n(m+n—§—
q
1).%w <1

then the following integral formula involving of the incomplete Fox-Wright-
function plpg) [12] are as follows:

flx"(l x2)H/2pH () pzp(r)< (aj'AE'y) ()aj'Aj)2:P> dx
0
J' J

@A (21). (). (0,
] (o) (1), )

2 2

(18)

Proof: Again, on taking m=1, n = p and replacing q with q=1, k = 2 in theorem 1
and the suitable adjustment of the parameters, the incomplete H-function reduces

")
t P" o -function [12] also see [5].

to incomplete Fox-Wrigh
Corollary 3 : Ify>0and R®) >0,2> 0,k > 0,|argz| < n(m+n—§—

3) R <1
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then the following integral formula involving of the generalized Mitteg-Leffler
function as follows:

fol x7 (1 — x2)"#/2P (x) Egﬁ [zx?]dx
(a-6,1,(5%1).(31)

z (0,1), (1 _ ﬁ, a)’ (v+;;—a’ 1) ’ (u—u;a—l)

Proof: In the assertion (13), we take Ai =1, y=1, k=2m=n=p=1andq=2
incomplete H-function convert into the generalized Mitteg-Leffler function by
small adjustment in parameters. (see[12]).

= 2#—11-13}:2 (19)

5. Conclusion

Several authors developed a large number of research article on the various type
of integral formulas involving the various kind of special functions. In this regard,
we established some integral formulas associated with the Legendre function,
incomplete H-function and incomplete H-function. Further, we point out some
interesting special cases of these integrals which are believed to be new.

Acknowledgement: The authors are thankful to the Referee for valuable comments
and suggestions.
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